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PREFACE 



Lasers form the subject matter of a very wide range of scientific 
and industrial investigations. The number of scientists and engin- 
eers engaged in laser research and investigation of topics relating 
to laser technology is ever on the increase. Hence a need was felt 
lo combine in a single book the physical concepts behind the laser 
processes with the present day state-of-the-art and the progress 
inado in the field of laser engineering. 

This book is intended to serve two purposes: to systematize and 
extend the reader's concepts on laser processes, and to provide in- 
formation which could help the reader in further independent work 
Involving specialized literature. The author has endeavoured to 
inflect, the present day trends in laser engineering, and at the same 
Hum* provide a systematic description of the methods employed in 
I hi' theory of lasers and to discuss various approaches and approxima- 
tions. As a result, the author feels that this book will be of interest 
not only to research workers and engineers, but will also provide 
a scientific and methodical background for specialized textbooks 
mill lectures. 

Throo types of questions have been touched upon in this book: 
I ho methods of obtaining inverted active media, formation of the 
i nil in lion field in a resonator, and the dynamics of laser processes. 
The first chapter, dealing with the methods of creation of inver- 
■ liiii in active media, describes the principles and peculiarities of 
different, kinds of lasers: solid-state lasers, organic dye lasers, photo- 
illxsnclnlioii lasers, gas-discharge lasers, ionization lasers, gasdy- 
mimic lasers, chemical lasers, and plasma lasers. 

In the second chapter, the role of a resonator in the formation of 
it initial ion field in a laser has been described, and the theory of 
iipmi resonators has been discussed. The geometric optics approxima- 
llini, the Kox-Li iteration method, the Gaussian beam model, and 
I lin MiCI) law have been employed. The effect of mirror apertures, 
I lin existence of a lens or a diaphragm inside a resonator, and the 
mlwnlltfiimonl. of elements in a resonator have been considered. 
'Mnlilo a m well as unstable resonators of different geometries have 
hi'i'ii described. The thermal lens effect, the frequency pulling effect, 
■mil I he holobnrning effect have been discussed for the case of active 
Minimal nrs. Spocial attention has been paid to the question of selec- 
ilnii <>f longitudinal modes, as well as to the physics of waveguide 
1 1 "minim's mill thin-film lasers with a distributed feedback. 
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The third chapter begins with a review of various generation re- 
gimes in a laser, including the active and passive ^-switching in a res- 
onator, the longitudinal and transverse mode locking, and the load 
modulation. The Statz-De Mars balance equations and their modifi- 
cations have been introduced, analyzed, and applied to different 
cases. On the basis of these equations, different questions have been 
discussed concerning single mode lasers. These include transition 
processes leading to a damping of radiation power pulses, the emerg- 
ence of undamped power pulses in the case of a weak modulation 
of losses, and the generation of giant pulses upon instantaneous 
switching. The electrooptical and the acoustooptic methods of 
active ^-switching have been compared. A detailed analysis has 
been carried out of the processes taking place in a bleachable filter 
laser. The longitudinal mode locking has been discussed by using 
the spectral as well as time-based approach. The question of self- 
mode locking in a bleachable filter laser has been discussed by using 
the time-based approach on the basis of fluctuation concepts. The 
time-based approach has also been used for the description of acousto- 
optic mode locking in a laser with a homogeneous broadening of the 
gain line. The methods of investigation of ultrashort light pulses 
have been discussed separately. 

In the appendices, a systematic investigation has been carried out 
for the calculation of Hermite polynomials, Jones matrices, singular 
points in a plane dynamic system, etc. 

The author expresses his deep sense of gratitude to V. G. Dmitriev, 
V. R. Kushnir, V. K. Novokreshchenov, E. A. Shalaev, V. N. Mo- 
rozov, V. A. Dyakov, V. V. Nikitin, Yu. N. Pchelnikov, A. M. Ame- 
lyants, A. A. Solovyev, and V. F. Trukhin, who have read the 
manuscript and made valuable comments and suggestions. The 
author is also grateful to his wife A. N. Tarasova for the help ren- 
dered during the preparation of the manuscript for publication. 

L. V. Tarasov 
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Chapter One 



POPULATION INVERSION 
IN ACTIVE MEDIA 

1.1. SOME GENERAL ASPECTS 

Inversion of Active Medium as a Necessary Condition for Laser 
Generation. The generation of laser radiation is caused by transi- 
tions between certain energy levels of active centres. We shall call 
these levels the laser levels, and denote their population (per unit 
volume of the active medium) by % (lower laser level) and n 2 (up- 
per laser level) respectively. The difference 

X = »i - (ft/ft) »H (1-1-1) 

is called the inverse population density of laser levels. Here, g 1 and 
g 2 represent the degeneracy of the corresponding levels. For the sake 
of simplicity, we assume that g 1 = g 2 . 
If the condition 

VV>0 (1.1.2) 

is satisfied, an inversion of the active medium is said to take place. 
Since N is, in general, a function of time and space coordinates, the 
concept of inversion may be applied to definite time intervals and 
to specific regions of the active medium. 

In a medium in thermodynamic equilibrium, N is a negative 
quantity, i.e. the lower level is more densely populated than the 
upper one. In order to create an inversion in the active medium, 
we must bring it to a nonequilibrium state. 

Inversion of the active medium is a necessary condition for laser 
generation. It should be recalled that the amplification factor x 
of a homogeneous medium is given by the expression 1 



K = aN 



(1.1.3) 



where a is the cross section of induced transitions between laser 
levels. It can be seen from Eq. (1.1.3) that the very fact of the ampli- 
fication of radiation upon its passage through an active medium as- 
Miimes that the condition (1.1.2) is satisfied, i.e. Nis, a positive quan- 
tity. The need for ensuring an inversion is physically apparent, 
nince only for N > (i.e. for ra 2 > n x ) can the process of induced 
emission at the lasing transition dominate over the reverse process 
of absorption of radiation. 

In order to create and sustain inversion, we have to excite (or 
pump) the active medium in some way. Several methods are avail- 

1 See, for example, Eqs. (5.6.9) and (5.6.10) in [1]. 
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able for pumping and we shall be considering these in the following 
sections. 

Quantum Yield and Efficiency of a Laser. The choice of the level 
diagram of an active centre and the method of pumping have a con- 
siderable effect on the efficiency of a laser. 

Suppose that an active centre is represented by a four-level dia- 
gram (four-level laser model, Fig. 1.1), where is the ground level, 
1 and 2 — the lower and upper laser levels respectively, and 3 — 
the level populated as a result of pumping (excitation level). We 
assume that the entire pumping power is absorbed by the active 
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Fig. 1.1 



centres and that the transitions which are crossed out in the figure 
do not take place. In this ideal case, the laser has maximum effi- 
ciency equal to the ratio of the energy hw of the emitted photon 
to the energy E exc required to excite one active centre: 

n' = W£ exc . (1.1.4) 

The quantity n' is called the quantum yield of the laser. 

In actual practice, not all the pumping power is absorbed by the 
active centres. A part of the power is dissipated and another part is 
absorbed by inactiye particles. Hence the expression for the effi- 
ciency of a laser must include a factor indicating the fraction of the 
pumping power actually absorbed by the active centres. We denote 
this fraction as y. Besides, not all the excited active centres arrive 
at the upper laser level 2, since a part of these directly goes from 
level 3 to level 1 or (the transitions crossed out once in Fig. 1.1.) 
Consequently, the expression for the efficiency of a laser contains 
a factor indicating the fraction of the pumping power absorbed by 
the active centres, which is actually spent on "useful" excitation, 
i.e. on the excitation of such active centres which ultimately turn 
up at level 2. This fraction is denoted by v. Finally, not all the 
active centres at the level 2 undergo a laser transition, since a part 
of these directly comes to the ground level (the transition crossed 
twice in Fig. 1.1). This gives rise to yet another factor in the expres- 
sion for the efficiency of a laser. This is the ratio / of the number 
of active centres undergoing a laser transition to the number of 
active centres excited to level 2. The ultimate expression for laser 
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efficiency thus acquires the form 

n = yvfha>!E exc . (1.1.5) 

An increase in the fraction of pumping power absorbed by active 
centres leads to an increased value of the factor y in Eq. (1.1.5). 
By employing active media in which "parasitic" transitions (which 
are crossed out in Fig. 1.1) are less probable, we can increase the 
factors v and /. It should also be noted that the example of pumping 
considered in Fig. 1 . 1 is highly selective, since it causes a population 
of level 3 only. Pumping with a lower selectivity may lead, for 
example, to a population of level 1. This results in a decreased value 
of v. 

Inversion Condition for the Four- level Model (Stationary Pumping). 
Figure 1.2 shows the four levels and such transitions among these 




t F 'tMo J) 



Fig. 1.2 



which we shall be considering. Transition probabilities per unit 
time are indicated near the corresponding arrows in the figure. Since 
there is no generation, we shall be considering only spontaneous 
emission in the working channel 2-1 (A 21 is Einstein's coefficient 
for spontaneous emission). The balance equations for stationary 
population density (stationary inversion) have the following form: 

For level 3 F 3 n — (R 3 + R' 3 ) n 3 = 0; (1.1.6a) 

For level 2 R 3 n 3 + F 2 n — (R 2 + A 21 ) n 2 = 0; (1.1.6b) 

For level 1 F ino + A 21 n 2 — R^ = 0. (1.1.6c) 

By way of an example, let us derive Eq. (1.1.6a). The rate of increase in 
population density of level 3 is equal to the number of transitions ->- 3 per 
unit time per unit volume, i.e. equal to F s n . The rate of decrease in this popu- 
lation density is equal to the sum of transitions 3 ->- 2 and 3-^-0, i.e. equal 
to (R 3 -f- R' 3 ) n a . For stationary pumping, the rate of increase and decrease 
In the population density of a level must he equal. This leads to Eq. (1.1.6a). 

Introducing the notation nj^ — x, njn-^ = y, and nj^ = z, 
we can rewrite the balance equations in the following form: 

F 3 x = (R 3 + R' 3 )z; 

F 2 x + R 3 z = (R 2 + A 21 )y; \ (1.1.7) 

FiX + A 2i y-=Ri. 
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Thfl invornion condition (1.1.2) in this case assumes the form 

y > 1. (1.1.8) 

Substituting in Eq. (1.1.8) the expression for y obtained from 
Eq. (1.1.7), we. get the following inequality: 

^>[^+^ f ,+W(£+nt) ]- < 1J - 9 > 

The ratio R 3 /(R 3 -f- R' 3 ) is the relative probability that an active 
centre goes from level 3 to level 2. Consequently, F 3 RJ(R 3 + R' 3 ) 
is the probability that level 2 is populated via level 3. Since the 
transition 0-^-2 also leads to level 2, the sum 

F = F 2 + [F 3 R 3 f(R 3 + R' 3 )] (1.1.10) 

is the total probability of populating the upper laser level. Further, 
we observe that the sum 

R = A 21 + R 2 (1.1.11) 

is apparently the total probability of depopulation (relaxation) 
of the upper level. Taking into account Eqs. (1.1.10) and (1.1.11) 
we can rewrite the inversion condition (1.1.9) in the form 



(R i -A 2i )/R>F i /F 



(1.1.12) 



General Principles for Creating Inversion. In order to create in- 
version, the selectivity of population or depopulation of the corres- 
ponding levels of an active centre is of prime importance. In this 
connection, let us consider the condition (1.1.12), from which it can 
be seen that stationary inversion is attained under the assumption 
that the inequality 

R 1 >A n (1.1.13) 

is satisfied. In other words, the total probability of depopulation 
of the lower laser level must be higher than the probability of its 
population due to spontaneous transitions from the upper laser 
level. 

It also follows from the inequality (1.1.12) that it is desirable to 
satisfy the following inequalities in order to create an inversion: 

F^>F U (1.1.14) 

R X >R. (1.1.15) 

These inequalities reflect the above-mentioned selectivity factor 
necessary for creating an inversion. The inequality (1.1.14) means 
that the total probability of populating the upper laser level must 
be considerably higher than the total probability of populating the 
lower laser level. The second inequality (1.1.15) means that the 
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total probability of relaxation of the lower laser level must be consid- 
erably higher than the total probability of relaxation of the upper 
laser level. 

In actual practice, inversion can be created if at least one of these 
(wo inequalities is satisfied. In this connection, it should be remem- 
bered that inversion can be created not only through a preferential 
population of the upper laser level (in preference to the lower laser 
level), but also through a preferential depopulation of the lower laser 
level. Thus it is necessary to take into consideration the relation 
between the probabilities of population and depopulation mechan- 
isms in laser levels while considering different methods for pump- 
ing. 

Mechanisms for Population of Levels (Excitation Mechanisms). 

Absorption of Light (Optical Pumping). Pumping radiation with 
n specially selected spectrum can lead to a high selectivity of optical 
excitation on account of predominant population of the upper laser 
level: F > F x . 

Inelastic collisions with free electrons, where a part of kinetic energy 
of the electron is transferred to the active centre (electronic excita- 
tion). The exciting free electrons may be created by a self-sustained 
Kiis discharge, or by using ionising radiation in combination with an 
external electric field for accelerating electrons (non-self-sustained 
discharge). The latter case corresponds to electro-ionisation pumping. 
I'W the case of electronic excitation, the inequality F < F 1 is 
usually satisfied instead of the inequality (1.1.14) 2 . 

Inelastic collisions with auxiliary atoms and molecules with a reson- 
jhiI transfer of excitation energy from an atom (or molecule) to an 
lie live centre. The resonance mechanism of energy transfer assumes 
n high pumping selectivity due to predominant population of the 
upper laser level (F 3> F r ). 

Chemical pumping corresponds to an excitation of levels through 
specially selected exothermic reactions. Chemical pumping is char- 
acterised by a highly pronounced selectivity (F >> F^. 

liecombination pumping means an excitation of levels as a result 
of recombination of electrons and ions in a specially created plasma. 
The inequality (1.1.14) may not be satisfied when this method is 
applied for excitation. 

Thermal pumping is the excitation of levels through heating of the 
iitlivo medium. In this case, F < F x . 

Mechanisms for Depopulation of Levels (Relaxation Mechanisms). 

Itadiative depopulation by spontaneous emission. The selectivity 
of this mechanism is determined by the selection rules (a transition 
may be optically allowed or forbidden, depending on the properties 
of | lie levels under consideration) and the distance between the level 



,J The self-terminating transitions discussed later in this book are an ex- 
irpiiiin to this. 
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being depopulated and the low-lying level at which the active cen- 
tres arrive as a result of relaxation (in other words, on the energy h<o 
of the spontaneously emitted photon). The higher the value of hat, 
the higher the probability of radiative depopulation (subject, of 
course, to the condition that such a transition is optically allowed). 
It should be remembered that Einstein's coefficient A for sponta- 
neous emission in the case of dipole (i.e. optically allowed) transi- 
tions is given by the expression 3 

* 4o)S |(d) I*, (1.1.16) 



3hc<> 



where (d) is the matrix element of the electric dipole moment of 
the radiating system, corresponding to a transition. 

The mechanism of radiative depopulation may be characterised 
by a high selectivity. If the transition 2 -*- is optically forbidden 
while the transition l-*-0 is optically allowed 4 and has a fairly high 
frequency, then R ± ;> R. 

Inelastic collisions with free electrons, resulting in an increased 
kinetic energy of electrons (electronic de-excitation). This mechanism 
does not possess any special selectivity. 

Inelastic collisions with auxiliary atoms and molecules, resulting 
in the energy transfer from an active centre to an atom (or a mole- 
cule). There are two mechanisms of energy transfer, namely, the 
resonance mechanism and the gas-kinetic mechanism. In the first 
case, specific atomic or molecular levels are excited. This mechan- 
ism has a fairly high selectivity (R t ;§> R). In the second case, the 
kinetic energy of the atom (or molecule) increases. The gas-kinetic 
mechanism of energy transfer is considerably less selective and slower 
in comparison to the resonance mechanism. 

As a special case, let us mention the de-excitation of active centres 
upon collisions with the walls of the reservoir containing an active 
medium (de-excitation at the walls). 

De-excitation through adiabatic expansion of a gaseous active me- 
dium. The excitation energy of the active centres is converted into 
the kinetic energy of the particles of a rapidly expanding gas. This 
mechanism allows for a highly selective pumping due to predomi- 
nant depopulation of the lower laser level (# x ;> R). 

Chemical de-excitation through specially selected chemical reac- 
tions has a very high degree of selectivity (i? x >> R). 

Transfer of excitation energy to the collective motions in a medium. 
In particular, this includes a transfer of energy to phonons (increase 
in the vibrational energy of atoms in a crystal lattice). 



3 See, for example, Eq. (2.5.&4) in [1]. 

4 The labelling of energy levels corresponds to the diagram shown in Fig. 1.1. 
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The above picture of physical mechanisms of excitation and relax- 
ation of levels is not exhaustive and will be supplemented later 
It should be mentioned that most of the mechanisms described above 
are related to the non-optical transitions in matter 5 . 

The distinction between excitation and relaxation mechanisms 
is to a certain extent arbitrary. It should be remembered that the 
same mechanism, as a rule, leads to the population of certain lev- 
els and to the depopulation of certain other levels of an active cen- 
tre. 

Classification of Lasers on the Basis of Various Pumping Mechanisms. 
Traditionally, lasers are divided into four main categories, depend- 
ing on the kind of active medium employed. These are: gas lasers, 
liquid lasers, solid-state lasers, and semiconductor lasers. A more 
precise classification should take into account not only the type of 
active medium, but also the pumping method. Such a classification 
is given in Fig. 1.3. 6 This diagram indicates various types of pump- 
ing: optical pumping, pumping by self-sustained electric discharge, 
ionisation pumping, thermal pumping, chemical pumping, and recom- 
bination pumping. These types have been mentioned above while 
describing different physical mechanisms of excitation. It should, 
however, be borne in mind that the problem of creating inversion 
should be considered by taking into account not only the exci- 
tation processes, but also the relaxation processes for energy lev- 
els. 

In certain types of lasers, selective relaxation of laser levels plays 
an important role in creating inversion (in such lasers, i? x ~^> R). 
For example, in ion lasers, the comparatively fast radiative depopu- 
lation of lower laser levels plays an important role. In molecular 
and electro-ionisation lasers, the relaxation of lower laser levels by 
inelastic collisions is important. In gasdynamic lasers, it is the relax- 
ation due to adiabatic processes that is of prime importance. The 
special role of relaxation processes in different types of lasers is 
shown in Fig. 1.3. The selective depopulation of laser levels, howev- 
er, plays an important role in other types of lasers as well (for exam- 
ple, in plasma lasers and chemical lasers). 

The generation conditions should also be taken into consideration. 
The question of depopulation of levels becomes specially important 
in the case of continuous-wave generation (stationary inversion) 
while in pulsed lasers one mainly considers the question of selective 
population of laser levels. 

Some Problems Connected with Continuous- Wave Generation; Col- 
lision Lasers. We have mentioned above that one of the conditions 
for creating stationary inversion is expressed by the inequality 



6 Non-optical transitions and, in particular, inelastic collisions involving 
[electrons, atoms, and molecules have been discussed by Tarasov [11. See also 
12, 3]. 

8 Semiconductor lasers have not been considered in this book. 
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(1.1.13). A sufficiently fast relaxation of the lower laser level is required 
in order to fulfil this condition. The inequality (1.1.13) considerably 
limits the choice of laser transitions which can create a stationary 
inversion, and hence a continuous-wave generation. 

Suppose that relaxation of the lower laser level is caused by 
spontaneous emission. In this case, a high relaxation rate is ensured 
if the lower laser level is situated fairly high above the ground 
level, in accordance with (1.1.16). Consequently, a laser transition 
must take place between high levels, which means a fairly quantum 
yield r|' ■■•- ha>/E exc of the laser. For a typical atomic gas laser 
operating in the CW mode, the energy E exc » 10-20 eV, and, as 
it rule, n' does not exceed 0.1. 
Itesides, the use of high levels 
means small values of the factors 
v and / in the expression (1.1.5) 
for laser efficiency, since there is 
ii probability of excitation of addi- 
lional low-lying levels as well as a 
probability of relaxation of active 
(•'iilres to those levels. Hence it is 
mil surprising that the efficiency 

of a CAV atomic gas laser is just ^-"TTj ~ ~>~n~(i 

of the order of 10" 3 . * -la) (b) * 

Figure 1.4a shows a characteristic 
dinijnim of the laser levels under pig. 1,4 

llic fundi 1 ion that the lower level 
in depopulated by spontaneous 

I'liiWsinii. Mere, is the ground level, 1 and 2 are the laser levels. 
Tln> 11I her levels shown in the figure are parasitic levels in this case. 
I hi I'ln l.'ir/, i|' 0.1. In order to improve the efficiency of the 
Inner, we ■diiiuld u» over from the diagram shown in Fig. 1.4a to 
llie uiie in Kin. !.'•/', for which t)' = 0.6. In other words, we should 
consider I rn nsi I ions between relatively low laser levels. 

A derreiise in llic radiative depopulation of the lower laser level 
ix unavoidable in I his case, and hence supplementary mechanisms 
nre necessary for relaxation of the lower level. One such supplemen- 
tary incrhanism may be the inolastic collisions of active centres with 
atoms and molecules specially introduced into the active gaseous 
medium. Such lasers are often called collision lasers. 

Molecular and electro-ionisation lasers generating on vibrational transi- 
I inns of a 00 2 molecule are examples of collision lasers. The cases shown in 
rijjr. 1.3, where relaxation of the lower level by inelastic collisions plays an 
important role in creating inversion, also belong to this category of lasers. 

Advantages of Pulsed Pumping; Generation on Self-terminating 
Transitions. For pulsed pumping, inversion is created just over 
certain time intervals and hence a fast depopulation of the lower 

04:16 
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laser level is not significant. Suppose that when an excitation pulse 
is switched on, the upper laser level is populated at a faster rate 
than the lower laser level. In this case, the laser operates on account 
of inversion created at the beginning of the excitation pulse. Such 
a situation is illustrated in Fig. 1.5 where curves 1 and 2 describe 
the time variation of the population density of the lower and upper 
laser levels respectively, and curve 3 shows the excitation pulse. 
It can be seen from the figure that inversion is created at the begin- 
ning of the excitation pulse (in time t^). Apparently, the rate of 
relaxation of the lower laser level in this case is not signifi- 
cant. 

It follows from above that in the case of pulsed pumping, genera- 
tion is possible in a large number of media and for a larger number of 

transitions in any medium, than for sta- 
tionary pumping. In particular, genera- 
tion is possible on the so-called self- 
terminating transitions. 

Self-terminating transitions are ones 
for which the first resonance level of the 
active centre is the upper laser level, 
while the lower laser level is a metastable 
one. Metastability of the lower level forb- 
ids its depopulation by radiation and 
thus a stationary inversion is not. pos- 
sible for such transitions in spite of the 
fact that the first resonance level, as a 
rule, has the largest cross section of elec- 
tronic excitation in a discharge. However, pulsed generation is possible 
for such transitions. This can happen at the beginning of the excita- 
tion pulse, when the rate of relaxation of the lower level is not signifi- 
cant, and the ratio of the population rates of laser levels is signifi- 
cant. Since the duration of generation is restricted in this case by 
the properties of the transition itself, such transitions are called 
self-terminating transitions. 

The ratio of population rates of laser levels for self-terminating 
transitions is especially favourable on account of metastability of 
the lower laser level. As a matter of fact, the electron excitation cross 
sections for optically forbidden transitions are usually much lower 
than for the allowed ones [31. Hence the probability of electronic 
excitation of the first resonance (upper laser) level is considerably 
higher than the probability of excitation of the metastable (lower 
laser) level. That is why the gain in lasers working on self-terminat- 
ing transitions is very high 7 . 




Fig. 1.5 



'' Owing to this circumstance, such lasers may operate in the superlumines- 
cence regime, i.e. without the resonator mirrors or with just one mirror (see Ch. 8 
in [4]). 



1.1 Some General Aspects 



19 



Another advantage of pulsed pumping is that from a technical 
point of view, it must be easier than continuous pumping. A con- 
tinuous stable supply of energy to the active medium is, as a rule, 
more complicated than a pulsed supply. Besides, there is no need 
for a forced cooling of the heated active medium in the case of pulsed 
pumping. 

Pulsed pumping leads to different pulsed generation conditions 6 . 
This helps in obtaining an exceptionally high concentration of the 
omitted optical energy in space and time. For example, operating 
conditions have been attained for generation of high-power ultrashort 
light pulses of duration 10 _11 -10 -12 sec and a peak power up to 10 12 W. 

In actual practice, pulse lasers are encountered much more fre- 
quently than CW-lasers. Solid-state and liquid lasers often operate 
in the pulsed regime by employing 
pulsed or continuous pumping. Gas lasers 
ure characterised by a continuous opera- 
lion, but even for such lasers, there is 
growing interest towards pulsed genera- 
tion [5]. 

Noble-gas Molecular Lasers. In con- 
clusion of this section, we shall describe 
it fairly effective mechanism for depopu- 
lating the lower laser level. This mech- 
anism is based on the use of the noble- 
gas molecules as active centres. 

The ground state of a noble-gas mole- 
cule is unstable (repulsive). Such a 
molecule can exist only in electroni- 
cally excited states. Upon a transition 
from an excited stale into the ground 
slate, it dissociates into atoms. 

1 1 is well known that the atoms of noble 
gases "do not like" to form molecules. 

In order to create the molecules Ar 2 , Kr 2 , or Xe 2 , energy has to be 
ov ponded. Such molecules exist only in the excited state and can 
lie treated as disintegrating molecules. 

Figure 1.6 shows the electron energy levels of a diatomic noble- 
gas molecule (as functions of the distance between the atomic cen- 
tres). Here, level 1 corresponds to the ground state while 2 and 3 
ropiosorit excited energy levels. In contrast to state 1, states 2 
mid S are stable and the vibrational levels of molecules in these 
slates are shown by horizontal lines. The vertical arrows indicate 
tho transition 2->~2; ha> is the energy of a photon emitted during 




Fig. 1.6 



" Pulsed generation conditions will be described in Ch. 3. It should be re- 
membered that pulsed generation is possible even in the case of continuous 
pumping. 
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the transition and AE is the eiergy of the atoms into which the 
molecule disintegrates. 

Suppose that noble-gas molecules are used as active centres in 
a laser, the energy levels 1 (ground state) and 2 (first electronic 
excited level) corresponding to the lower and upper laser levels 
respectively. Apparently, inversion on 2 -*• 1 transition will take 
place irrespective of the number of molecules excited to state 2. 
As soon as a noble-gas molecule arrives at level 1, it immediately 
leaves it on account of its dissociation into atoms. Thus an active 
medium consisting of noble-gas molecules is a medium in which 
the lower laser level is continuously being emptied. 

Generation on transitions from a stable excited electronic state 
to the unstable ground state has been obtained in lasers based on 
molecules of noble gases and their halides (the so-called excimer 
lasers). Molecules of Ar 2 , Kr 2 , Xe 2 , XeF, XeCl, KrF, ArF. etc. 
have been employed for this purpose. Such lasers are specially inter- 
esting because they also permit generation in the ultraviolet region 
of spectrum 9 . 

1.2. OPTICAL PUMPING. SOLID-STATE LASERS 

Specific Properties of Optical Pumping. Optical pumping is based 
on excitation of active centres through absorption of the radiation 
from a certain special light source by the active medium. Optical 
pumping is widely used in different types of solid-state and liquid 
lasers as well as in gas lasers. 

Optical pumping may be coherent or incoherent. For incoherent 
pumping, we use incoherent excitation radiation obtained from 
gas-discharge flash lamps, continuous glow lamps (incandescent or 
gas discharge lamps), spark gaps, flames, etc. 10 . For coherent pump- 
ing, an auxiliary laser is employed. 

Optical pumping is characterised by the possibility of obtaining 
an exceptionally high selectivity of excitation. Pumping radiation 
with a specially selected spectrum helps in exciting a particular 
group of levels or even a single level. In coherent pumping, it is 
possible to "pump" energy to a particular line in the absorption 
spectrum of an active centre. To improve the selectivity of incoher- 
ent pumping excitition, it should be remembered that optical pump- 
ing is possible only for optically allowed transitions. Thus, for 
optical excitation, we get the most favourable conditions for satis- 
fying the inequality (1.1.14). It can be assumed that F x = 0. 



9 For example, generation was observed at the wavelength 0.175 jim in 
an ArCl laser while for an Ar 2 laser, generation was observed at a wavelength 
0.126 urn (see Ch. 9 in [4]). 

10 For pumping of lasers generating in the U V region, we can use the X-rays 
emitted by electrons in a synchrotron [6]. Such radiations are called synchrotron 
radiation or bremsstrahlung. 
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Optical pumping widens the scope of application of a laser. Thus, 
for coherent pumping, a laser may function as an amplifier of coh- 
erent radiation, or as an optical frequency converter. 

Finally, a specific property of optical pumping is that it always 
initiates a reverse process in the excitation channel (in the transition 
between the ground level and the excited level)/ with nearly the 
same probability as the direct pro- 
cess involving absorption of radia- 
tion. The probability of absorption 
of pumping radiation per unit time 
is given by 



W r 



= Bp t 



(1.2.1) 
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where p p is the density of pumping 
radiation at the excitation frequency 
nnd B is Einstein's coefficient for Fig- I- 7 

absorption of radiation in the excita- 
tion channel. Besides absorption, the reverse process of induced 
emission also takes place and is initiated by the pumping 
radiation. The probability of this reverse process is 

w = 5'pp, (1.2.2) 

wliere B' is Einstein's coefficient for this process. The coefficients 
li and B' are related through the well-known relation 11 

gB = g'B', 

whore g and g' represent the degeneracy of the ground level and 
I be excited level respectively. This leads to the relation 

w v = {g'lg)w. (1.2.3) 

The existence of two opposing processes whose probabilities are 
related through Eq. (1.2.3) means that the same channel cannot be 
used for excitation and generation in the case of optical pumping. 
Hence, in particular, the minimum number of levels necessary for 
nn active centre under optical pumping is equal to three. We shall 
prove this below. 

Conditions for Creating Stationary Inversion Under Optical 
Pumping. Let us start with a two-level case, depicted in Fig. 1.7. 
Tim probability w 21 consists of two components, corresponding to 
I he induced emission initiated by the pumping radiation and to the 
spontaneous emission: 

w 21 = w + A 21 (1.2.4) 

l\vi> neglect the non-optical transition). We denote the stationary 
|iii|iiilalion density of levels 1 and 2 by n 01 and n 02 respectively 
(I ln< subscript means that the corresponding quantity is consider- 

11 See, for example, Eq. (2.1.6) in [1]. 
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ed for the case when there is no generation), the total number of 
active centres per unit volume is denoted by n' . 

The balance equations for the population densities of the levels 
have the form 



ra ox w p — "02^21 = 0; n 01 + n 02 



Introducing the inverse population density iV = n 02 
we get 

Wp + w 21 



(1.2.5) 



Using Eqs. (1.2.4) and (1.2.3) (having replaced g by g 1 and g' by 
g 2 , of course), we can rewrite (1.2.5) in the following form: 

N o = ~—n' . , ,.l 21 ; . . (1.2.6) 

We introduce the term pumping rate Q and define it as the proba- 
bility that the active centres arrive at the upper laser level. In this 
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Fig. 1.9 



case, Q = w p . Using this term, Eq. (1.2.6) can be rewritten in the 
form 



A'„ 



A21 



«'■- Hi A 21 + (l + gJg 2 )Q ' (1 - 2,<) 

Figure 1.8 shows the dependence of NJn' on Q as defined by 
formula (1.2.7). It can be easily seen that irrespective of the pump- 
ing rate, the quantity N remains negative, and so inversion is 
not created. This shows that a two-level diagram is not suitable for 
the case of optical pumping. 

Let us now consider the three-level case shown in Fig. 1.9, where 
1-3 is the excitation channel and 1-2 is the generation channel. 
The balance equations for the population densities of levels in this 
case have the form 

— n 02 A 2l + n 03 w 32 = 0; 

"oi^p — "03(^31 + h > 32 ) = 0; ^ (1-2.8) 

n i + n oz + n 03 = n'. 
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Solving this system, we get 

n 01 = (n'/D) A 21 (w 31 + w 32 ); n 02 = {n' ID) w v w 32 , 



(1.2.9) 



where D is the determinant of the system of equations (1.2.8). 
From this, it follows that 



iVp _ w p w 32 — (Silgi) A 2l (w 3l + w 32 ) 
n' A 2l (w p + w 3l + w 3i ) + w p w 3 . 2 



(1.2.10) 



The pumping rate Q for this system of equations can be written 
in the form 

Q = w p w 32 I(w 31 + w 32 ). (1.2.11) 

Using (1.2.11), we can rewrite Eq. (1.2.10) in the following form: 



A r o _ Q — (gJgi)A 2l 

n' A 21 + Q (i-\-A 2 i/w 32 ) • 



(1.2.12) 



Figure 1.10 shows the dependence of NJn' on Q as given by 
formula (1.2.12). Of the two curves shown in this figure, the dashed 
one corresponds to the special 
case when ^21^ w 32 . 

It can be easily seen that 
stationary inversion may be 
easily created in the case of a 
three-level diagram. For this, it 
is necessary that the condition 

& > (g-z'gi) A n (1.2.13) 



ii\<>'(S2/gi) («>si + ^32) (A 21 lw a2 ), -h 

(1.2.14) 
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is satisfied. The quantity Q lnv = 

{g 2 lgi) A 21 is called the inver- 
sion threshold pumping rate. The smaller the value of A 21 , the 
lower the inversion threshold. 

For a three-level case, when the inequality 



A 21 <w a 



(1.2.15) 



is satisfied, the magnitude of Q lnv decreases and the limiting value 



of the ratio NJn' increases. 



This leads to the conclusion that it is best to use such diagrams 
for which the value of A 21 is the lowest. This conclusion, however, 
is not correct. It turns out that an extremely low value of A 21 is 
not desirable. This question will be discussed in Sec. 2.1. 
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Solid-state Lasers. Practical Attainment of Optical Pumping, Op- 
erating Laser Diagrams 12 . Figure 1.11a shows a schematic for optic- 
al pumping in a solid-state laser. Here, 1 is the active element, 
2 — the source of pumping radiation (for example, a gas discharge 
flash lamp); 3— a reflector for focussing the pumping radiation on the 
active element; 4 — an optical resonator mirror, and 5 — the laser 
radiation. Figure 1.116 shows the laser cross section. The reflector 
surface in the cross section is represented by an ellipse at whose 




foci lie the active element and the pumping source. In actual prac- 
tice, reflectors of different forms and construction can be applied. 
Thus, a two-lamp reflector, whose cross section is shown in Fig. 1.11c, 
can be used. This type of construction increases the output power of 
radiation. 

A solid-state active element consists of a matrix (basis) and an 
activator (active centre) introduced into the matrix in the form of 
impurity. The matrices employed may be crystalline or amorphous 
(glass-like). 

The stimulated emission effect has so far been observed in more 
than 250 dielectric crystals activated by transition group ionic 
impurities. The most common among these are the oxide crystals 
having an ordered structure (for example, A1 2 3 crystals with Cr 3+ 
ion impurity, or Y 3 Al 5 12 and YA10 3 crystals with Nd 3+ ion impur- 
ity). We can also mention fluoride crystals having an ordered 
structure (for example, GaF 2 crystals with Dy 2+ ion impurities). 

The efficiency of optical pumping is determined by two main 
factors. Firstly, the pumping radiation must be absorbed effectively 
by the active centres and at the same time, it should not be absorbed 
by the matrix at all. Secondly, the quantum efficiency of pumping 



12 General problems concerning the working of solid-state lasers have been 
discussed in [7-9]. The basic theories of solid-state lasers have been described 
in [10-12], Spectroscopic properties of activated laser crystals have been system- 
atised by Herlich et al. [13] and Kaminskii [14]; see also [4]. Specific problems 
dealing with fabrication of lasers, and construction and properties of light sources 
have been described in [151. The thermal conditions in solid-state lasers have 
been discussed in [16]. Finally, the preparation of solid-state active elements has 
been considered in [17]. 
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must be high, and nearly all the active centres raised to the excita- 
tion level by pumping must come down to the upper laser level. 
Besides, it is desirable that the loss of energy at the secondary 
transitions should be minimum, for example, at the transition from 
the excitation level to the upper laser level. 

In order to increase the efficiency of optical pumping, efforts are 
made to choose a fairly wide energy band or a group of levels as the 
excitation level, and thus ensure a correspondence between the transi- 
tion frequency (frequencies) in the excitation channel and the maxi- 
mum in the spectrum of pumping radiation. We can also use the 
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sensitization method where, in addition to the basic (generating) 
ions, another type of ions (sensitizing ions) are introduced into the 
matrix. The sensitizing ions quite effectively absorb the pumping 
radiation and then transfer this absorbed energy to the activator 
ions 13 . Another method of increasing the efficiency of solid-state 
lasers envisages the use of mixed disordered systems (solid solu- 
tions) instead of simple compounds for the crystal matrix, which 
considerably broadens the absorption spectrum [20]. 

The energy level diagrams employed in solid-state lasers are quite 
diverse (see, for example, [14]). Some of these diagrams are shown 
in Fig. 1.12. The ground level, the lower laser level, the upper laser 
level, and the excitation level are denoted by 0, 1, 2, and 3 re- 
spectively. A level designated by two digits performs two functions. 
For example, the level marked as and 1 is simultaneously the 
ground level as well as the lower laser level. Transitions in the exci- 
tation channel have been shown by thick arrows, those in the gener- 
ation channel by thin straight arrows, and the nonradiating transi- 
tions are indicated by undulating arrows. Figure 1.12a represents 
a normal three-level diagram, while a four-level diagram is shown 

13 The sensitization method has been presented in [18]. Possible mechanisms 
for the exchange of energy between ions in laser crystals are discussed in [19]. 
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in Fig. 1.126. A three-level diagram using sensitizing ions is indicat- 
ed in Fig. 1.12c, and Figs. 1.12d and 1.12e show the cascade diag- 
rams [21]. In this case, stimulated emission takes place simulta- 
neously on several transitions (two transitions in this case). Cascade 
processes involve transitions between levels of the same activating 
ion (direct cascade diagram, Fig. 1.12d) or different types of activat- 
ing ions (cascade diagram with an intermediate act of excitation 
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energy transfer, shown in Fig. 1.12e). Cascade processes are particu- 
larly interesting, because they reduce the energy loss associated with 
secondary (nonradiating) transitions to a minimum. 

Ruby Lasers. Laser generation was first observed in ruby [22]. 
Owing to the high mechanical strength and thermal conductivity 
of ruby crystals and the possibility of growing high quality optical 
samples, ruby lasers are widely employed even today. 

Ruby is the aluminium oxide A1 2 3 (matrix) doped with Cr 3+ 
ion impurity (active centres). Pink ruby, containing 0.05% Cr 
(1.6 X 10 19 ions cm -3 is normally used as laser material). 

Figure 1.13 shows the energy level diagram for a chromium ion 
in ruby. The change from ilk to the energy E is accomplished through 
the formula E — 2nhclX. The states 4 F 1 and *F 2 are excited as a re- 
sult of pumping. Each of these states is shown in the form of an energy 
band in the figure. This is due to the broadening of the corresponding 
energy states (consequence of the small lifetime of active centres in 
these states). Active centres quickly pass on from the *F 1 and i F 2 
states to two closely spaced metastable levels denoted by 2A and E 
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(the separation between these two levels is 0.003 u.m _1 ). These levels 
play the role of upper laser levels. Upon transition from the states 
*F 1 and 4 F 2 to the upper laser level, the chromium ions transfer 
a part of their energy to the crystal lattice (non-optical transitions 
are shown in the figure by undulating arrows). The lower laser level 
is denoted by *A 2 . This is also the ground state 14 . It is clear from 
the figure that ruby lasers may be represented by a three-level dia- 
gram. 

Figure 1.14a shows the ruby absorption spectrum for the case when 
pumping radiation propagates parallel (curve 1) and perpendicular 
(curve 2) to the optical axis of the crystal 15 . 
In the absorption spectrum, two relatively 
broad lines with maxin/a at X = 0.41 urn 
(blue absorption band) and X = 0.55 u.m 
(yellow-green absorption band) can be dis- 
tinguished. These correspond to the excita- 
tion of states *F 1 and *F 2 respectively. The 
dashed curve shows the radiation spectrum , 

of a mercury lamp which is the source of 
excitation. It can be easily seen that the Fig. 1.15 

spectrum of the mercury lamp coincides 

fairly well with the absorption bands of ruby, thus ensuring a high 
selectivity of excitation and increasing the fraction of gainfully 
consumed power of pumping radiation. 

Figure 1.146 shows the luminescence spectrum of chromium ions 
in ruby. Two lines can be observed in this spectrum: the fl^line 

at 0.6943 u.m corresponding to the transition E ->M 2 , ana " tne -^2~ 
line at 0.6929 u.m corresponding to the transition 2A ->- l A 2 . The 
curve shown in the figure has been obtained at a temperature of 
300 K. On reducing the temperature, both lines shift towards the 
shorter wavelength region of the spectrum (Fig. 1.15). 

Nd:YAG Laser. One of the most widely used solid-state lasers 
at present is that in which Yttrium Aluminium Garnet (Y 3 A1 5 12 ) 
serves as the matrix, while Nd 3+ ions serve as the activator. This 
laser is known as Nd : YAG laser. 

The Nd : YAG laser has a comparatively low excitation thresh- 
old and high thermal conductivity, which lead to generation at 
a high pulse frequency, as well as continuous operation. The ef- 
ficiency of this laser is comparatively high (of the order of a few 
percent). 

The main transitions of a neodymium ion in garnet are shown 
in Fig. 1.16. Transitions are accomplished between definite atomic 



14 The lower laser level consists of two sublevels separated by 4 X 10~ B Jim -1 . 

15 Ruby. crystal has a trigonal (rhombohedral) symmetry. Its optical axis 
Ims a three-fold symmetry. 
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energy levels 16 shown as energy bands in the figure. Each band (each 
energy level) has a corresponding group of closely spaced energy 
sublevels appearing as a result of a splitting of an energy level in 
the electric field of the crystal lattice of garnet (Stark's splitting). 
As a result of pumping, the neodymium ions go over from the 
ground state corresponding to the energy level 4 / 9 / 2 to three groups 
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of energy levels A, B, and C. Group A corresponds to the energy 
levels *F 7/2 and 4 S 3 / 2 ; group B to the levels *F 5 / 2 and 2 H 9/2 ; and 
group C to the level i F 3 / 2 . To these three groups of energy levels 
correspond three bands in the absorption spectrum of neodymium in 
garnet. These bands are represented in Fig. 1.17a as A . B, and C 
bands respectively. The fine structure of the absorption bands, which 
can be seen clearly in the figure, reflects Stark's splitting of energy 
levels. 

The energy level l F 3 j 2 is the upper laser "level". By omitting 
energy, the neodymium ions jump down from this level to the energy 
levels 4 /ii /2 , 4 ^9/2' 4 A3/2> an d ^is/V The major part of this energy 
(60%) is omitted during the transition 4 F 3/2 —>- 4 I u/2 . Levels cor- 
responding to the state */ u / 2 are considered as lower laser levels. 

16 The notation used for designating atomic levels has been given in [7, 23]. 
See also Sec. 3.1 in [1]. 
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Figure 1.176 shows the luminescence spectrum of Nd in garnet for 
Ihe transition *F 3 j 2 -+- i I 11/2 . This spectrum consists of 7 lines, the 
ones corresponding to 1.0615 |xm and 1.0642 (xm being the brightest 
of these. Wavelengths for 18 luminescence lines obtained by taking 
different transitions into consideration have been given in Table 1.1 
[14]. The data given in this table have been obtained at a tempera- 
ture of 300 K. 

TABLE 1,1 



Transitions 


/Luminescence 

-line wavelength, 

nm 


Relative intensity 
of transitions, % 


iF 3/2~*-* I 9/2 


0.8910 
0.8999 






0.9385 


25 




0.9460 






1.0521 






1.0615 






1.0642 






1.0737 




1 ^3/2^"* / ll/2 


1.1119 
1.1158 
1.1225 

1.3184 
1.3331 
1.3351 


60 


*' F '3/2"- > " 4/ 13/2 


1.3381 
1.3533 
1.3572 


14 


4 ^3/2- 4/ 15/2 


1.833 


1 



The Nd : YAG laser can be considered in a more simplified way 
by using the four-level diagram 17 consisting of the ground "level" 
4 / 9 / 2 , the lower laser "level" 4 /u/ 2 , the upper laser "level" 4 F 8 / 2 . 
and the excitation "levels" i F 7 / z and 4 F 5 j 2 . It should be noted that 
(he F -*■ I transitions are forbidden in the dipole approximation 
(optically forbidden transitions), since the orbital quantum number 
for a neodymium ion changes by 3 in the case of such a transition. 
Thus, the states corresponding to F energy levels are metastable. 

Krypton lamps are often employed for pumping Nd : YAG lasers. 
In some cases, chromium ions are introduced in the garnet lattice 
as sensitizers, and xenon lamps are used for pumping. Chromium has 
Iwo broad absorption bands in garnet (corresponding to the wave- 
lengths 0.43 urn and 0.59 u.m). These coincide fairly well with the 



17 The four-level diagram is characteristic for solid-state lasers with Nd 3 * 
ions as active centres. 
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emission spectrum from a xenon lamp. The excited chromium ions 
transfer their excitation energy to the active centres, i.e. to neodym- 
ium ions. The comparatively long time (about 6 msec) required 
for transferring the energy from chromium to neodymium restricts 
the application of this method of increasing pumping efficiency only 
to continuous laser emission. 

Optical Pumping by a Semiconductor Laser or a Light-emitting 
Diode. At present, the narrow-band optical pumping method is 
used for an Nd : YAG laser. As pumping source, a GaAs injection 
laser or a Ga 1 _ x Al x As light-emitting diode (LED) is used. In the 
former case, pumping is carried out at a wavelength of 0.88 u.m 




Fig. 1.18 

(pumping to the C-group lines shown in Fig. 1.17a), while in the 
latter case, it takes place at a wavelength of 0.81 urn (pumping to 
the #-group lines in the same spectrum). 

The pumping radiation is introduced at the end face of the active 
element. A laser using this kind of pumping is shown in Fig. 1.18 
[24]. Here, 1 is the active element (garnet with neodymium), 2 — 
an injection laser, 3 — a dielectric mirror with reflection coefficient 
R = 99.8% for X = 1.06 urn and R <5% for X » 0.8-0.9 jim, 
4— a dielectric antireflection coating with R ^0.5% for X = 
= 1.06 nm, 5 — an external spherical resonator mirror, and 6 — 
the power supply for the injection laser. 

The method of narrow-band optical pumping at the end face of 
the active element lies behind the designing of miniature solid-state 
lasers with a relatively low generation threshold and a fairly high 
efficiency. 



1.3. ORGANIC DYE LASERS 

Optical pumping is also used for exciting liquid lasers. We shall 
now discuss lasers based on solutions of organic dyes 18 . 



18 Besides solutions of organic dyes, liquids activated by ions of rare-earth 
elements (like Eu 3+ , Nd 3+ ) are also used as active media. There are two types of 
such liquids: organometallic (chelated) and inorganic (aprotic); see, for example, 
Ch. 17 in [4]. 
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Organic Dyes. Dyes are complex organic compounds with a branched 
system of conjugated bonds, and with strong absorption bands 
in the visible and near-ultraviolet regions of the spectrum 19 . Their 
chemical structure is characterised by a combination of benzene 
rings, pyridine rings, azine rings, pyrol rings, etc., located in the 
same plane. The most powerful luminescent dyes are divided into 
I lie following eight categories: xanthenes, polymethines, oxazines, 
coumarins, anthracenes, acridiryes, azines, and phthalocyanines. 

As an example of practical importance, let us consider the dye 
rhodamine 6G, belonging to the class of xanthenes. Its structural 
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Fig. 1.19 



formula, based on benzene rings, is shown in Fig. 1.19a. As a rule, 
xanthene dyes absorb and emit light in the visible spectral region. 
Kiffiire 1.196 shows the absorption (curve 1) and the luminescence 
(curve 2) spectra of rhodamine 6G. This dye radiates in the band 
0.55-0.6 um. Uptill now, laser generation has been observed in 
more than 200 different dyes. The general wavelength band for these 
•lyes- is 0.3-1.3 (im. Laser radiation of almost any wavelength in 
I his band can be obtained by a suitable choice of dyes. 

The problems connected with the chemical and photochemical 
instability of dyes as well as the choice of suitable solvents have led 
to a search for new active media among dyes. Water, ethanol, 
methanol, cyclohexane, toluene, glycerine, benzene, acetone, etc. 
are the solvents commonly employed. 

Significantly, the width of luminescence lines in the case of dye 
lasers is exceptionally large — of the order of 0.1 |im (see curve 2 
in Fig. 1.196), while the width of the generated line may be just of 
I lie order of 10" 4 fim or even less. The wavelength generated by the 
laser may be changed continuously within the limits of the width 
•if Hie luminescence line. In other words, a continuous tuning of the 
^'iteration wavelength may be ensured over about 0.1 urn. Dye lasers 



'• The term "dye" does not necessarily mean a coloured material or one 
wilh colouring properties. 
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are an effective substitute for parametric light generators in the 
visible and near infrared regions of the spectrum. 20 

Optical Pumping of Dye Lasers. Most frequently, coherent pump- 
ing by radiation from solid-state pulsed lasers (Nd : YAG, Nd-glass, 
ruby, etc.) is used for excitation of dyes. Fundamental frequency as 
well as harmonics (for example, the second harmonic (X = 0.53 fim) 
and the third harmonic (k — 0.35 (Am) of the Nd : YAG laser radia- 
tion) are used for pumping. The efficiency of dye lasers excited with 
the help of an auxiliary pulsed laser is of the order of tens percent. 
For a solution a rhodamine 6G in ethanol, an efficiency of 75% was 
achieved upon pumping by the second harmonic of a Nd-glass laser. 




U5 



Fig. 1.20 



Dye lasers employing coherent pumping may function as wide-band 
amplifiers in the optical region. They can also be used as relatively 
simple and efficient converters of optical frequencies. 

Coherent pulsed pumping may be transverse or longitudinal. In 
the former case, the pumping radiation propagates perpendicular 
to the direction of dye oscillations, while in the latter case the two 
are parallel. As an example, one of the alternatives for longitudinal 
pumping is shown in Fig. 1.20. Here, 7 is the dye, 2— the pumping 
radiation. 3— the radiation generated by the dye; 4— a totally 
reflecting prism, and 5 — the resonator mirror (opaque to the pump- 
ing radiation). 

Besides pulsed pumping, continuous coherent pumping is also 
employed. For this purpose, an ionised argon laser is often used. 
In order to increase the generation threshold of the dye, the pump- 
ing radiation is focussed on the dye solution over a region of about 
10 fun diameter. This is liable to produce thermooptical distortion 
in the active medium. In order to eliminate this risk, the dye solu- 
tion is quickly circulated through the generation zone (a complete 
replacement of the solution in the generation zone is attained over 
a period of about 1 usee). Circulation of the dye solution is impor- 
tant from other points of view too, for example, for removal of photo- 
disintegration products from the generation zone. 



20 For a detailed description of organic dyes and laser? based on them, see 
[25-27], as well as Ch. 18 in [4]. 
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incoherent optical pumping is also applied to the dye lasers, by 
using, for example, flash tubes or coaxial flash lamps. Such lasers 
lnive an efficiency of about 1% and below. 

Level Diagram and Basic Transitions. A dye molecule has a com- 
plex structure, is composed of a large number of atoms, and has a large 
number of states which are complicated mixtures of electronic, 
vibrational, and rotational states. Hence it is impossible to draw 
a sufficiently accurate energy level 
diagram. While considering the 
mechanism of creation of inversion 
in a dye laser an extremely simple, 
and to a certain extent, arbitrary 
level diagram is used, reflecting 
only some main aspects of quantum 
transitions in a dye molecule. This 
diagram is shown in Fig. 1.21. 

The energy levels shown by 
thick and thin horizontal lines in 
Fig. 1.21 refer to vibrational and 
rotational states of the molecule 
respectively. The vibration-rotation 
states have been grouped together 
near the electronic states of the mole- 
cule, denoted in the figure as S , 
S u S 2 , T x , T 2 , etc. The state 
corresponding to S is the ground 
slate. 

An excitation leads to the transi- 
tion of one of the electrons of the 

molecule to a more excited state. If the spin of this electron remains 
antiparallel to the spin of the rest of the molecule, the electronic 
state is called a singlet (states S x , S 2 , as well as the ground state S ). 
If, however, excitation is accompanied by a spin flipping, rendering 
it parallel to that of the remaining molecule, the electronic states 
are called triplets (states 7\, T 2 ). The singlet-triplet transitions are 
associated with a flipping of the electron spin and are therefore less 
probable than the singlet-singlet or triplet-triplet transitions. Transi- 
tions are shown in Fig. 1.21 by arrows. The straight arrows indicate 
optical transitions (laser transition is indicated by a thick arrow), 
while the undulating arrows show nonoptical transitions. 

Optical pumping excites a molecule from the electronic state S 
to electronic state S t . The excited molecule undergoes a nonradiative 
relaxation to the lower vibrational level of the state iS x very quickly 
(over a period of about 10 ~ u sec), transferring its surplus energy 
to the solvent. This molecule may then undergo a radiative (laser) 
transition i5 x -*- S , or one of the following three transitions compet- 
ing with the laser transition: the transition S t -*■ S 2 associated with 




Fig. 1.21 
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an additional absorption of the pumping radiation; the nonradiative- 
transition Si — *- S (internal conversion); or the nonradiative transi- 
tion Si -*■ Ti (singlet-triplet conversion). The singlet-triplet conver- 
sion may then be followed by additional absorption of pumping 
radiation for T± -*- T 2 transition (triplet-triplet absorption). Besides 
this transition, the nonradiative and radiative T t -*■ S transitions 
are also possible. 

While considering the creation of inversion, all these transitions 
must be taken into account. The transitions S x ->- S z and T x -*■ T% 
lead to additional expenditure of pumping energy. The nonradiative 
transition S t -*■ S as well as the transitions S x -*- T x -*- S decrease 
the number of molecules de-excited during the laser transition. 

The unfavourable influence of the triplet-triplet absorption may be reduced 
if steps are taken to increase the probability of T t -»- S transitions. This prob- 
ability (and hence the lifetime of the molecule in 7\ state, which is of the or- 
der of lusec) depends on the composition of the solvent. In order to increase 
this probability, certain special substances (the so-called extinguishers of the- 
triplet state) are added to the dye solution. For example, addition of paramagnet- 
ic impurities (like oxygen) facilitates "mixing" of singlet and triplet states and 
consequently increases the rate of triplet-singlet transitions. 

Tuning of Generation Wavelength; Selective Resonators. As has 

been mentioned above, tuning of generation wavelength is possible 
in dye lasers. For this we can use the dependence of the position of 




Fig. 1.22 



dye generation line on the concentration of the dye molecules in the* 
solution, temperature of the solution, and the reflection coefficients 
of the resonator mirrors. Selective resonators are often employed for 
tuning of the generation wavelength. 

A selective resonator is one which contains a spectral selective 
element in addition to the active medium. Spectral optical filters, 
Fabry-Perot interferometers, dispersion prisms, or diffraction grat- 
ings can be employed as such elements. 

Figure 1.22a shows a dye laser with a continuous tuning of th& 
generation wavelength with the help of a dispersion prism. Here, 
1 is the dye cuvette, 2 — the pumping radiation (from the auxiliary 
laser), 3 — the output radiation, 4 — the output resonator mirror, 
5 — a prism, and 6 — a reflecting mirror rotating with respect to the 
prism. The cuvette is oriented in such a way that the perpendicular 
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to its wall forms Brewster's angle cp with the direction of the dye 
radiation. In this case, the generated radiation is linearly polarised 
(the vector E oscillates in the plane of the figure), and there are no 
losses due to reflections from the walls of the container. The prism 
plays the role of a selective element in this case. Depending on the 
orientation of the plane of mirror 6 with respect to the prism, a par- 
ticular wavelength is generated. By rotating the plane of mirror 6\ 
the generation wavelength can be continuously varied (within the 
luminescence linewidth for the given dye). 

Analogous effect can be obtained by using a reflecting diffraction 
grating instead of one of the resonator members. Figure 1.226 shows 
the schematic for such a laser. Here 1-4 are the same as in Fig. 1.22a, 
5 is the reflecting diffraction grating, and 6 is a telescopic system for 
better separation of the narrow radiation beam. The diffraction 
angle 9 is connected with the radiation wavelength % through the 
well-known relation 

2d sin 6 = % (1.3.1) 

where d is the period of the grating. For a given value of the angle 
between the perpendicular to the grating and the resonator axis (for 
a given orientation of the grating in the resonator), radiation of 
wavelength % will be generated in accordance with the formu- 
la 1.3.1 21 . Only for this wavelength, the radiation reflected by the 
grating will be propagated along the resonator axis. Rotation of the 
diffraction grating leads to a change in the angle 8 and hence to 
a tuning of the generation wavelength. 

The element which leads to a selection of the wavelength (prism , 
diffraction grating, etc.) performs two functions: it isolates the nar- 
row generation line and also helps in changing the position of this- 
line within the luminescence linewidth for the dye. Using one selec- 
tive element, we can narrow the generation line to 10~ 8 -10~ 4 fim 
without significantly reducing the output power. Consequently, a 
very sharp and bright generation line is emitted instead of a broad 
and relatively low-intensity line. Figure 1.23 shows a qualitative 
comparison between these two lines (1 is the luminescence line, 
and 2 is the generation line). 

For a further narrowing of the generation line, combinations of 
several selective elements are used. This results in generation linea 
of width up to 10 -6 \im if we take into account the considerable' 
unavoidable losses of the output power. 

Increasing the Tuning Range of the Generation Wavelength. In 
order to increase the tuning range of the generation wavelength for 
a given active dye solution, different methods may be employed. 
For example, we can use the change in the chemical structure of 



81 Of course, this wavelength must lie within the luminescence linewidth 
of the dye under consideration. 
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the dye as a result of chemical reactions occurring on addition of 
certain reagents to the active medium. Interaction of the dye mole- 
cules with the newly introduced reagents produces ionised forms of 
the dye with different spectral properties. Unfortunately, this 
method has very low tuning efficiency, and is also irreversible. 

The method using irreversible variation of spectral properties of 
solutions of coumarine dyes by passing an electric current through 
them [28] is more interesting. It is observed that upon the passage 
of an electric current, the luminescence spectrum of the dye shifts 
by about 0.05 um towards the long wavelength region, thus increas- 
ing (by 1.5-2 times) the tuning range of the generation wavelength 
for the given dye. 



1.4. GAS LASERS WITH A WIDEBAND OPTICAL PUMPING 

Optical Pumping of Gaseous Active Media. The efficiency of op- 
tical pumping in the case of solid-state and liquid lasers is mainly 
associated with the relatively large width of the absorption line 
for solid and liquid active media. In comparison to this width, 
which is of the order of 0.1 um 22 , the gaseous active media have 
considerably narrower absorption lines, which have a width of 10 -8 |im 

or less. For optical excitation of a gas, it 
is necessary that the pumping radiation 
should have a line spectrum with suffi- 
ciently narrow lines and that the maxi- 
mum of at least one bright spectral line 
of the pumping source should exactly 
coincide with the maximum of one of 
the absorption lines for an active centre. 
An exactly similar situation exists for 
Cs-laser [29]. The Cs atoms are excited 
by radiation from a helium lamp whose 
spectrum contains a bright narrow line 
with X = 0.3888 um coinciding fairly 
accurately with the wavelength of one 
of the transitions in cesium. 

In the case of gas lasers ordinary inco- 
herent (wideband) optical pumping should 
apparently be extremely ineffective. 
On account of the fact that the absorp- 
tion lines of gas particles are narrow, only 
an insignificant fraction of the optical power of the pumping source 
will be utilised in this case for the excitation of active centres. The 
main part of the optical radiation falling on the active medium will 



J0--)0' 4 Hm 




Fig. 1.23 



22 The absorption spectrum width for some specific media (solids and liquids) 
is shown in Figs. 1.14a, 1.17a and 1.196. 
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Fig. 1.24 



be spent uselessly in heating the gas and surrounding objects. Hence 
wideband optical pumping is not employed for the case of gas lasers. 

Possibility of Wideband Optical Pumping in Gases; Photodisso- 
e In I ion Lasers. Exceptions ttfuie rule are gaseous media containing 
molecules which dissociate under the influence of radiation. As a 
mailer of fact, the absorption spectrum due to photodissociation of 
Kasoous molecules is continuous and is 
comparable in width to the absorption 
spectra for solid and liquid active media. 
In tins connection, we turn to Fig. 1.24. 

The figure shows electronic energy 
levels of a diatomic molecule (curves 1 
mill 2). Suppose that the molecule is in 
one of the vibrational states of level 1 
(/'-'„ is the energy of the molecule). By 
absorbing the pumping radiation, the 
molecule may jump to the electronic 
1'iiorgy level 2. In accordance with the 
Franck-Condon principle™, such transi- 
t ions are shown in the figure by vertical 
arrows (dotted lines). It is evident from 
I lie figure that a transition 1 ->- 2 is pos- 
sible upon absorption of photons whose 
energy is /zco and satisfies the inequali- 
ties (E t — E ) <h(x>< (E s — E ). If ha < (E 2 — E ), a transi- 
liou takes place from the initial vibrational state of energy 
level 1 to one of the vibrational states of energy level 2. The 
spectrum then consists of a number of narrow lines. If, however, 
//in > (E 2 — E ), the transition 1 -*■ 2 occurs, leading to the 
dissociation of the molecule. The absorption spectrum in this 
case will be continuous and its width will be equal to E s — E 2 . 

< )wing to the continuous nature and comparatively large width 
of the absorption spectrum of photodissociating molecules, a wide- 
band optical pumping can be employed for stimulating the photo- 
ilissociation reaction: 

AB + ha-* A* + B. 

At least one of the products of molecular dissocisation is found 
to lie in the excited state (.4*) and may be used for laser generation. 
Tims, wideband optical pumping in gas lasers is possible if 
molecular photodissociation is employed as the intermediate pro- 
cess'- 1 . Such gas lasers are called photodissociation lasers. 

There are two types of photodissociation lasers. The first type 
employs one of the products of molecular dissociation as the excited 

• J See, for example, Sec. 3.7 in [1]. 

24 The method of wideband optical pumping for laser generation in gases 
with dissociating molecules has been proposed in [30]. 
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active centre (excitation in primary photoprocesses). In the second 
type, the excited active centres are formed as a result of chemical 
reactions involving the products of molecular dissociation (excita- 
tion in secondary chemical reactions). Such lasers are also called 
photochemical lasers. 

At present, possibilities are being explored for creating gas lasers 
based on allowed electronic transitions of molecules with direct 
wideband optical pumping (without photodissociation of molecules). 
These possibilities are based on the relatively broad absorption 
spectra of a number of molecules (especially polyatomic) in the 
ultraviolet region of spectrum. The small magnitude of vibrational 
quanta may result in a nearly continuous absorption in this region 35 . 

Iodine Photodissociation Laser. As an example of a photodissocia- 
tion laser, we consider the laser generating on transitions in iodine 
atoms [32]. Under the action of wideband optical pumping (with 
wavelength 0.27 um), the CF 3 I molecules dissociate: CF 3 I + ha -*• 
-*-CF 3 + I*. The iodine atoms I* appear in the excited state 2 P 1 / 2 . 
On the transitions in these atoms to the state 2 P 3 / 2 , radiation with 
a wavelength 1.315 una is emitted. In addition to CF 3 I molecules, 
CH 3 I molecules may also be used in this process. 

The efficiency of photodissociation lasers is of the order of 0.5%. 
This efficiency may be increased in principle by broadening the ab- 
sorption spectrum of dissociating molecules of a gaseous active 
medium as well as through chemical reactions corresponding to 
photodissociation. In this connection, we consider the problem of 
enlarging the class of active media applicable for use in photodisso- 
ciation lasers [311. 

Direct Conversion of Solar Energy into Laser Radiation. Hol- 
ger et al. [33] have examined the possibility of creating a photodis- 
sociation laser excited by the solar radiation, and called the sun- 
pumped laser. The active medium of such a laser must satisfy a 
number of requirements: the absorption band must cover a consider- 
able part of the solar spectrum, the quantum yield should be as 
high as possible, and the generation must take place for a relatively 
low-intensity continuous pumping. 

A gaseous mixture containing cesium and xenon atoms has been 
proposed as active medium for a sun-pumped laser. The Cs 2 mole- 
cules are disintegrated into cesium atoms by absorbing solar radiation 
in the band 0.44 urn to 0.52 urn approximately. The products of 
dissociation contain excited cesium atoms in 7 2 »S' 1 / 2 state (denoted 
by Cs**). Laser oscillation may appear on transitions in these atoms 
into less excited states Q 2 P 3 / 2 and 6 2 i' 1 / 2 : 

Cs**-^Cs* ' v 



{ 



7 z S m ^G 2 Pi,2. 



26 Wideband optical pumping in gas lasers with or without^photodissocia- 
tion of molecules has been described in [31]. 



1.5 Pumping by Self-maintained Electric Discharge 39 

-r. 

These transitions correspond to the generation wavelengths 1.47 
and 1.36 um respectively. 

The question of selective depopulation of the lower laser levels 
of cesium atoms (without deexciting the upper leser level) is of 
great importance in these lasers. A chemical depopulation mechanism 
has been proposed. It is based on active combination of Cs* atoms 
(and not Cs** atoms) with Xe atoms, leading to the creation of excit- 
ed CsXe molecules. These molecules are dissociating molecules and 
their ground state is unstable. The molecules of CsXe, returning 
•to the ground state, dissociate into unexcited Cs and Xe atoms. 



1.5. PUMPING BY SELF-MAINTAINED 
ELECTRIC DISCHARGE IN RAREFIED GASES 

Types of Gas Discharge Lasers. Pumping by self-maintained dis- 
charge in the active medium is often employed for excitation of gas 
lasers. Such lasers are called gas discharge lasers. 26 They operate in 
fairly rarefied gaseous media, the pressure being of the order of 1- 
10 mm Hg. 

There are three types of gas discharge lasers: those operating on 
transitions between ionic levels (ion gas lasers or ion lasers); those 
operating on transitions between neutral atomic levels (neutral 
atom lasers, or atomic lasers); and those operating on transitions be- 
tween molecular levels (molecular lasers). The active centres in these 
three types of lasers are free ions, free atoms, and free molecules 
respectively. 

Ion lasers generate mainly in the visible as well as near ultraviolet 
region of the spectrum (from 0.3 to 1 urn approximately). Atomic 
lasers generate over a much wider range of wavelength — from 0.4 
to 100 [im, the main laser transitions falling in the region 1-20 urn. 

Molecular lasers have the widest range of generation wavelength. 
Lasers operating on transitions between rotational levels of the same 
electronic and vibrational state of a molecule (purely rotational 
transitions) generate in a wide infrared region from 10-20 fxm up to 
several hundred micrometres. Molecular lasers operating on transi- 
tions between vibrational levels of the same electronic state of 
a molecule (vibration-rotation transitions) generate infrared radia- 
tion mainly in the range 5-50 nm. Molecular lasers may also generate 
on transitions between electronic states of a molecule. In this case, 
the generation wavelength is in the visible or ultraviolet region of 
the spectrum (nearly 0.2 to 1 urn) 27 . 



2 * Gas discharge lasers have been described in [34-361. See also [4, 7, 8. 
37, 38]. 

27 As an example of this kind of las ers, we can mention the molecular lasers 
on transitions from a stable electron-excited state to the unstable ground state 
(excimer lasers). 
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The vibration-rotation transitions in molecular lasers obey the following 
selection rules: 

&v = ± 1; A; =0, ±1, (1.5.1) 

where v and / are the vibrational and rotational quantum numbers respectively, 
Av and A; represent the increments in these numbers upon transition. Transi- 
tion corresponding to A/ = is called a Q branch transition. Transitions from 
the rotational level ;' — 1 of the upper vibrational state to the level / of the 
lower vibrational state belong to the P branch. Transitions from the rotational 
level / + 1 of the upper vibrational state to the level ;' of the lower vibrational 
state belong to the R branch. 

Electric Discharges Used in Gas-discharge Lasers. Gas-discharge 
plasma generated as a result of electric discharge serves as the active 
medium in a gas-discharge laser. If the pulse-rise time and the pulse- 
decay time of the current are less 
than the characteristic equilib- 
rium time for the plasma, a pulsed 
electric discharge takes place. 
Besides pulsed discharge, sta- 
tionary (quasi-stationary) electric 
discharges are also employed. 
Two types of stationary dis- 
charges are used in gas-discharge 
lasers: the arc discharge (in ion 
lasers) and the glow discharge 
(in molecular lasers and in 
atomic lasers). 

The arc and glow discharges 
are compared in Fig. 1.25 which 
depicts the characteristic varia- 
tion of potential over the length 
of the discharge gap for both types. The subscript (as well as the cur- 
ve) 1 corresponds to the arc discharge, while the subscript (and the 
curve) 2 corresponds to the glow discharge, d is the length of the 
cathodic discharge region, L is the length of the discharge region, 
called the positive column in which the discharge characteristics 
are most stable and the field is uniform (this region is used as the 
working region for the active medium), U' is the operating voltage 
(potential difference between the anode and the cathode). It is clear 
from the figure that the following inequalities hold (for the same 
distance between the anode and cathode for both types of discharge): 

(1.5.2) 

Table 1.2 gives a comparison of characteristic parameters for the 
two types of discharge. Here, T a is the temperature of the heavy 
plasmic component (discharge temperature), T e is the temperature 
of the electron component (electron temperature), and n e is the free 
electron concentration in the plasma. Arc discharge is a high-cur- 
rent high-temperature discharge with a relatively high plasma 
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a\ < d 2 , U' x < C/ 2 ', L x > L 2 
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TABLE 1.2 


Discharge 


Working 
voltage, V 


Current 

density, 

A/cm2 


T„. K 


T e , K 


n e , cm _ 3 


Relative 
ionisation, 

% 


Arc 
Glow 


10-100 
>103 


102-103 
10-3-0.1 


~ 103 

~3-10 2 


-10* 
>10* 


~ 10" 

109-Hll 


>1 

10-4-10-2 
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ionisation ratio 28 . The glow discharge is a low-current, low-tempera- 
ture discharge with a relatively low plasma ionisation ratio. 

Stationary discharges are termed ax. or d.c. excited discharges, 
depending on the method of their excitation. The former are excited 
by using an alternating current of 10- 
50 MHz frequency (in this case the 
electrodes are situated outside the 
discharge tube— Fig. 1.26a); the latter 
ore excited by a direct current (the 
electrodes are located inside the tube — 
Fig. 1.26&). In these figures, 1 and 2 
correspond to the discharge tube and 
Hie electrodes respectively. 

Argon Laser [39]. As an example 
of ion lasers, we shall consider a laser 
operating on transitions in Aril (on 
transitions between levels of singly 
ionised Ar + ) 29 . This laser has been 
shown schematically in Fig. 1.27 

where direct current excitation has been employed. Here, 1 is 
the anode, 2 — the cathode, 3— the lasing volume of the 
tube, 4 — the water cooling system, 5— the by-pass canal, 6— the 
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Fig. 1.26 




resonator mirror (totally reflecting and transmitting), 7 — the output 
windows of the discharge tube, oriented at Brewster's angle with 
respect to the resonator axis, 5 — the output radiation. The by-pas:* 



28 The degree of ionisation of plasma is the ratio of the free-electron con- 
centration in the plasma to the concentration of heavy particles. 

28 Roman numerals are used for spectroscopic notation of ionised gases.. 
The numeral employed is higher than the degree of ionisation by one (e.g.,. 
Aril consists of Ar + ions, Arlll has Ar 2+ ions, and so on). 
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canal is meant for maintaining a uniform pressure throughout the 

length of the discharge tube. In the absence of such a canal, there is 

a concentration of gas in the anodic part of 

the tube soon after the arc discharge is 

switched on. 

For high-frequency excitation, the electrodes 
inside the tube are not used. The discharge 
may be excited with the help of a high-fre- 
quency choke mounted on the by-pass canal 
(Fig. 1.28). The by-pass canal and the choke 
are shown by 1 and 2 respectively. 

The method of "squeezing" the discharge 
from the walls of a discharge tube with the 
help of a longitudinal magnetic field is fairly 
widely employed. As a result, the rate of relaxation of excited ionic 
states decreases on account of collisions with the walls of the tube. 
Consequently, the output power of the laser radiation increases. 
Creation of Inversion in the Argon Laser. Figure 1.29 shows the 
most important transitions for an Ar + ion for creating inversion 




Fig. 1.28 
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in an argon laser. The dashed lines indicate transitions connected 
with electronic excitation, while the solid lines correspond to optical 
transitions. Five groups of levels are shown in the figure, and each 
one of these is characterised by a definite electron configuration (a 
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definite distribution of electrons in the ion over states with different 
principal and orbital quantum numbers, n and I respectively), name- 
ly 3p 4 4s, 3p 4 4/?, 3/> 4 3j?, 3/> 4 3d, and 3p*Ad. The group of levels with 
the electron configuration 3p 4 4s (four electrons in the state with 
m ■■- 3, I = 1 and one electron in the state with n = 4, 1 = 0, 
I.e. four 3p electrons and one As electron) corresponds to the lower 
Insor "level" which we shall designate as the "4s-level". The group of 
lovols with the configuration 3p*Ap corresponds to the upper laser 
"lovel" ("Ap level"). The group of levels with the configuration 3p 4 3p 
(I.e. with configuration Zp 6 ) corresponds to the ground "level" 
("3p-level"). The term "level" is used within inverted commas here 
«i nee each electron configuration has several energy levels of the 
Ion (several spectral terms) 30 . For example, the electron configuration 
\\p*Ap has 15 terms, hence the "4p-leyer actually consists of 15 energy 
liivels. It is because of this that each electron configuration has a cor- 
responding energy band of a definite width. Table 1.3 shows the 

TABLE 1.3 

Klectron „ . . . 

donfiguration Spectral terms 

\\,>K\p ^1/2^3/2 

\\,Ms 2 P m 2p ZI2 iP il2 lp ZI2 ip ^ D ZI^ D H2 2S m 

.,„»/.„ { 25 l/2 45 3/2 2i> l/2 2i> 3/2 4i> l/2 4i> 3/2 4i> 5/2 

•' >P I ^3/2^5/2 4 ^l/2 4 ^3/2 4 ^5/2 4 ^7/2^5/2^7/2 

Lines in the argon luminescence spectrum (4p-*-4* transition): 0.455 (im 
0.466, 0.473, 0.477, 0.488, 0.497, 0.502, and 0.515 urn. 

»l»octroscopic energy levels corresponding in this case to the ground, 
lower and upper laser "levels". 

It should be noted that the energy bands in the level diagram shown in 
l'l({. 1.16 (Nd: YAG laser) and Fig. 1 29 (argon laser) have different origins. 
I'liir.h band in Fig. 1.16 corresponds to one spectroscopic (atomic) energy level 
which is subjected to Stark's splitting into several sublevels under the action 
of the electric field of the crystal lattice. Each band in Fig. 1.29 corresponds to 
wvoral unsplit spectroscopic energy levels. 

Might lines appear as a result of the 4p -»- As transition. Their 
wnvolengths are shown in Table 1.3. The blue line with wavelength 
0/188 urn (relative intensity 45%) and the green line with wavelength 
1 (.515 urn (relative intensity 35%) are the brightest ones. The upper 
liinor "level" ("Ap level") is excited as a result of several processes: 



a " The connection between the electron configuration and the spectral terms 
ctuTi'sponding to this configuration is explained, among others, by Landau and 
l.lhhitz [40]. See Sec. 3.1 in [1]. 
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(a) the transition Sp -*■ Ad -*- Ap, (b) the transition Sp ->■ Sd -»- Ap, 
and (c) the transition Sp —*■ Ap (the cascade, the step-by-step, and the 
direct electron excitation respectively). 

It is interesting that the rate of electron excitation of the upper 
laser "level" (denoted by F (Ap)) is less than the rate of electron exci- 
tation of the lower laser "level" (F (As)). It turns out that 
F (As)lF (Ap) « 2. The inversion arises because the lower laser level 
states relax considerably faster than the upper ones: 

R (As)lR (Ap) « 10. 

The relaxation of the upper levels takes place mainly on account of 
spontaneous emission. Significantly, the transition Ap -*- 3p is 
forbidden in the dipole approximation (optically forbidden transi- 
tion), and the laser levels are situated fairly high in comparison 
with the ground state. Thus, inversion in the argon laser is created 
not due to the predominant population of the upper laser levels, 
but rather due to the predominant depopulation of the lower laser 
levels. 

Helium-neon Laser; Creation of Inversion. Helium-neon laser 
is historically the first gas laser [41]. The generation takes place on 
transitions between levels of neutral neon atoms. Besides neon, the 
active gaseous medium contains helium as the buffer gas. The gaseous 
mixture has a pressure of about 1 mm Hg, the partial pressure of 
helium being about 5-10 times higher than the pressure of neon. 
The helium-neon laser employs a stationary glow discharge excited 
by a direct current. 

Figure 1.30 shows the main transitions in the active medium of 
a helium-neon laser. The dashed lines show the transitions connect- 
ed with electron excitation or deexcitation. The solid lines show the 
optical transitions, while the dotted line shows a transition connect- 
ed with deexcitation at the walls. The curved arrows indicate the 
resonant transfer of excitation energy from helium atoms to neon 
atoms. As in the case of an argon laser, the energy bands shown in 
this figure for neon atoms correspond to specific electron configura- 
tions and are consequently composed of several levels (several spec- 
tral terms). Abbreviated notations of electron configurations (Pas- 
chen's notations) are used in the figure: ls-band corresponds to 
the 2p 5 3s configuration, 2s-band to the 2p b As configuration, 3s-band 
to the 2p i 5s configuration, 2/>-band to the 2p h Sp configuration, and 
3/>-band to the 2p h Ap configuration. Each s-band consists of four 
levels, while there are ten levels in each j?-band. 

The 3s and 2s bands play the role of upper laser levels, while Sp 
and 2p are the lower laser levels corresponding to these. The main 
laser transitions are Ss-*-Sp (3.39 urn), 2s —*-2p (1.15 |xm), and 
3s-»2/> (0.6328 um— red line). 

Inversion in a helium-neon laser is due to the fact that the rate 
of population of the upper laser levels is considerably higher than 
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tlic rate of population of the lower laser levels. The decisive factor 
la this case is the resonant transfer of energy from helium to neon. 
(Collision of a neon atom with a helium atom from the level 2 1 <S 
fniiy result in the excitation of one of the levels of the neon atom in 
llio 3s-band. Collision with a helium atom in the 2 3 S 1 state may lead 



!/*,/« 




Fig. 1.30 



Iti the excitation of the neon atom level in the 2s-band. The process 
(if resonant transfer of energy from helium to neon is facilitated by 
throe factors: (i) closeness of the corresponding energy levels of 
liolium and neon atoms, (ii) metastability of the 2 1 S and 2 3 «S 1 
Indium levels (thus making their relaxation by spontaneous emis- 
sion impossible), and (iii) higher helium pressure in the gaseous 
mixture (thus reducing the possibility of a reverse transfer of energy 
from neon to helium). 

The relaxation of lower laser levels (3p- and 2p-bands) is caused 
Ity spontaneous emission, transferring neon atoms to the ls-band. 
Spontaneous transitions to the ls-band from higher laser levels 
('As- nnd 2s-bands) are forbidden in the dipole approximation. The 
rolaxation of levels in the ls-band is the "bottleneck" of a helium- 
iitioii laser, and is caused by the deexcitation of electrons as well as 
I he collisions of neon atoms with the walls of the tube. The latter 
nrti vory significant, and that is why the generation power of helium- 
iii'ion lasers is inversely proportional to the diameter of the discharge 
I II bo. 
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Copper-vapour Laser [5]. As another example of an atomic gas 
discharge laser, let us consider the copper-vapour laser. This laser 
is of special interest because it belongs to the type of lasers generat- 
ing on self-terminating transitions. A pulse discharge is employed 
for evaporating copper and for creating inversion. 

Figure 1.31 shows the energy-level diagram for a copper atom. 
The dashed lines indicate transitions connected with electron excita- 
tion, while the continuous lines correspond to the optical transitions 
for which laser generation is observed (0.51 um and 0.58 jxm). The 
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Fig. 1.31 

upper laser level (atomic energy levels 2 Pi/ 2 and 2 i > 3 / 2 corresponding 
to the electron configuration (3d 10 ) 4p) is the first resonant energy 
level for a copper atom. The lower laser levels (the energy levels 
2 Z>3/ 2 and 2 D 5 / 2 corresponding to Sa^As^ configuration) are metastable, 
and transitions between these levels and the ground level ( 2 <S' 1 / 2 
level) are optically forbidden. It should be remembered that the 
probability of electron excitation for optically forbidden transitions 
is much lower than for the allowed ones. Hence the electrons from 
a gas-discharge plasma will quite effectively excite the upper laser 
levels of a copper atom leaving the lower laser states practically 
unexcited. Hence a strong inversion is observed at the laser transi- 
tion right at the beginning of the excitation pulse. 

C0 2 Laser. The C0 2 laser 31 gives a high power in CW generation 
(up to 10 kW and more) and have an exceptionally high ef- 
ficiency (up to 40%). The active medium in a C0 2 laser is a mixture 

31 C0 2 laser was first created in 1964 [42]. Several reviews [43-46J deal with 
the C0 2 laser. See also [4, 8, 36]. 
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n| several components: carbon dioxide, nitrogen, and various addi- 
1 1 v os I ike helium , water vapours, etc. The active centres are C0 2 mole- 
< ules radiating on the transitions between vibrational levels of the 
iiloi Ironic ground state. Nitrogen plays the role of a buffer gas and 
II s molecules resonantly transfer the excitation energy to C0 2 mole- 
cules. A glow discharge is usually ap- 
plied for exciting C0 2 lasers, although 
it pulse discharge can also be used. 

Kigure 1.32a shows the initial ver- 
sion of a C0 2 laser. Here, 1 indi- 
i nles the system of C0 2 circulation, 2 
iw the nitrogen circulation system, 
.'/ the region of high-frequency glow 
discharge, 4— the lasing volume in 
which the excited nitrogen molecules 
mo mixed with the unexcited C0 2 
molecules, 5 — the resonator mirror, 
mid 6— the output radiation. In this 

version of the C0 2 laser, the discharge ys^ / >- >v ^-n 
nine Irons excite only the nitrogen \ ^) * ~\0 \jy * 

molecules, and the excited nitrogen w 3 te) 

molecules then transfer this energy to 
I lie active centres in another region. Fi g- 1-33 

Later versions of C0 2 laser em- 
ploy a discharge in the C0 2 + N 2 mixture. For this, a d.c.-excited 
«low discharge is normally used. The schematic for such a C0 2 laser 
is shown in Fig. 1.326, in which 1 is the lasing volume, 2 and 3 are 
I ho anode and cathode respectively, 4 — the resonator mirror, and 
A the output radiation. Like the previous version, this system is 
mIso based on gas circulation, which helps in avoiding an undesirable 
change in the chemical composition of the active gaseous mixture, 
which takes place, in particular, as a result of the reaction 
'.!C() 2 -^2CO + 2 . 

At present, sealed C0 2 lasers are frequently employed (without 
liny circulation of the gaseous mixture). The life of such tubes may 
ho of the order of 1000 hours or more. 

Creation of Inversion in a C0 2 -Laser. The C0 2 molecule has four 
vibrational degrees of freedom, with three corresponding vibrational 
modes: the symmetric mode (Fig. 1.33a), the deformation mode 
(h'ig. 1.336), and the asymmetric mode (Fig. 1.33c) 82 . The vibrational 
frequencies corresponding to these are denoted by co l7 co 2 , and © s 
respectively, while n<* x = 0.163 eV, /*cd 2 - 0.078 eV, /jcd 3 = 0.276 eV, 
nnd ©! « 2(o 2 . 



32 The energy of deformation mode is doublyj degenerate (a deformation 
mode has two vibrational degrees of freedom). 



48 



Ch. 1 Population Inversion in Active Media 



We shall represent the vibrational states of a C0 2 molecule through 
a set of three vibrational quantum numbers v x , v 2 , and v 3 . These 
numbers are equal to the excitation factor of the symmetric, defor- 
mation, and asymmetric modes respectively of the C0 2 molecule. 
For example, the vibrational state (020) (y x = 0, v 2 = 2, v 3 = 0) 
is a state in which the deformation vibrations are doubly excited 
while the symmetric and asymmetric vibrations are not excited. 

The mechanism of creation of inversion in the C0 2 -laser is illus- 
trated in Fig. 1.34 which shows the levels corresponding to the three 
different vibrational modes of a C0 2 molecule as well as the first 
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excited vibrational level for an N 2 molecule. The upper laser level 
is (001), while the levels (020) and (100) form the lower laser level. 
Laser radiation of wavelength 10.4 uon is generated on the transi- 
tion (001) -> (100), while on the transition (001) -*■ (020), radiation 
with wavelength 9.4 jam is generated. The excitation of the (001) 
level takes place as a result of inelastic collisions of G0 2 molecules 
with electrons (electronic excitation) and the excited N 2 molecules 
(resonant energy transfer) which are excited in collisions with 
electrons. 

The relaxation of (020) and (100) levels mainly takes place as a 
result of resonant energy transfer to the unexcited C0 2 molecules, 
leading to the accumulation of C0 2 molecules in the (010) state (see 
the transition marked in Fig. 1.34 by the letter r): 



CO 2 (020) + CO 2 (000) 
CO 2 (100) + CO 2 (000) - 



- 2CO 2 (010), 
2CO 2 (010). 



The relaxation of the level (010) is the "bottleneck". The main 
relaxation mechanism for this level is the gas kinetic mechanism of 
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••iini'Ky transfer to H 2 molecules or He atoms (see the transition 
Indicated in Fig. 1.34 by the letter g). Thus, inelastic collisions of 
CO, molecules (010) with specially introduced additions to the gas 
mixtures play an important role in the creation of inversion. It 



xliould be recalled that 
Id-tors. 



C0 2 lasers belong to the class of collision 



It should be observed that each vibrational level of a C0 2 molecule has a 

mil-responding set of rotational sublevels. Hence the laser transitions (001) -»- 

► (100) and (001) ->- (020) must be treated as vibration-rotation transitions hav- 

liiKithe corresponding vibration-rotation bands in the laser generation spectrum. 
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TIii'mo bands correspond to the P and R branches of transitions. These branches 
luivo been clearly indicated in Fig. 1.35 which shows the generation spectrum of 
it low-power CO, laser (for (001) ->- (100) transition). It should be noted that 
wilh increasing laser power, the number 
ill' linos generated simultaneously in P 
unci fl branches of transition decreases 
mill may come down to just one or two 
1 1 lien (competition between transitions). 
In other words, the interaction (competi- 
tion) between transitions may lead to 
Ki'iicration mainly on one of the transi- 
I inns in P and R branches only. Conse- 
i|in>nlly, high-power C0 2 lasers have a 
lilifhly coherent radiation. 

Upturning to the question of crea- 
lion of inversion in a C0 2 laser, 
wo mention the necessity for en- 
Muring an optimal EIP ratio (E is pj g f 35 
tlio field intensity in the positive 
illwlinrge column and P is the 

prossure of the gas mixture) for which the cross section of electron 
oxciinlion of N 2 molecules and the (001) level of C0 2 molecules are 
miflioiently large and the cross sections of excitation of levels (100), 
d>20), and (010) of C0 2 molecules are relatively small. As an exam- 
jilo, Fig. 1.36 shows the dependence of the fraction w of energy, 
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cm-mm Hg 
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transferred by the plasma electrons in different vibrational degrees 
of freedom, on the ratio EIP for the special case when the partial 
pressures of nitrogen and carbon dioxide are equal. The curves 
show that the optimal values of EIP lie in this case in the interval 
5-10 V-cm-Vmm Hg. 

Thus, the selectivity of populating the upper laser level and depop- 
ulating the lower laser level necessary for creation of inversion 
in a CO 2 laser is ensured in practice by the introduction of nitrogen 
and special additives to the active medium (in a definite proportion), 
as well as by choosing an optimal value for EIP. 

1.6. ELECTROIONISATION LASERS 

Problem of Increased Pressure in a Gas Laser. As mentioned ear- 
lier, gas lasers, excited by self-sustained electric discharge (gas-dis- 
charge lasers) are characterised by a low pressure (of the order of 
1-10 mm Hg) of the active gas mixture. This implies a relatively low 
concentration (10 15 -10 16 cm" 5 ) of the active centres, which is several 
orders lower than that in the solid-state or liquid lasers (10 19 -10 20 cm" 8 ). 
An increased concentration of active centres is highly desirable for 
increasing the radiation power emitted per unit volume of the active 
medium. Hence the endeavour to increase the pressure (and hence, 
the concentration of active centres) in the existing gas lasers is quite 
natural. 

There are, however, two factors which hinder the pressure increase 
in gas-discharge lasers. Firstly, if the pressure is increased to the 
order of tens of mm Hg, the self-sustained discharge is practically 
ineffective for exciting any large volumes of the gas, since the dis- 
charge is unstable, and "twines" along the walls without affecting the 
inner part of the gas discharge tube. Secondly, the need for ensuring 
an optimal value for the ratio EIP from the point of view of excita- 
tion of the appropriate vibrational levels requires a corresponding 
increase in the field intensity E if we increase the pressure P. This, 
in turn, leads to an increase in the density of the electronic component 
of the discharge plasma. The surplus of electrons is a negative factor 
since this increases the probability of "extinguishing" collisions (in 
particular, collisions leading to a deexcitation of upper, and exci- 
tation of lower laser levels). 

Electroionisation Method of Pumping High Pressure Gas Lasers. 
The electroionisation pumping method [47, 48] helped in solving the 
problem of increasing pressure in a gas laser. This method of pump- 
ing does not use the self-sustained discharge. In order to obtain fast 
electrons capable of effectively exciting the active centres, ionising 
radiation is used in conjunction with an external electric field. 
The ionising radiation generates free electrons in the active medium 
while the electric field accelerates them. Further on, the process fol- 
lows the same course as in gas-discharge lasers: fast electrons excite 
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curtain molecules (atoms), and this results in the creation of inver- 
sion under suitable conditions. Figure 1.37 illustrates the electroion- 
Iwnl ion pumping method. Here, 1 is the lasing volume (shaded in the 
liljiire), 2— the resonator mirrors, 3— the ionising radiation, 4— the 
nlootrodes to which the electric voltage is applied, and 5 — the output 
initiation. 

The creation of one free electron requires energy of the order of 
noveral tens of electron volts. This energy is supplied by the ionising 
rnilintion. Each electron encounters up to 10 6 collisions with the 



+ H5- 




|»iulicles of the active medium before recombining or leaving the 
Inning volume. In these collisions, the electron transfers energy of 
llu> order of 10 4 eV to the particles of the active medium. This is 
homo three orders higher than the energy required for the creation 
of one free electron. Such a large amount of energy is taken from the 
oxlcrnal electric field. Thus, the electroionisation pumping method 
|n'imits quite an effective (efficiency up to 30%) direct conversion of 
oloedic field energy into laser radiation. 

While using this pumping method, it is not difficult to maintain 
I ho optimal value of the ratio E1P under increased pressure since 
I ho free electron concentration does not depend on the external field 
Inlonsity E, but is rather determined by the intensity of the ionising 
iinlialion. This method permits an attainment of pressures up to 
(ons of atmospheres (even up to 100 atmospheres). This led to the 
loiin "compressed gas laser". 

In the electroionisation pumping process the passage of the elec- 
tric current through the ionised gas is distinguished by a high sta- 
hilily irrespective of the pressure. A non-self-sustained discharge is 
croulcd in the lasing volume, whose properties and structure remain 
constant under variations in the discharge volume over a wide range 
(volumes up to 100 litres were investigated). 

lonisation of the gas is necessary for maintaining the discharge, 
while the excitation of active centres is required for creating an 
Inversion. Both these functions are accomplished simultaneously 
iind by the same electrons in a gas-discharge laser. However, the 
onnrgy distribution of electrons for the self-sustained discharge is not 
wliuiiitaneously optimal both for ipnisation as well as excitation. 
In I ho electroionisation laser, these functions are separately fulfilled— 
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the ionisation of the gas is ensured by ionising radiation, while the 
electrons simply excite the active centres. 

Electroionisation C0 2 Laser. 33 The electroionisation pumping 
method is applied in high pressure C0 2 lasers. The mechanism of 
creation of inversion for an electroionisation C0 2 laser is illustrated 
in Fig. 1.34 which also applies to a gas discharge C0 2 laser. The 
only difference is that the fast electrons exciting the vibrational 
degrees of freedom of N 2 and G0 2 molecules are generated not by the 
self-sustained discharge, but rather by the ionising radiation and the 
accelerating external electric field (non-self-sustained discharge). An 




Fig. 1.38 



electron beam from an accelerator (electron energy 100-500 KeV, 
current density of the beam ~10~ 4 A/cm 2 ) is usually employed as 
ionising radiation. 

Figure 1.38 shows the simplified version of an electroionisation 
CO 2 laser. Here, 1 is the lasing volume, 2 — the resonator mirrors, 
3 — the electron beam (ionising radiation), 4 and 5 — the upper and 
lower electrons respectively, 6 — a metal foil which is transparent 
to fast electrons, and 7 — the laser radiation. It should be noted that 
the foil 6 is a fairly vulnerable place in an ionisation laser. It separates 
the evacuated accelerator space from the lasing volume which is 
under high pressure. 

An increase in the pressure of the gas mixture leads to an increase 
in the power of laser radiation per unit volume of the active medium. 
Let us denote this power as W. Figure 1.39 shows the dependence 
of W on P. The experimental points A correspond to the gas-dis- 
charge C0 2 laser, while the points B correspond to the electroionisa- 
tion C0 2 laser. This dependence is approximately quadratic: W oc 
oc P*. In comparison with the gas discharge CO a laser, the power 
of laser radiation per unit volume of the active medium is 10 6 times 
more in an electroionisation laser. 



88 The first C0 2 lasers with non-self-sustained discharge operating at atmos- 
pheric pressure were created in 1971 [49, 50]. 
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The Choice of an Active Medium. Besides the gas mixtures C0 2 + 

■I N 2 and C0 2 + N 2 + He, other active media can also be employed 
in electroionisation lasers [48]. For these, we consider the lasing tran- 
sitions not only between vibrational 
slates, but also between electronic 
slates of molecules. 

Electroionisation CO Laser. This 
laser operates on the transition be- 
tween higher vibrational levels of a 
CO molecule (v « 15). The generated 
wavelength is equal to 5 \im. Usually, 
n mixture of gases CO + N 2 or CO + 
-|-N 2 + He is employed. This laser 
lias an unusually high efficiency, up 
to 50%. 

Electroionisation Ar+ N 2 Laser. This 
laser operates on the transition between 
olectronic states of an N 2 molecule. 
'The generated wavelength is equal to 
0.358 u,m. Argon plays the role of a 
buffer gas, resonantly transferring 
energy to nitrogen. 

Electroionisation Compressed Xenon 
Laser. This laser operates on a transi- 
ts on between the excited and ground 
(electronic states of a disintegrating 

Xe 2 molecule. The generated wavelength is equal to 0.172 u.m. 
I''ast electrons excite the Xe atoms, which then form the excited 
Xe 2 molecules as a result of collision with unexcited atoms. 
Mosides pure xenon, a mixture of Ar + Xe is also employed, argon 
playing the role of a buffer gas. 

Methods of Ionisation. An electron beam is most frequently employed 
for ionisation. The method of ionisation through ultraviolet radia- 
tion (photoionisation), obtained, for example, through a spark dis- 
charge [51 ] 34 , is under intensive investigation. Also worth considera- 
lion is ionisation by the heavy charged particles created in nuclear 
reactions. 

Laser generation has been obtained in an electroionisation C0 2 
laser placed in the active zone of a stationary nuclear reactor [52]. 
An active gas mixture C0 2 : N 2 : s He of composition 1:4:5 was 
employed. The ionisation was caused by the products of the nuclear 
reaction 

n + s He -»- p + T + 0.76 MeV. 



I0 4 I0 4 
P, mm Hg 



Fig. 1.39 



34 Electroionisation lasers employing photoionisation are frequently called 
I'hotoionisation lasers. 



54 



Ch. 1 Population Inversion in Active Media 



(where n is a neutron, p — a proton, and T— the tritium nucleus). 
The reaction was initiated by thermal neutrons created in the moder- 
ator of the reactor. The density of thermal neutrons was 10 14 cm~ 2 sec _1 . 
Possibilities are being considered for creating an electroionisa- 
tion laser by using the energy generated by a nuclear reactor not 
only for ionisation, but also for accelerating free electrons appearing 
as a result of ionisation. Such a laser would directly transform 
nuclear energy into laser radiation. 



1.7. GASDYNAMIC LASERS (THERMAL PUMPING) 

Thermal Methods for Creating Inversion. Thermal excitation may 
be used as a fairly effective means of populating vibrational and 

rotational levels of a molecule. This 
involves heating the gas to tempera- 
tures around 1000-2000 K. 

Naturally, inversion cannot be 
created simply by heating a gas, which 
leads to a decrease in the population 
density of levels with increasing 
energy according to the Boltzmann 
law: reoc exp ( — ElkT). Figures 1.40a 
and b compare the population of 
vibrational levels at different temper- 
atures (at temperatures T t and T 2 , 
where T x <C T 2 ). Curve 1 shows the 
dependence noc exp ( — ElkT x ) while 
curve 2 shows the dependence 
noc exp ( — E/kT 2 ). It can readily be 
seen that while an increase in temper- 
ature leads to a population of the 
higher levels, it does not ensure a 
population inversion. 

Suppose that a gas heated to a tem- 
perature T 2 is very rapidly cooled to 
a temperature of T lt x being the time 
over which this temperature variation 
takes place. Further, we assume that 
the rate of relaxation of the first ex- 
cited level (level Ej) is much higher 
Fig. 1.40 than the relaxation rate of the levels 

E 2 , E^ . . . . More precisely, we assume 
that the relaxation time (x x ) for the first level E x is much shorter 
than x, while the relaxation time (x,) for the higher levels is, on the 
contrary, much longer than x, i.e. % x <C x <C x 2 . In tlus case, the 
population density of the E x level will follow the temperature varia- 
tion upon cooling, while the population densities of other levels 
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remain unchanged upon a rapid cooling. This leads to a ther- 
modynamic inequilibrium: the population density of the level E x 
will correspond to the lower temperature 7\ while the population 
density of the levels E 2 , E 3 , . . . will correspond to the higher 
temperature T 2 (see Fig. 1.40c). As can be readily seen from the 
figure, this situation results in inversion on transition between the 
first and second excited vibrational levels 35 . 

The process of adiabatic expansion of a gas upon its ejection from 
a narrow slit or a nozzle is the most convenient method for rapid 
cooling. This method of thermal pumping forms the basis of gasdy- 
namic lasers. 

It should be mentioned that inversion can also be created by 
rapidly heating a gas if the rate of thermal excitation of upper levels 
of a molecule is higher than for the lower levels. A fairly rapid 
heating may be obtained, for example, with the help of shock waves. 

Gasdynamic C0 2 Laser 38 . The active medium for such a laser is 
a mixture of C0 2 + N 2 -f- H 2 0, their characteristic proportions 
{by volume) being C0 2 — 8%, N 2 — 90%, and H 2 0— 2%. The mo- 
lecules of C0 2 serve as the active centres. 

A schematic version of a gasdynamic laser is shown in Fig. 1.41. 
Here, 1 is the combustion chamber, 2 — the nozzle array, 3 — the 
lasing volume (optical cavity volume), 4 — the diffuser, 5 — the res- 
onator mirrors, and 6 — the laser beam. The active gas mixture in 
the initial state is prepared in the combustion chamber 1 (T 2 = 
= 1400-1600 K, P 2 = 20-30 atmospheres). The mixture passes 
through the nozzles 2 (the width of an individual slit at the exit is 
just 1 mm) and is expanded in the cavity volume 3 where the tem- 
perature and the pressure fall to the values T t = 250-300 K, P x = 
= 0.05-0.1 atmosphere. The speed of the gas coming out of the nozzles 
is 1200-1500 m/sec. The C0 2 molecules emit radiation in the cavity 
volume 3. The purpose of the diffuser 4 is to decelerate the gas 
flow and to equalize its pressure with that of the surrounding atmos- 
phere. 

Existing gasdynamic C0 2 lasers give a record-high powered radia- 
tion up to 100 kW in GW operation. Unfortunately the efficiency 
of gasdynamic lasers is not high and does not exceed 1%. 

Creation of Inversion in a Gasdynamic CO-2 Laser 37 . As in other 
types of C0 2 lasers, inversion in a gasdynamic G0 2 laser is created 
on the transitions (001) -*■ (100) and (001) -»- (020) of a C0 2 mole- 



35 The possibility of creating inversion by rapid cooling in systems whose 
lovels have different relaxation times has been considered by Basov et al. in [53- 
54 1 . 

36 Gasdynamic lasers have been described in the monograph [55] by Losev. 
Si-e also [56]. 

37 The possibility of creating an inversion on vibrational levels of a C0 2 
molecule upon a rapid expansion of the gas has been considered by Konyukhov 
W al. [571. 
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cule. The process of resonant transfer of excitation energy from a ni- 
trogen molecule plays the main role in the population of the upper 
laser level (001). The introduction of additional components (like 
water vapours) in the mixture leads to a quicker relaxation (depop- 
ulation) of the (010) level. 

Thermal pumping is characterised in this case by the population 
of vibrational levels of N 2 and C0 2 molecules as a result of thermal, 
and not electronic, excitation. As mentioned above, the different 
relaxation times for upper and lower levels play an important role 
in this case. Let us consider Fig. 1.42 which, in principle, is the same 
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as the level diagram shown in Fig. 1.34. Here, the resonant transi- 
tions are designated by r, while gas kinetic transitions are denoted 
by g. The relaxation of the excitation level of the N 2 molecule and 
the level (001) of the C0 2 molecule is achieved through gas kinetic 
mechanism of transferring energy (the resonant transfer of energy 
from nitrogen to carbon dioxide is not considered for the time being), 
while the relaxation of levels (100) and (020) of the C0 2 molecule 
takes place through resonance mechanism. Since the rate of resonant 
transfer of energy is considerably higher than for the gas kinetic 
case, it is apparent that the upper laser level of the C0 2 molecule 
must be depopulated more slowly than the lower laser levels 38 . 
The vibrational level of the N 2 molecule is depopulated even more 
slowly. 

Let us assume that the C0 2 -f N 2 mixture, heated to a tempera- 
ture of about 1500 K, is rapidly expanded by passing it through 
a narrow nozzle (more precisely, through an array of nozzles). This 
leads to a sharp increase in the kinetic energy of the molecules (it 
should be recalled that the gas flow from the nozzle has a supersonic 



38 It should be recalled that in order to get rid of the "bottle neck" due 
to the relaxation of the (010) level, rapidly relaxing molecules (like H 2 mole- 
cules) are introduced in the gas mixture. 
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.speed of about 1500 m/sec). The energy of translational motion of the 
molecules is supplied by the energy of vibrational motion. This 
means that the vibrational levels relax very rapidly at the exit from 
the nozzle. It is extremely significant that not all vibrational levels 
undergo a rapid relaxation, but only such levels for which the relax- 
ation time is less, i.e. the lower laser levels (020) and (100) of the- 
COjj molecule. As far as the (001) 
level of the C0 2 molecule and the 
vibrational level of the N 2 mole- 
cule are concerned, they do not 
relax to any considerable extent 
under a very rapid expansion of 

I he gas. In the laser volume, i.e. 
under conditions of a sufficiently 
rarefied gas (the pressure does not 
exceed 0.1 atm) these levels prac- 
t ically do not relax at all, and "freez- 
ing" of higher vibrational degrees of 
freedom is observed. 

Figure 1.43 shows the variation 
of the population densities of the 
levels (020) and (001) of a C0 2 molecule upon a passage of the gaseous 
mixture from the combustion chamber (the parameters of the mixture 
are T 2 and P 2 ) to the cavity (the mixture in the cavity has param- 
eters T x and Pj). In the transition region (the nozzle), there is an 
almost complete depopulation of the (020) level and only a slight 
decrease in the population density of the (001) level. In the cavity, 
the population density of the (001) level practically freezes at values 
nearly corresponding to the initial temperature I \. The population 
inversion of (001) and (020) levels is apparent. 

Thus, the C0 2 molecules enter the cavity with nearly unpopulated 
lower laser levels (more precisely, the population density of these 
levels corresponds to the temperature T^). As regards the upper 
laser level, it is populated as if the gas continued to be at a tem- 
perature T 2 . 

It is also important that the population density of the vibrational 
level of the N 2 molecules is "frozen". The excited N 2 molecules will 
resonantly give their excitation energy to C0 2 molecules and thus 
maintain the relatively high population density of the (001) level. 

I I should be remembered that quantitatively, nitrogen constitutes 
the main component of the mixture — about 90% in a gasdynamic 
laser. Hence it may be considered that the laser energy is obtained 
mainly from the vibrational energy of nitrogen molecules. 

Thus, the energy accumulated in the vibrational degrees of free- 
dom of molecules in the combustion chamber is consumed during 
(he passage of the gaseous mixture into the cavity through the nozzle 
according to the following procedure: part of energy accumulated 
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in symmetric deformation vibrations of C0 2 molecules is converted 
into the energy of translational motion of the flow through the nozzle. 
The energy accumulated in asymmetric vibrations of C0 2 molecules, 
and mainly in the vibrations of N 2 molecules is converted, excluding 
the losses in the cavity, into laser radiation. 

Methods of Improving the Efficiency of Gasdynamic Lasers. The 
relatively low efficiency of gasdynamic lasers (not more than (1%) 
is due to a number of reasons. Firstly, the energy of the translational 
motion of the gas flowing from the nozzle is uselessly wasted (after 
deceleration and compression in the diffuser, the gas is found to be 
at high temperatures). Besides, a certain number of excited N 2 
molecules are removed from the cavity by the gas flow before they 
have been able to convey their excitation energy to C0 2 molecules. 
Likewise, a certain number of excited G0 2 molecules are removed 
before they have been able to emit. 39 

In order to increase the efficiency of a gasdynamic laser, it is neces- 
sary to reduce the losses mentioned above. A reduction of losses 
caused by the removal of the excited molecules from the cavity is 
possible by optimising its parameters or by improving its construc- 
tion. In order to avert the losses due to heating of the gas in the dif- 
fuser, some radical measures have to be taken. For example, it is 
possible to construct a gasdynamic laser with a closed cycle for the 
gas mixture. Such a laser must include two additional elements: 
a compressor, and a heat-exchanger. These are meant to impart the 
initial temperature and pressure to the gas mixture. Thus, the energy 
of the translational motion of gas flow may be used for bringing the 
gas into the initial state. In this case the gasdynamic laser is iden- 
tical to a heat engine (whose working cycle is close to the Carnot cycle). 
Once such a laser starts generating, the subsequent supply of energy 
must simply compensate the losses due to the movement of the gas, 
losses in the resonator and the radiated light energy. 

1.8. CHEMICAL LASERS 

Chemical compounds are rich accumulators of energy. This energy 
may be partially liberated during a rearrangement of chemical bonds 
(in exoenergic chemical reactions). The idea of converting this 
energy into laser energy is quite tempting. 

Chemical lasers are based on the realisation of this energy conver- 
sion. 40 The undiminishing interest to this type of lasers is due both 
to the practical importance of the problem of direct conversion of 



89 A premature removal of a certain number of excited nitrogen and carbon 
dioxide molecules from the cavity by the gas flow determines the type of losses 
in the resonator, which are typical of gasdynamic lasers. 

40 The possibility of creating a chemical laser was considered by Oraevskii 
[59] and Tal'roze [60]. Reviews by Tijoev et al. [61] and Basov et al. [62] have 
.been devoted to chemical lasers. See also [8] and Ch. 7 in [4]. 
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chemical energy into light, as well as to the possibility of using lasers 
for investigating chemical processes, the cross sections of reactions, 
mill their kinetics. 

The existing chemical lasers generate on vibrational (more pre- 
cisely, vibration-rotation) transitions in molecules. The lower limit of 
4 1 ■ o generation wavelength range in these lasers is about 2.5 u-m. 
Investigations are being carried out to explore the possibilities of 
cronling chemical lasers in the visible spectral region (i.e. lasers 
uonorating on transitions between electronic states of molecules). 

Chemical Reactions. Initiation and Acceleration of Reactions. 
Most frequently, chemical lasers employ substitution reactions lead- 
ing to formation of diatomic molecules in excited vibrational states. 
Wo shall call these molecules as losing active centres. They either them- 
unlves emit, or cause emission in other molecules to which they trans- 
tor their excitation energy. 41 The following are the examples of sub- 
Mi lulion reactions used in lasers (the sign * indicates an excited mol- 
iir.nle): F + H 2 -» HF* + H; F + D 2 -»- DF* + D; H + CI, -> 
► IIC1* + CI; CI + HI ->- HC1* + I. 

In order to initiate these reactions, a certain amount of energy has 
(u he spent on obtaining chemically active reagents (F, H, CI). Be- 
sides, it is essential to accelerate a chemical process since a chemical 
I user operates only on fast reactions which ensure a fairly rapid popu- 
I Ml ion of the upper laser level of the emitting molecules. The rate 
of a chemical reaction is proportional to the concentrations of the 
reagents taking part in it. Hence a sufficiently large amount of chem- 
lonlly active reagents is required in order to accelerate a reaction. 

Various methods are employed for initiating and accelerating 
chemical reactions (in other wodrs, there are several different means 
of obtaining chemically active reagents). In particular, chemically 
iii'tive reagents are reagents in atomic state, obtained as a result of 
dissociation of molecules. The most widely used methods are photodis- 
suciation, dissociation by electron impingement, and thermal dissociation 
of molecules. In this context, the following methods for initiation 
(Decelerating) of chemical reactions are employed: photoinitiation, 
Initiation by an electron beam or by an electric discharge pulse, and 
llmrmal initiation. 

Quartz flash lamps are often used as sources of radiation for photo- 
initiation of chemical reactions. For pumping at a shorter wavelength 
(>» <S 0.2 u.m), different types of open discharge (for example, spark 
discharge) are applied. One of the simplest means of initiating chem- 
iral reactions is the self-sustained discharge in a gas. However, this 
method is applicable only for relatively low pressures and small 
I using volumes. Hence the method of initiation based on the ap- 
plication of an electron beam is more interesting. An electron beam 



" In this context, we often speak of direct or indirect creation of inversion 
in chemical lasers (see later). 
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starts a reaction in a record short time of the order of 10~ 8 -10' 7 sec 
(for self-sustained discharge, the duration of triggering pulse is not 
less than 10" 6 sec). Thermal initiation of reactions is connected with 
thermal dissociation of molecules. This method can be conveniently 
employed for gasdynamic lasers which have an intensely heated gas 
(in order to obtain a high flow rate of the gas). 

Chemically active reagents may also be produced as a result of 
specific chemical reactions. As an example, let us consider the reaction 
NO + F 2 ->- NOF + F. The nitric oxide, which exists as a stable 
radical NO at normal temperatures, reacts with molecular fluorine, 
thus leading to the formation of chemically active atomic fluorine. 

Chemical Chain Reactions. Chemical and Laser Length of a Chain. 
Chemical lasers work on chain reactions in which a chemically active 
centre (atom or radical) is reproduced during the course of the reaction. 
Suppose that chemically active centres, say F atoms, have been in- 
oduced in a mixture of H 2 and F 2 molecules. The following chain 
reaction may be assumed to be taking place in this mixture: 

F + H 2 -»- HF* + H (+30 kcal/mole); 

H + F 2 -v HF* + F (+100 kcal/mole); 

F + H 2 -*- HF* + H (+30 kcal/mole). 

If a certain definite number of chemically active centres are creat- 
ed, this chain process may become sufficiently fast so that the con- 
dition for generation on transitions in HF* molecules is satisfied. 
Since this definite number of chemically active centres is conserved 
(reproduced) in the chain process, a possibility of involving an ex- 
tremely large number of H 2 and F 2 molecules arises on account of 
multiple use of a certain number of reproducible chemically active 
centres, thus leading to the creation of many active laser centres. 
HF*. In this case, such a large amount of chemical energy contained 
intheF 2 + H 2 mixture may be converted into laser energy that it 
compensates the loss of energy in creating the chemically active centres. 

In practice, however, it must be taken into account that the actual 
chain process is not infinite. Firstly, there is a loss of chemically 
active centres (H + H -*- H 2 , F + F -*• F 2 ), hence the initial crea- 
tion of N such centres ensures the emergence of a limited number 
Ni of active laser centres. The ratio v C hem = iV]/iV is called the 
chemical length of the chain. The existence of a finite chemical length 
of the chain means that not only a chemical reaction has to be initiat- 
ed but it also has to be maintained, by creating new chemically active 
centres in exchange for those which have been excluded from the 
process. 

Secondly, there is a loss of active laser centres on account of relax- 
ation processes. In this context, we introduce the concept of laser 
length v ]as oj the chain defined as the ratio of the rate of creation of 
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excited active laser centres to the rate of relaxation of these centres. 42 
As a rule, the latter is higher than the rate of decrease of chemically 
active centres, so that vi as < v C hem- Hence the laser length of the 
chain normally defines the efficiency of a chemical laser. 

A rapid decrease in the number of chemically active centres, and 
the relaxation processes may result in the chain process not being 
realised at all. For example, the process in the Gl + H 2 mixture is 
characterised by such a small laser chain length that it should be 
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Fig. 1.44 

considered essentially as a non-chain process. However, replace- 
ment of chlorine by the more active reagent fluorine in this mixture 
results in a chain process. 

In order to extend the laser and chemical chains, it is expedient 
to use not. simple but branched chain reactions in chemical lasers, 
i.e. such reactions which involve not a simple, but an extensive repro 
duction (multiplication) of chemically active centres. It is well 
known that at a particular pressure and temperature of the gaseous 
mixture F 2 + H a , chemical reactions of the type F 2 + HF -*■ HF -\- 
+ F + F might appear, thus ensuring branching of the chains. 
It may be assumed that such reactions may be used for creating 
a chemical laser in which the ratio of laser radiation energy to the 
energy spent in initiating and maintaining a chemical reaction 
is considerably higher than unity. 

Lasers with Direct and Indirect Creation of Inversion. If the emit- 
ting molecules are a direct result of a chemical reaction, the inversion 
in the chemical laser is called direct. For creation of direct inversion, 
it is essential that these molecules appear in a particular excited state 
corresponding to the upper laser level. 

Figure 1.44 shows a simplified level diagram for a molecule which 
is an active centre (the vibrational levels are considered). Here 1 and 
2 are the lower and the upper level respectively, F denotes the rate of 
population of level 2 (rate of chemical reaction) while R x , i? 2 , 
and R' 2 are the relaxation rates for the corresponding levels. The 
specific nature of chemical pumping is manifested in the possibility 
of a high excitation selectivity. Unlike optical pumping, the exci- 
tation of level 2 is not accompanied by induced deexcitation, hence 
even two-level laser diagrams are possible in the case of chemical 



42 The eoncept of laser chain length has been introduced by Oraevskii [62], 
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Fig. 1.45 



pumping. The decisive factor in the creation of inversion is obviously 
the relationship between the rate of a chemical reaction and the 
relaxation rates for the levels. In particular, it is important that the 
inequality R t >* R 2 be satisfied. In diatomic molecules this inequal- 
ity is hard to satisfy on account of the fact that there is no process 
■which would lead to a selective depopulation of the lower vibrational 
levels. On the contrary, the transitions (v -\- 1) -> v take place, 
as a rule, at a[ faster rate than the transitions v -*■ (v — 1). In this 

connection it is expedient to use 
an indirect inversion. 

In the indirect creation of inver- 
sion, the excited diatomic mole- 
cules appearing as a result of the 
chemical reaction resonantly transfer 
their excitation energy to the unex- 
cited polyatomic (usually tri- 
at omic) molecules which then radiate 
in the resonator. In other words, 
inversion is created on the vibra- 
tional transitions of "cold" molecules 
forming the laser medium, as a re- 
sult of resonant transfer of energy 
from the "hot"[molecules produced in the chemical reaction. As a rule, 
C0 2 molecules are employed as "cold" molecules while the molecules 
of DF, HF, HC1, etc. serve as "hot" molecules. When energy is trans- 
ferred to C0 2 molecules, the asymmetric vibrations of these molecules 
((OOrc) levels) are most effectively excited. 

DF-C0 2 Chemical Lasers with Indirect Creation of Inversion [63]. 
A high output power and a relatively long laser chain have made the 
D% -f F 2 + C0 2 laser (deuterium, fluorine, and carbon dioxide 
mixture) as one of the most important chemical lasers. Chemical 
reactions are initiated in this laser by photolysis, electron beam, 
or with the help of the reaction NO -f- F 2 -*- NOF -f F. In the latter 
case, the laser is called a purely chemical DF— CO, laser. 

A simplified version of such a laser is shown in Fig. 1.45. Here, 
1 is the chamber in which the chemical reactions take place, 2 is 
an optical resonator, 3 — the resonator mirrors, and 4— laser beam. 
A mixture of fluorine and helium 43 is first introduced into the chamber 
1. Carbon dioxide and nitric oxide are then injected into the flow 
through a number of holes. Atomic fluorine is created as the chem- 
ically active reagent as a result of the chemical reaction NO -f- F 2 ->- 
-*- NOF -f- F. When the concentration of atomic fluorine is suffi- 
ciently high, the following chain process takes place as deuterium 



48 Helium is introduced in order to prevent the overheating and sponta- 
neous ignition of the fluorine-hydrogen mixture. Besides, helium facilitates the 
depopulation of the lower laser level in C0 2 molecules. 
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is injected into the mixture: 

F + D 2 ->- DF* + D, D + F 2 ->- DF* + F; F +|D 2 ->DF* + D;... 

The excited DF* molecules transfer the excitation energy to COa- 
molecules which are then carried by the flow into the resonator 
where they radiate. 

Carbon Disulphide Chemical Lasers (CO Chemical Lasers). The- 
corrosive and highly toxic nature is the main drawback of the fluorine- 
hydrogen mixture. Hence other mixtures which are free from this 
drawback have been tried. Foremost among these are mixtures 
based on carbon disulphide (CS 2 ). 

Let us first consider the mixture CS 2 + 2 [64]. Upon irradiating 
this mixture with light of wavelength 0.18-0.22 urn, the following: 
reactions take place in it 44 

CS 2 + ha -*• CS + S (photoinitiation); 

S + 2 -*SO + 0; 

CS + -»- CO* + S; CS 2 + -> SO + CS. 

Chemically active reagents CS, S, and are formed in these reac- 
tions. Sulphur monoxide (SO) molecules and excited carbon monox- 
ide .(CO*) molecules are the end products of these reactions. The- 
latter are used as active centres in the laser medium (direct creation 
of inversion). The observed emission spectrum is characterised by 
a wavelength range from 4.9 to 5.8 urn. The laser radiation is gener- 
ated on vibrational transitions of CO molecules (v -*■ v — 1) where 
v = 1, 2 16. 

More efficient chemical lasers involving lower losses in photoini- 
tiated reactions are CS 2 -f- S0 3 lasers or CS 2 + 3 lasers [65, 66]. 
In the CS 2 + S0 3 (carbon disulphide and sulphur trioxide) laser, 
the second of the above-mentioned reactions is replaced by the reac- 
tion S0 3 + ha> ->■ S0 2 -f (the radiation wavelength must be less 
than 0.26 um), while in the CS 2 + 3 (carbon disulphide and ozone) 
laser, it is replaced by the reaction 3 -f- ha -*- 2 -f- (k p » 
« 0.22-0.28 urn). 

In all chemical lasers based on carbon disulphide, CO molecules 
are the active centres of the laser medium. These lasers are often 
called CO chemical lasers. The main reaction CS -f O -»- CO* -f S 
is a distinctly exoenergic reaction; energy of about 80 kcal/mole 
is liberated in this reaction, and 80% of this energy is used for excit- 
ing the vibrations of CO molecules. In order to increase the relaxa- 
tion rate of lower vibrational levels of a CO molecule, we introduce 
agents (like nitrous oxide N 2 0), to the gaseous mixtures of CO 
chemical lasers. Besides, thermal diluents like sulphur hexafluoride 
SF 8 are also introduced. 



44 The small length of the laser and chemical chain predetermines that the- 
processes in this laser are not chain processes. 
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Chemical Lasers on Electronic Transitions of Molecules. As men- 
tioned earlier, investigations are being carried out to create chemical 
lasers on electronic transitions of molecules (chemical visible lasers). 
One of the possibilities of creating such lasers is related to the ex- 
citation of electronic states of a molecule as a result of a combination 
reaction between an atom and a molecule. In particular, we can use 
the oxidation reaction [67] Ge + N 2 -> N 2 + GeO (+130 kcal/mole), 
or Sn + N 2 ->- N 2 + SnO (+90 kcal/mole) leading to the crea- 
tion of inversion on electronic transitions of GeO and SnO mole- 
cules. For initiating these reactions, we may use the thermal method, 
employing temperatures around 1000-1500 K. Another method of 
initiating envisages optical excitation by C0 2 -laser radiation. This 
method gives rise to the possibility of an effective conversion of infra- 
red radiation into visible radiation. 



1.9. PLASMA LASERS (RECOMBINATION PUMPING) 

Recombination Plasma as an Active Laser Medium. The recombi- 
nation processes during collisions of free electrons with the positively 
charged ions in a plasma may lead to a sufficiently effective accumula- 
tion of atoms (ions) in excited states. In other words, it can be used, 
in principle, for pumping laser levels. 

Let T e denote the temperature of the electronic component of the 
plasma (electronic temperature), and T denote the equilibrium tem- 
perature at which the degree of ionisation coincides with the given 
value. Suppose that n e and n + are the concentrations of electrons and 
ions respectively. The rate of decrease of n + on account of recombina- 
tion electron-ion collisions is given by the equation 

—dn + /dt = $n + n 2 e (1.9.1) 

where p is the coefficient of electron-ion recombination. 45 It increases 
with the decrease in electronic temperature T e according to the rela- 
tion 

p=Z)7 , -»/ 2 (1.9.2) 

(D is a certain constant). It follows from Eq. (1.9.1) that 

n+ (t) = n+ (0) exp (— tlx+), (1.9.3) 

where t is obtained by taking into consideration Eq. (1.9.2), 

r + = T¥ 2 /Dnl (1.9.4) 

The smaller the value of x e , the higher the rate of recombination, 
and hence the more effective the pumping. It can be easily seen that 
the recombination plasma must have a sufficiently high electron 



48 Here, we consider the recombination by triple collisions, since in a dense 
plasma the radiative recombination may be neglected [68]. 
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concentration n e and at the same time a sufficiently low electronic 
temperature T e . Recombination plasma regime is a dense, highly 
ionised plasma whose electrons are "supercooled" so that the following 
inequality is satisfied 

T e < T. (1.9.5) 

Recombinating plasma is very attractive as an active laser me- 
dium. Unlike other active media, it does not change its aggregate 
state even upon the introduction of energy with the highest density. 
This opens the possibility for creating exceptionally powerful lasers. 
Besides, in the recombination plasma, we can use in principle laser 
transitions falling in the ultraviolet region, and even in the X-ray 
region. 

The properties of recombination plasma are radically different 
from those of plasma used in gas-discharge lasers (this kind of plasma 
is called ionised plasma). A comparison of these properties is given 
in Table 1.4 where characteristic numerical values for plasmic 
parameters are given. 

TABLE 1.4 



Plasma Regime 




Ionisation 




Parameter 


Glow discharge Arc discharge 


Recombination 


n e , cm -3 
T„ K 
Te/T 


10»-ll n ~ 10 13 
> 10* ~ 10* 
> 100 10 


10"-10 16 
~10 2 
0.1-1 



Ionised plasma is characterised by a lower concentration of free 
electrons than in the recombination plasma, and a reverse relation 
between T e and T as compared to (1.9.5). In the recombination 
plasma, electrons are "supercooled" while in the ionised plasma, 
they are "superheated". Deviations from thermodynamic equilibrium 
in opposite direction are apparent here. 

It should be observed that a recombination plasma is characterised 
by a downward displacement of excited atoms (ions) on the energy 
scale. This facilitates a predominated excitation of upper levels. 
For the ionisation plasma laser, the population of levels takes place 
in the reverse (upward) direction, thus increasing the probability of 
parasitic excitation of lower levels. 

Basic Problems of Creating Recombination Plasma Laser. Theo- 
retical and experimental aspects of the creation of recombination 
plasma lasers are subjects of active investigation at the present time. 
These lasers are called plasma lasers or recombination lasers.* 6 



*? Plasma lasers have been reviewed by Gudzenko et al. [69]. See also [70, 
71]. 

5-0436 
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Let us emphasize the main difference between the plasma laser 
and the gas-discharge laser. During its operation, the degree of ionisa- 
tion of plasma increases in a gas-discharge laser, while in the case of 
a plasma laser, the degree of ionisation falls. In this sense, the gas- 
discharge laser works on conversion of the medium from gas to plas- 
ma* 7 while the plasma laser works on conversion from plasma to gas. 

Continuing the comparison between the plasma laser and the 
gas-discharge laser, let us consider the pulse pumping. Pulse gas- 
discharge lasers start emitting when a sufficiently high pulsed current 
intensity is reached in the discharge at the pulse front. The pulsed 
plasma laser starts emitting after the passage of the pulse current, 
i.e. only after a sufficiently high degree of plasma ionisation is at- 
tained, and a "cooling" of free electrons has taken place. In other 
words, the plasma laser generates in the afterglow of the discharge. 

Two problems have to be solved in order to create a plasma laser. 
The first one is connected with the generation of a dense, highly 
ionised plasma with "supercooled" electrons, while the second one 
deals with the depopulation of the lower laser level. 

The first problem is especially complicated and various methods 
have been investigated for solving it. These differ from one another 
in the method of introduction of excitation energy to the active 
medium and in the methods of cooling the electrons. If the plasma 
is stationary as a whole, there are two effective methods of cooling 
free electrons: cooling at the walls (in tubes of relatively small diam- 
eters), and cooling on account of elastic collisions with the atoms 
of the buffer gas, for example, helium or hydrogen. In a plasma which 
moves as a whole, the gasdynamic mechanism of cooling by adiabatic 
expansion of the gas mixture is also possible. 

Depending on the methods of ionisation of the medium, cooling 
of electrons, and the depopulation of lower levels, plasma lasers are 
divided into different types: pulsed lasers, electron beam lasers, 
nuclear pumping lasers, plasmadynamic lasers, and plasmachemical 
lasers. 

"Open" Two -level Model of a Plasma Laser. The two-level laser 
diagram corresponding to this simplest model is shown in Fig. 1.46. 
Here, 1 and 2 are the lower and upper laser levels respectively, F is 
the probability of population of the upper level, while i? x and i? 2 
are the probabilities of depopulation of levels 1 and 2 respectively. 
Denoting the population densities of the laser levels by 1 and 2 
respectively, and the ionic concentration by n + , the balance equa- 
tion for the stationary case may be written as 

dn z /dt = n+/x+ — n 2 R 2 = 0; j 
dn i /dt = n z R 2 — n i R l — 0. J 



47 An inordinate increase in the degrees of ionisation of the plasma in a gas- 
discharge laser may lead to a breakdown in generation. 
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The rate of population of level 2 is the rate of recombination of 
ions. It should be recalled that t+ = T 9 J*IDn*. 

Using Eqs. (1.9.6), we get the following expressions for the inverse 
population density of laser levels: 

n 2 — n 1 = n 2 (l _ n Jn 2 ) = (n+/R 2 x+) (1 — RJRJ. (1.9.7) 

In this case, formula (1.1.3) for the amplification factor assumes 
the form 



k = a (n 2 

or 



ni ) = (on+/R 2 T+) (1 - RJRJ, 






('-if) 



(1.9.8) 



(1.9.9) 



As can be seen from Eq. (1.9.9), this simplified model of a plasma 
laser reflects its main features: the necessity to create high concen- 
trations n e and n + in the plasma, "cooling" of electrons, and ensuring 
n rapid depopulation of the lower level (in order that the inequality 
R 2 <C Ri is satisfied). 
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Fig. 1.46 



Fig. 1.47 



Depopulation of the Lower Laser Level. The main mechanisms 
of depopulation of the lower laser level in plasma lasers are: radia- 
tion, deexcitation by cold free electrons, inelastic collisions with 
atoms of special additives, and chemical depopulation. 

Radiative depopulation (depopulation by spontaneous emission) is 
effective when the lower laser level is quite high, the plasma is 
not too dense, and the lasing volume is not very large. In the con- 
trary situation, the depopulation on account of collisions of active 
centres with the cooled free electrons is more important. The effectiv- 
ity of this mechanism depends on the electron concentration and the 
degree of their cooling. It should be observed that the cooling of 
electrons is necessary to ensure recombination (and hence the popula- 
tion of the upper laser level) and for accelerating the process of de- 
population of the lower laser level. 



6* 
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Inversion of electronic deexcitation takes place, in particular, 
when the levels of the active centre are divided into two groups of 
closely-spaced levels, the lowest level in the upper group is the upper 
laser level while the uppermost level in the lower group is the lower 
laser level (see Fig. 1.47; 1 and 2 are the laser levels). As a matter 
of fact, the probability of electronic deexcitation between levels 
of different groups is considerably smaller than between the closely- 
spaced levels of the same group. Hence collisions with electrons 
lead, within the limits of each group of levels, to a predominant 
population of the lower, and depopulation of the upper levels (as 
indicated by arrows in the figure). Thus, conditions are ensured 
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Fig. 1.48 

for creating inversion between the lower level of the upper group 
and the upper level of the lower group even when the total popula- 
tion density of the lower group exceeds the population density of the 
upper group. 

Inelastic collisions of active centres (let us denote these centres as A) 
with the atoms of special additives (denoted as B) may also be 
used for depopulation of lower levels. Figure 1.48 shows the transi- 
tions corresponding to different collision processes (the ionisation 
level of the atom is shaded), Fig. 1.48a showing the resonant transfer 
of excitation 

A (m) + B (0) -> A (0) + B (n). 

Figure 1.486 shows the ionisation of an impurity atom upon transfer 
of excitation (Penning effect) 

A (m) + B (0) -»- A (0) + 5+ + e; 

(where e is an electron whose energy is indicated by AE in the figure). 
Figure 1.48c shows the resonant charge transfer 48 

A + + B (0)->-A (m) + B+. 

By a special choiGe of the additive (impurity), a predominant de- 
population of the lower levels can be ensured. This is illustrated 

48 It can be easily] seen that this process leads not to depopulation, but 
rather to population of the m-th level of the atom A . 
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in Fig. 1.49 where the population densities of laser levels n x and n 2 
are plotted against the impurity concentration (n mv ). It can be 
seen that when the impurity concentration exceeds a certain value 
(the value n in the figure), a population inversion in laser levels 
takes place. 

Effective depopulation of lower levels in plasma lasers is also 
possible through special chemical reactions. Chemical depopulation 
can lead to inversion even on transitions 
to the ground state. 49 

Pulsed Plasma Lasers. For ionisation of 
the active medium in these lasers, rapidly 
decaying pulses of electric discharge with 
the following characteristic parameters are 
used: voltage up to 20 kV, current up to 
300 A, and pulse duration of about 0.1-1 
fisec. Pulse generation takes place in an 
afterglow discharge. n np 

A mixture of an active laser component 
ionised and an auxiliary (buffer) component Fig. 1.49 

which cannot be easily ionised is used as 

active medium. The latter component is required mainly to 
ensure a sufficiently rapid cooling of free electrons in plasma. 

Under the action of a powerful excitation pulse, plasma is gener- 
ated with a high concentration of free electrons and ions of various 
multiplicities. On termination of the excitation pulse, a rapid cool- 
ing of free electrons takes place on account of collisions with atoms 
of the buffer gas. This is followed by an intensive recombination of 
ions and electrons which effects a pumping of laser levels in active 
centres consisting of atoms or ions (normally singly charged) of 
easily ionisable component of the mixture. The electronic deexcita- 
tion of lower laser levels plays an important role in the creation of 
inversion. 

Pulsed plasma lasers have been created, in particular, with ionised 
vapours of alkaline-earth metals Mg, Ca, Sr, and Ba. As an example, 
let us consider the Sr-Be plasma laser generating on transitions in 
SrII, i.e. on transitions between the levels of singly charged Sr + 
ions. Helium plays the role of buffer gas. The excitation pulse gener- 
ates a plasma with a high concentration of doubly charged stron- 
tium ions (Sr a+ ). The recombination processes lead to the formation 
of excited singly charged Sr + ions which play the role of active centres. 
Generation is attained on a number of transitions of Sr + ions. The 
principal lines are at 0.416 jim (6 2 5j/ 2 ->• 5 2 Pi/2 transition) and 
at 0.431 urn (6 2 S l/2 -» 5 2 P 3/2 transition) [71]. 

Plasma Lasers Using] Hard Ionising Agents. Reactor Laser. Some 
of the most promising methods of creating recombination plasma 



lt Chemical depopulation will be described in detail later in this book. 
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are based on the use of hard ionising agents like a fast electron beam 
introduced from outside into the cold dense gas, or fission fragments 
of atomic nuclei, formed in a nuclear reactor [69]. In the first case, 
we get an electron-beam plasma laser, while in the second case we get 
a plasma laser with nuclear pumping or, in other words, a reactor 
laser. Pulsed plasma lasers work on freely recombining plasma created 
after the termination of the ionising pulse discharge and the ensuing 
of rapid cooling of plasma electrons. Plasma lasers using hard ionised 
agents may operate on stationary supercooled plasma in which inver- 
sion may be persistently maintained. Let us discuss the principle 
behind a reactor laser. 

It is well known that the energy released inside a nuclear reactor 
as a result of fission of uranium and plutonium nuclei is mainly the 
kinetic energy of "nuclear fragments". These fragments are multiply 
charged ions 60 . The ionic fragments fly apart with very high veloci- 
ties in a comparatively cold medium 51 and may be used for creating 
an intense recombination plasma. Thus it is possible to obtain 
a direct transformation of nuclear energy into energy of laser radia- 
tion (along the "chain": kinetic energy of fission fragments, energy 
of highly ionised dense plasma, energy of laser radiation). 

The schematic of a reactor laser is fairly simple. It is a set of paral- 
lel tubes called the energy-liberating elements (ELE) around which 
the coolant flows. Each ELE is filled with a mixture of a gaseous 
component of uranium (for example, uranium hexafluoride UF 6 ) 
and the active laser component (for example, helium). The tube has 
mirrors at its end faces. For UF 6 concentrations of around 10 19 cm -3 , 
the mass of the nuclear fuel may become critical, and conditions for 
the fission chain reaction for uranium nucleus may be fulfilled. The 
concentration of helium should be about 10 21 cm -3 . For such a den- 
sity of the gas, the ionic fragments will effectively ionise helium in 
tubes having a radius not less than 1 cm. The plasma is cooled by 
the coolant flowing around the ELE tube 52 . Thus, in each ELE 
tube an intensely recombining plasma may be created for pumping 
laser levels in helium. As a result, these tubes are converted into 
radiating active laser elements. 

Plasmadynamic Lasers. In this type of plasma lasers, the plasma 
moves as a whole. In the course of its motion, a transition in the 
recombination mode is attained. Various types of macroscopic mo- 
tions of the plasma are being studied. These include expansion, com- 
pression, and a uniform jet flow [70]. 



80 For example, the fission fragments of U 235 most frequently include Sr 20 + 
ions and Xe 22+ ions. 

51 The velocity of the fragments is of the order of 10 7 m/sec and their energy 
is around 100 MeV. 

52 The heated coolant may be used in the steam generator of the atomic power 
plant. 
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A rapid (adiabatic) expansion of a dense plasma, heated beforehand 
by electric discharge, results in a cooling of the medium, thus ensur- 
ing favourable conditions for recombination. From a steady plasma 
Jot through a narrow slit or a nozzle, a continuous laser generation 
may be obtained under certain specific conditions. 

A rapid constriction of plasma can introduce into it energy of high 
density. This method of introducing energy into plasma may be 
practically accomplished in devices 
bused on pinch effect™. Pinching 
of plasma column by an external 
longitudinal magnetic field ensures 
a record-high concentration of free 
electrons (more than 10 17 cm -3 ). 
Such a pinching of plasma leads, 
in principle, to recombination, 
Mince significant losses of energy 
in bremsstrahlung (this process 
is effective in a plasma containing Fig- 1-50 

inn Itiply charged ions) may consid- 
erably hinder the rise in electron temperature, while the concentra- 
I ion of electrons will increase during pinching. Thus, in a rapidly 
constricted plasma, an effective recombinative population of upper 
laser levels may take place while the lower levels will be depopulated 
lluough an efficient collision mechanism under such conditions. 

The interesting possibility of obtaining a CW-mode in the after- 
glow discharge arises if we use a plasma mixture in the form of a uni- 
form jet-flow. It should be recalled that three consecutive processes 
lake place in a pulsed plasma laser. The first of these is the produc- 
tion of a highly ionised plasma. This is followed by the cooling of 
li'co electrons in the plasma, and finally by the recombination of the 
plasma (pumping of laser transitions). If the plasma is macroscopi- 
cally stationary, these processes are accomplished at the same region 
of space and hence they must take place one after the other, thus lead- 
ing to an unavoidable pulsed operation of the laser. If the plasma 
Hows as a jet, all the above mentioned processes may be realised 
simultaneously but in different regions of space (different parts of the 
jul). Figure 1.50 illustrates this. Here, 1 is the gas jet, 2 — the region 
in which transverse discharge is accomplished, and a highly ionised 
plasma is produced, 3 — the region in which cooling of free electrons 
lakes place, 4 — the recombination region, 5 — the optical resonator 
mirrors, and 6— the laser beam. Such an unfolding of consecutive 
processes in space (along the jet flow) may lead, in principle, to 
a simultaneous realisation of these processes. 



63 Pinch effect is the compression of a discharge under the action of a cur- 
rent flowing through it. For details, see [72]. 
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Plasmachemical Lasers. Unlike chemical lasers where chemical 
energy is used for exciting upper laser levels, the main function of 
chemical reactions in plasma lasers is to depopulate the lower laser 
levels. Investigations of plasmachemical lasers have two basic aspects: 
a study of chemical reactions which remove atoms (ions) from certain 
states, and an investigation of media based on dissociating molecules 
[69]. 

The first aspect envisages the investigation of kinetics of popula- 
tion and depopulation of energy levels in the course of some chemical 
reactions taking place in plasma mixtures. As an example, let us 
consider the chemical reactions which ensure a rapid removal of 
hydrogen atoms from the ground state [73]: 

H + F + HF -> 2HF; H + CI + HC1 -> 2HC1; 

H + F + F 2 -* HF + F 2 ; H + CI + CI, -* HC1 + Cl 2 . 

By making use of these reactions, generation may be achieved 
on transitions corresponding to the Lyman series lines in the hydro- 
gen spectrum. 

In a plasma laser based on noble-gas molecules, the processes taking 
place in the recombinating plasma lead to the formation of electron- 
ically excited dissociating molecules. These molecules may be formed, 
for example, as a result of recombination of atoms in the ground 
state [denoted as A (0)] with the atoms in the excited state [denoted 
as A (1)]: 2A (0) + A(i)-**A t (1) + A (0). Here A 2 (1) is the dis- 
sociating molecule in the electronically excited state. 

Plasma lasers based on electronic transitions of noble-gas molecules 
apparently belong to the most promissing type of plasma lasers 
already in operation, since the problem of depopulation of the lower 
laser level can be easily solved for them, and also the choice of emit- 
ting molecules is varied. In particular, the compounds based on 
heavy inert gases (Ar, Kr, Xe) and the elements having a high affin- 
ity for electrons (halogens, oxygen) offer bright perspectives. 



Chapter Two 



FORMATION OF RADIATION FIELD 
IN A LASER RESONATOR 



Hosides the active medium and excitation (pumping) system, the 
optical cavity (resonator) is one of the main elements of a laser. To 
ni'iilo laser oscillations, the inversion of the active medium should 
t'NMiiro a gain which is higher than the total loss in the resonator. By 
i luinging the level and nature of losses in a resonator, one can exer- 
■ Ini> control over Laser processes. Depending on the specific nature 
ill llio resonator used in a laser, radiation is generated with definite 
M|H'clrum and a definite structure in space and time. The main func- 
tlnii of the optical resonator in a laser is to create the radiation field 
with a definite structure. 

2.1. GENERATION CONDITION 

Relation Between Initial Gain and Loss Coefficients. It is well 
Known that as light propagates in the inverted active medium an 
lunrnse in the optical flux density is accompanied by the equaliza- 
tion of population densities of laser levels. This leads to the effect 
nil led gain saturation. The gain x (z) at the point z (the flux propagates 
nlong z-axis) is expressed in terms of the optical flux density S (z) 
In I ho following form 

*<*>= ! + (,*)*(.) ' {2AA) 

wlicro v is the velocity of light in the active medium; a is the param- 
i*l i«r of nonlinearity of the laser transition; and x is the initial 
Uitln 1 . The nonlinearity parameter characterises the rate of equaliza- 
tion of the population densities of laser levels upon increasing the 
n|i| ical flux density. The initial gain is defined by the inverse popu- 
I <t I i «>ti density N of the laser levels in the absence of generation, 
I •>. for S = 0: 

*o = (B 21 ha)/v) [n 02 — (gjg!) n 01 ] = oN . (2.1.2) 

Horn, a* is the frequency of the generated radiation; B 21 is the Eins- 
Inin's coefficient; o = B 21 h(alv is the cross section of induced emis- 
sion in the laser transition; and A^ = n 02 — (sJSi) "oi ( we have 
•ilromly encountered this quantity in Sec. 1.2). It should be observed 
I lint n substitution of (2.1.2) in (2.1.1) leads to the result (1.1.3): 

x(z) = a . , ,?' > =oN(z). 
v ' l-r(a/v)S (z) v ' 



1 Sec. 5.6 in [1]. 
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The optical power generated by the active centres in a unit volume 
is given by the expression 2 

W (z) = x (z) S (z). (2.1.3) 

Eliminating S (z) from Eqs. (2.1.1) and (2.1.3), we get 

W (z) = (via) [x - x (z)]. (2.1.4) 

We denote by W gen the optical power generated in the total 
volume of the active medium of the laser: 

L 

W gen =s^W(z)dz (2.1.5) 



where s is the area of cross section of the active medium and L is 
the length of the resonator (for the sake of simplicity, we assume that 
the active medium completely fills the resonator and that physical 
quantities do not depend on transverse coordinates). Substituting 
Eq. (2.1.4) in Eq. (2.1.5), we get 

W gen = (vLsIa) [x - <x>], (2.1.6) 

L 

where (x > = -y I x (z) dz is the gain averaged over the length of 


the resonator. 

For the case of stationary generation, the following relation is 
valid 3 : 

<x> = ru+i l2 , (2.1.7) 

where r\ x and v\ 2 are linear coefficients of attenuation of optical flux 
corresponding to the unfavourable and favourable losses respective- 
ly 4 . The favourable losses are due to removal of a part of energy 
from the active medium in the form of laser radiation. The coefficient 
of favourable losses r| 2 is given by the expression 

T! 2 = (l/L)ln/I7^7ffr, (2.1.8) 

where 7? x and R 2 are the reflection coefficients of the resonator mir- 
rors of the laser. The unfavourable losses may be caused by absorp- 
tion of radiation by atoms (molecules) which are not active centres, 
by scattering of radiation through the lateral face of the active me- 
dium, by diffraction effects, or due to other reasons. 

By using Eq. (2.1.7), we can rewrite (2.1.6) in the following form 

W gen = (vLs/a) [x - (ru + n 2 )]. (2.1.9) 

2 See, for example, Eq. (4.1.17) in [1]. 

3 See, for example, Eq. (5.6.23) in [1]. 

* In order to explain the physical sense of these coefficients, one has to con- 
sider Bouguer's differential law: dS = — (r^ -(- r| 2 ) S (z) dz. 
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Tli is result leads to a very important conclusion (which is valid 
not only for stationary generation, but for the general case as well): 
I ho following inequality must be satisfied in order to ensure genera- 
tion: 



K0X1I1 + 112) 



(2.1.10) 



In other words, the initial gain must be higher than the loss level in 
the resonator, which is defined as the sum of the coefficients of unfa- 
vourable and favourable losses. The larger the difference [x — 
(li + T l2)K the higher the optical power generated. The generation 
threshold is defined by the equality 

"0=11! + Is- (2.1.H) 

Initial Gain for Optically Allowed and Forbidden Transitions. 

II should be recalled that dipole transitions (transitions that are 
nl lowed in the dipole approximation) are called optically allowed 
I runsitions. The matrix element of the electric dipole moment of the 
Nyslom is nonzero for these transitions. If the matrix element is 
iMjual to zero, the corresponding transition is optically forbidden. 
Such a transition may be allowed in higher approximations like the 
magnetic dipole approximation, the quadrupole approximation, etc. 
My considering the interaction of optical radiation with an elec- 
tron of the atom, we can obtain expressions for Einstein's coefficient 
// 2 ,, appearing in Eq. (2.1.2), for different types of transitions 5 . 
Those expressions are given in Table 2.1. They lead to the following 

TABLE 2.1 



I H pole transition B D21 = 



4it2 
4n 2 



(d) 



21 



2. 

d= — er 



Miigncto-dipole transition #M2i = -qp- ( n X|u.) 21 



2 



"=-2^r( rXp) 



4n a 
<Jiiiiulrupole transition B<j 21 = -^p- 



12 e /z 2 xy xz\ 

(k<?) 2 i Q=—2[V*V* V*) 

' \zx zy z / 



d — electric dipole moment of the electron; 
H — magnetic dipole moment of the electron; 
Q — electric quadrupole moment of the electron; 
k — wave vector of the radiation, n =— k/fc; 
. .) 2 i — matrix element for the 2 ■* 1 transition. 



i'*! inflates (for radiation wavelength of the order of 1 \xvs\): 
B Q21 /B D21 » 10- 6 ; B M JB D21 » 10" 4 . 

* The expressions for Einstein's coefficient A 2l describing spontaneous emis- 
■lon have been derived by Tarasov (Sec. 2.5 in [1)). Using the well known rela- 
tion 2 , = A 21 n?c 3 /Ha> 3 , we can get the corresponding values of B 2i from A 21 . 
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Thus the factor B 21 appearing in the initial gain is smaller (by 
a factor of 10 4 -10 6 ) for optically forbidden transitions than for op- 
tically allowed transitions. It follows from this that the metastability 
of the upper laser level associated with the creation of inversion has 
its disadvantages. 

However, while estimating the value of the initial gain, one has 
to consider not only the factor B 21 , but also the product B 21 N . 
The factors appearing in this product have opposite tendencies: 
an increase in the lifetime of the upper laser level leads to an increase 
in N , but to a decrease in B tl . On the other hand, a decrease in life- 
time results in a higher value for B 21 , but reduces N . Decrease 
in N in the latter case is due to the fact that an increase in B 21 
also results in an increase in Einstein's coefficient A 2l . In other 
words, spontaneous transitions become more frequent in the gen- 
eration channel. 

One may ask the question: which working transitions should 
one use, the ones that are optically allowed, or the ones that are for- 
bidden? In other words, what is more important — an increase in 
7V (for optically forbidden transitions), or an increase in B 21 (for 
optically allowed transitions)? 

It turns out that it is advisable to use optically forbidden transi- 
tions. The decrease in the coefficient B 21 due to the metastability 
of the upper level is often effectively compensated by an increase 
in the inverse population density N of the levels. Significantly, 
however, the lifetime of the upper laser level should not be too large. 
An excessive decrease in the value of B 21 may render the above men- 
tioned compensation impossible. 

Dependence of the Initial Gain on Pumping Rate. A three-level 
diagram identical to the one shown in Fig. 1.9 is depicted in Fig. 2.1. 
Unlike Fig. 1.9, additional transitions are stimulated by the laser 
radiation on the channel 2-1. The probabilities of these transitions 
are given by w 21 = A 21 + 5 21 p gen and w 12 = 5 12 p gen (where p gen 
is the laser radiation density). 

Substituting (1.2.12) in (2.1.2) (we assume for the sake of simplic- 
ity that gi = g 2 ), and using the inequality (1.2.15), we get the fol- 
lowing expression for the initial gain: 

x = (B 21 h)^n' (Q - A 21 )l(® + A 21 ). (2.1.12) 

It should be recalled that here n' is the total number of active centres 
per unit volume and Q = w p w s2 : (w 31 -\- w 32 ) is the pumping rate 
for this case. Using the relations between B 21 and A 21 , we can rewrite 
Eq. (2.1.12) in the following form: 

x = bA 21 (Q-A 21 )/(Q + A 21 ), (2.1.13) 

where b represents the factor n 2 c 3 re7y(D 9 . Figure 2.2 shows the depen- 
dence x vs. Q as described by Eq. (2.1.13). The straight line AA 
corresponds to the loss level. Intersection of the curve x (Q) with 
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the .r-axis determines the inversion threshold Q lnr , while the inter- 
section with the straight line AA determines the generation threshold 
Q gen . It can be easily seen that 



'"Mnv — -^21 i ""i 



gen 



_ A k*21 + Qll+t)g) . 

-^bAu-i^ + riJ' 



"gen -> «'ii 



If Q 3> A 21 , the magnitude of the initial gain approaches its lim- 
iting value 

«oiim = M„. (2.1.14) 

Let us compare a few curves x vs. Q for different values of A 2l 
(considering that the inequality (1.2.15), which assumes the metasta- 
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Fig. 2.1 



Fig. 2.2 



bility of level 2, is satisfied). Figure 2.3 shows four curves, numbereed 
in order of decreasing value of A n . It can be seenjfrom this figure 
that the lower the value of A 21 
(the higher the lifetime of level 
Si), the easier the creation of in- 
version. However, this results in 
u decrease in the limiting value 
of the initial gain. This reflects 
the negative aspect of the meta- 
(ilability of the upper laser level 
ns mentioned above. 

The straight line A A in Fig. 2.3 
defines the loss level. It can be 
seen that for a value of A 21 cor- 
responding to the curve 4, gene- 
ration is not possible at all (an 
excessive decrease in the value 
of A 21 has brought the limiting 
value of gain below the loss 
lovel). Thus, the lower limit of 

values of A 21 is determined by the amount of loss. In accordance 
with (2.1.14) and (2.1.10), the following condition must be satis- 
fied: 

4«i>(t]i + 1i)/&. (2.1.15) 




Fig. 2.3 
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Frequency Dependence of the Initial Gain. In order to consider 
the frequency dependence of the initial gain, we start with Eq. (2.1.2), 
replacing B 21 by Einstein's spectral coefficient B 21 (co). It should 
be recalled that B 21 (co) = B 21 F (co) where F (co) is a function defin- 
ing the shape of emission spectrum line. 6 Thus, 



x (co) = B 21 F (co) hti>N /v. 



(2.1.16) 




The factor B 21 appearing in (2.1.16) is independent oi frequency 
for dipole and magnetic dipole transitions, while B 21 oc w 2 Ior 
quadrupole transitions (see Table 2.1). Consequently, x (co) oc 

oc oiF (co) for dipole and magnetic 
dipole transitions, while x (co) oc 
oc co^F (co) for quadrupole transi- 
tions. The qualitative form of the 
dependence x (co) is determined by 
the function F (co), i.e. by the 
shape of the emission spectrum 
line for the active centre. If, for 
example, the spectral line is Lorent- 
zian in shape (uniformly broadened 
line) and if the dipole transitions 
are considered, we get 

x (co)~[coA/[(co— co ) a +A 2 ], (2.1.17) 
Fig. 2.4 

where co is the 'frequency corres- 
ponding to the peak, and A is the 
halfwidth of the line at the middle of its maximum height. Figure 2.4 
shows the dependence x (co) as described by formula (2.1.17). 
The straight line AA corresponds to the loss level. Only the shaded 
part of the function x (co), called the gain line, is operative during 
generation. The frequency of radiation generated on a given transi- 
tion lies within the limits of the gain line width: co x < co < co 2 . 
We] have mentioned in the preceding chapter the selective resona- 
tors with a redistribution of the radiation frequency within the 
limits of the luminescence line width. As a modification, it may be 
observed that the range of redistribution is determined not by the 
luminescence line width, but by the gain line width (the width of 
the luminescence line at the loss level). 



2.2. OPTICAL RESONATOR AND LASER RADIATION 
(PRELIMINARY REMARKS) 



Optimisation of Favourable Losses. It follows from (2.1.9) 
that in order to increase W gen , it is sufficient to reduce the losses 
in a resonator (reduce the sum % + r\ 2 ). In particular, the favourable 



8 Einstein's spectral coefficients and the shape of a spectral line have heen 
described by Tarasov (Sec. 4.7 in [1]). 
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loss level can be decreased. For this purpose, it is necessary to increase 
li\Rz in accordance with (2.1.8). However, an excessive increase 
in the reflection coefficient of resonator mirrors is not desirable, since 
ii reduced n 2 means a decrease in the fraction of generated radiation 
converted into laser radiation. This fraction is defined as the ratio 
'li/fai + T l2)- Taking Eq. (2.1.9) into account, the laser radiation 
power is given by the expression 



W = 



1)2 



vLs 



% 



Tli+Ti 2 gen a l ° K » ' nJ1 Th + T| 2 



(2.2.1) 



A decrease in T) 2 means a decrease in 112/(11! + 11 2 ) but an increase in 
the factor [x — (x\ x + t| 2 )]. Consequently, there should be an op- 
timal value T] 2o pt for the coefficient 
of favourable losses, which gives 
the maximum output power. 

Usually, one considers not the 
output power W, but rather the 
density S of the light flux emerging 
from the resonator. The quantities 
W and S are connected by the 
eolation 



S = Wis 



(2.2.2) 




where s is the area of cross-section 

of the light beam (for the sake of simplicity, we assume it to 

ho equal to the area of cross section of the active medium). 

In view of the above, we can rewrite Eq. (2.2.1) in the form 

S = ivLla) [x - (tu + n 2 )] ii,/^! + ti 2 ). (2.2.3) 

h'jgure 2.5 shows the S vs. ti 2 dependence defined by the expression 
(2.2.3). The threshold value of the coefficient of favourable losses 
In equal to x — f\ r . In order to find the value of r| 2o pt> ^ e * us differ- 
entiate the function S (r\ 2 ) and equate the derivative to zero. This 
Kivcs 



T i,oDt="l /x o'ni-Tii 



1 1 once 



5 max = -J-0/x L-> A Ti 1 L)2. 



(2.2.4) 
(2.2.5) 



Thus, for given values of % and %, there is an optimal value for 
tho coefficient of favourable losses, which is given by the relation 
(15.2.4). The maximum density of the emerging optical flux corre- 
sponding to it is given by the formula (2.2.5). A further increase in 
.*•',,, nx requires an increase in x and a decrease in %. 

Suppose that the laser radiation emerges from one of the reso- 
11 11! or mirrors, while the other mirror is totally reflecting. From 
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Eqs. (2.2.4) and (2.1.8), we get the optimal reflection coefficient for 
the output resonator mirror 

i? opt =exp[-2L(l/^-T ll )|. (2.2.6) 

For a sufficiently high gain, as is characteristic, for example, for 
neodymium lasers with pulsed pumping, the value of i? pt ma Y he 
relatively low (10-20%). In the case of helium-neon lasers, where 
the gain is small, R ov t attains a value of 99% . Such a high reflectivity 
is obtained by using multilayer dielectric mirrors, which are obtained 
by applying (by spray, coating) several thin dielectric layers on the 
substrate, each layer having an optical thickness equal to one fourth 
of the radiation wavelength, but differing in refractive index from 
the others. 7 

If both the resonator mirrors are output mirrors, the following 
relation holds instead of (2.2.6) 

(fl A)opt = exp [ - 2Z, (Ywi - %)1 • (2-2.7) 

Suppose that S ± is the density of flux leaving the mirror with reflec- 
tion coefficient R t , and S 2 is the corresponding value for the mirror 
with reflection coefficient R 2 ; S x + S 2 = S. It can be shown 8 that 

¥=^y%. (2.2.8) 

Resonance Frequencies. Within the width of the gain line, the 
optical resonator isolates a set of resonance wavelength % q (or resonance 
frequencies © 9 ). Assuming that the field inside a resonator is described 
approximately by a set of plasma waves propagating along the 
resonator axis, the resonance condition can be written in the form 

L = gV 2 - (2.2.9) 

Here, q are positive numbers (q ;§> 1) and L is the length of the reso- 
nator. The condition (2.2.9) means that an integral number of half- 
waves should cover the length of the resonator. This condition also 
means that the phase shift (or, in other words, the phase advance) 
of a wave accomplishing a round trip through the resonator (or, from 
one mirror to the other and back) is a multiple of 2n. As a matter 
of fact the phase advance for a plane wave which has traversed a dis- 
tance z, is equal to 2nz/X. For a distance 2L, this advance is AnLIX. 
Assuming that this phase advance is a multiple of 2jt, i.e. 4jtZA = 
= 2nq, we arrive at the condition (2.2.9). 

Considering that the radiation wavelength and frequency are con- 
nected through the relation 

% = 2nv/© = 2nc/na, (2.2.10) 

7 Multilayer dielectric coatings are described in Ch. 24, Vol. II of [2J. 

8 See, for example, [3]. 
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where n is the refractive index of the medium occupying the reso- 
nator, Eq. (2.2.9) can be rewritten in the form 

L = qnc/nojq. (2.2.9a) 

Thus the resonance frequencies of an optical resonator are given 
by the expression 



cog = qnc/Ln 



(2.2.11) 




It should be observed that the expression (2.2.11) is approximate. 
It assumes that firstly, the field in a resonator is described by plane 
waves and secondly, the dispersion of the refractive index is insignifi- 
cant. Both these simplifications will be withdrawn in the following. 

According to Eq. (2.2.11), the resonance frequency spectrum is 
equidistant, i.e. the difference between adjacent frequencies is con- 
stant and is equal to 

Aco' = nc!Ln. (2.2.12) 

Dividing the gain line width Aco by 
Ato', we find the total number of reso- 
nance frequencies in the spectrum 
of a laser 

M = Aco/Aco' = AtoLn/jrc. (2.2.13) 

The number M increases with in- 
creasing optical length Ln of the 
resonator and with increasing gain 
line width Aco. The latter is greater, 
the wider the luminescence line of 
the active centres and the lower 
I lie loss level in the resonator. 

Isolating the set of resonance frequencies, the resonator transforms 
the gain line shown in Fig. 2.4 into a set of narrow lines called the 
spectral lines of the resonator (Fig. 2.6). The maxima of these lines 
correspond to resonance frequencies while the width of a line depends 
on the losses in the resonator. Denoting the width of a spectral line 
of the resonator as Aco r , we define the ratio 

Q = co /Aco r (2.2.14) 

as the Q-f actor of the resonator 9 . The smaller the losses in a resonator, 
the higher its Q (the lower the value of Aco,.). 

For resolution of narrow lines in the generation spectrum, it is 
essential that the condition Aco r < Aco' should be satisfied. With 
I lie help of relations (2.2.12) and (2.2.14), this condition may be 
transformed into the inequality 

Q > & Ln/nc. (2.2.15) 

9 The (Mactor of an optical resonator will be discussed in detail in Sec. 2.3. 

(I -0/i36 



Fig. 2.6 
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Putting (o /ji « 10 15 sec -1 , Ln ?a 10 cm, we get Q > 10 6 from 
(2.2.15). The values obtained in practice for the ^-factor of laser 
resonators usually satisfy the condition (2.2.15). 

Under actual conditions, additional factors crop up, influencing the reso- 
lution of narrow spectral lines. One of such factors is the non-uniformity of the 
refractive index of solid-state active media. By using (2.2.11), it can be easily 
shown that the fluctuation 8re in the refractive index causes a fluctuation fico « 
« (ofonlri in the resonance frequency. For resolution of narrow lines in the fre- 
quency spectrum, it is necessary that 6a> < 6co'. Consequently, besides condi- 
tion (2.2.15), the condition dn/n < nc/wLn must be satisfied. It follows from 
this that 6n/n < 10 -6 . This inequality is not always satisfied in solid-state 
lasers. 

Vibrational Modes of an Optical Resonator. As has been shown 
above, the resonator of a laser has a considerable influence on the 
power of laser radiation as well as on its spectral proper! ies. In 
actual practice, the influence of the resonator on the properties of 
laser radiation is even more significant and fundamental. As a matter 
of fact, the resonator forms definite states in the radiation field. 
These are called vibrational modes of the resonator. 

An individual mode is designated as TEM m nq. TEM stands for 
transverse electromagnetic modes (the electrogmagnetic vibrations 
in an optical resonator may be considered as transverse), m and n 
are the transverse indices of the mode and q is the longitudinal one. 
Each mode is characterised by a definite spatial field configuration 
(a definite amplitude and phase distribution) in a direction perpen- 
dicular to the resonator axis, in particular at the mirror surfaces of 
the resonator. The specific nature of this configuration is determined 
by the transverse mode indices m and n. Besides, each mode is charac- 
terised by a definite phase shift at the resonator axis upon a round- 
trip in the resonator. This phase shift is equal to 2 nq, where q is 
the longitudinal mode index. 

It should be observed that the phase shift is considered at the 
resonator axis due to the fact that, strictly speaking, a mode is not 
a plane wave. Clearly, such a restraint would be unnecessary for 
a plane wave since the distance from the resonator axis of any point 
in a plane wave front is the same. For each definite combination 
of indices m and n reflecting a definite transverse field configuration 
in a resonator, there is a number of corresponding modes with differ- 
ent values of q. These are called longitudinal modes (also called 
axial modes). For each one of them, Ihere is a corresponding narrow 
line in the generation spectrum. The set of longitudinal modes with 
a given combination of indices m and n is termed a transverse mode. 
Obviously, the transverse mode is characterised by only transverse 
indices (and is denoted by TEM mn ). 

Each type of transverse mode has a definite structure of the lumi- 
nous spot on the resonator mirror. Figure 2.7a shows the structure 
of intensity pattern obtained in a circular mirror for the simplest 
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(lowest) transverse modes. The corresponding nature of change in 
I lie sign of amplitude of the field on the mirror surface is shown in 
l''ig. 2.7ft. It is evident from the figure that the index m indicates 

I lie number of times the field amplitude changes sign in the radial 
direction, while n indicates the number of times it changes sign upon 
ii rotation by 180° around the centre of the mirror. 

The transverse mode TEM 00 is called the lowest-order mode. 

I I is characterised by the simplest structure of the spot. It is apparent 
from Fig. 2.7a that the smaller the value of transverse indices, the 
more concentrated is the mode field near the centre of the mirror. 



ooe 

TEM T£M 01 TEM 02 




TEM 10 TEM„ TEM, 2 TEM 10 TEM„ TEM 12 

(a) (b) 

Fig. 2.7 

An intensity pattern, as observed under actual conditions, is often 
ii superposition of several transverse modes (multimode generation). 
The spectrum of the generated radiation usually contains several 
narrow lines (multifrequency generation) 10 . 

The Role of an Optical Resonator in a Laser. According to Ger- 
rard et al. [4], the main function of an optical resonator is to impart 
a definite shape and definite mode structure to optical waves radiated 
liy a laser. The mode pattern of a laser radiation field is formed in 
I lie resonator during the process of successive reflections of the radia- 
tion at the resonator mirrors. In some resonators the field configura- 
tion is formed after a large number of passages from one mirror to 
I lie other (multipass resonators), while in some other resonators this 
process takes place after just a few passes. 11 

In order to understand the role of a resonator in a laser, it is con- 
venient to use the quantum concept, since it takes into account the 
nature of the laser generation process in the optical spectral region 
in the best possible way. In particular, the fact that optical radiation 



10 The mode patterns for solid-state lasers may be distorted on account of 
noiiuniformity of the refractive index of the solid active medium. 

11 For a sufficiently large gain, the inversion of the active medium can be 
ri'inoved in a single pass. Such lasers may work without mirrors in the superlu- 

iii Inrscence regime. 
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is generated as a result of a large number of acts of emission by 
atoms or molecules performing quantum transitions from one state 
into another is very well reflected by using the quantum concept. 
In a certain sense, an individual emitting atom (molecule) may 
be compared with a certain "resonator", or a certain oscillatory 
system. In the words of Academician L. I. Mandelshtam [5], "We 
imagine that there is an optical resonator of a certain frequency 
in each gas molecule. The luminescence of the gas is due to the fact 
that the resonators oscillate at the same frequency and the gas emits 
light of this frequency". 

Obviously, in order to get coherent beams of light, it is essential 
that the acts of emission by a large number of resonators are mutually 
correlated, not only in the radiation frequency, but also in the direc- 
tion of its propagation and in polarisation. In other words, it is essen- 
tial that the principle of self-regulation or, in the language of elec- 
tronics, the principle of positive feedback be followed. The possibility 
of such a correlation (the possibility of attaining a positive feedback) 
is inherent in the very nature of induced emission: the secondary pho- 
ton is in the same state as the primary photon which induces the crea- 
tion of the secondary photon. In order to realise this in actual prac- 
tice, a selective population of photon states 12 must be ensured in 
the course of induced transitions. In other words, certain states 
must be isolated in actual practice. In these states, photons are 
accumulated while in all the remaining states spontaneously created 
photons must be eliminated as quickly as possible. 

The selectivity of population of photon states is also ensured 
by the optical resonator in a laser. "The possibility of a positive 
feedback, inherent in the induced emission process, is realised in 
a laser with the help of an optical resonator" [6]. Primarily, a res- 
onator isolates a certain direction in space in which generation pre- 
dominantly takes place. Besides, the resonator also performs a fre- 
quency and polarisation selection of the radiation. The parallel plates 
used frequently in resonators are oriented to the resonator axis at 
Brewster's angle, and thus ensure the selectivity of the generated 
photons, according to their polarisation. It may be said that the 
main function of an optical resonator is to isolate certain photon 
states in which predominant laser generation takes place. The coher- 
ence properties of laser radiation (directionality, monochromatism, 
degree of polarisation) depend on how well the resonator ensures the 
selectivity of population of photon states. 

Considering the question as to how a resonator ensures selectivity 
of the population of photon states, it should be emphasized that this 
is attained on account of selective losses for different states. These 
losses should be small for some states while for the other states these 



12 Photon states are characterised by a definite energy, momentum, and 
polarisation of the photon. 
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must be large, on the contrary. In accordance with the condition 
(2.1. 10), generation is possible only in such states for which losses 
nre comparatively low. 

Inspite of a certain degree of sketchiness, the quantum concept 
(jives a proper representation, from a physical point of view, of the 
main function of an optical resonator. It may be stated that by ensur- 
ing the selectivity of population of photon states, a resonator forms 
in the long run the monochromatic optical beam. This determines the 
energy, spectral, spatial, and other properties of radiation generated 
by the laser. 

Before concluding this description of an optical resonator, let us 
(''(insider a rather delicate question. The most "prominent" function 
of a resonator is to return a part of the radiation of the active medium 
with the help of mirrors. Naturally, this means a more effective 
removal of inversion. But how important is this? Can a resonator 
ensure the selective population of photon states, and thus eventually 
form the radiation field, without returning a part of radiation to 
I be active medium? 

A straightforward answer to this question is apparently difficult 
lo give. Of course, there do exist lasers without mirrors. The selec- 
tivity of the photon momentum according to directions is attained 
in such lasers through a special configuration of the active element. 
It is also well known that there is a practically complete analogy 
between the structure of transverse modes of a resonator with mir- 
rors (where the radiation is returned) and a lens waveguide (where 
the radiation propagates in one direction) [7]. At the same time, 
it is well known that the degree of selectivity of population of photon 
states (and hence the coherence of the radiation) realised in a mir- 
rorless laser is, as a rule, considerably lower than for lasers employing 
mirrors. As regards the analogy between a resonator with mirrors 
and a lens waveguide, it exists only for the spatial properties, and 
not for spectral properties of radiation, since a lens waveguide does 
not have resonant frequencies. 

It should be emphasized that the amplification of the active medium 
must be taken into account while considering the question raised 
above. It should be recalled that the optimal value of the reflection 
coefficient for an output resonator mirror depends on the initial 
value of the gain. The higher the value of x , the lower the 7? opt 
and hence the less significant the reflecting properties of the mirror. 
On the other hand, for small values of x , when R ov t is close to 100 % , 
the role of the mirror becomes significant. 

It may be stated that the presence of reflecting mirrors is not neces- 
sary for sufficiently high values of gain for the active medium. That 
is why lasers working on self-terminating transitions, in particular, 
I lie copper vapour laser (see Cb. VIII in [8]). as well as hydrogen and 
nitrogen lasers generating in the ultraviolet spectral region (see 
C<h. IX in [81) can work in the superluminescence regime (without 
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mirrors). These lasers are characterised by fairly high values of 
gain. 

This circumstance plays a significant role in solving the problem 
of creating lasers in the X-ray and 7-ray regions where the reflecting 
mirrors are simply not available. In this connection, Dr. Yu. A. Ilyin- 
skii says, "In earlier works on gamma-ray lasers, considerable atten- 
tion was paid to the cavity which amplifies the intensity of laser 
radiation as a result of multiple passes through the active medium 
upon reflection at the mirror. Creation of mirrors for hard ^-rays 
is an independent problem which has not been solved as yet. It 
became clear in the seventies that this is not the main problem, 
because by that time ultraviolet lasers had been created without any 
mirrors. Such lasers give a directional and monochromatic radiation 
under the condition that the gain in the active medium is sufficiently 
high. In this case, the active body of the laser is chosen in the form 
of a rod whose length ensures the required amplification of radiation 
during its single passage in the laser "(from the article "Problems of 
Gamma-ray Laser", published in Priroda in 1978). 

As regards lasers with a relatively low gain, their field structure is 
formed by the noise from a large number of passes of radiation through 
the cavity. In this case, the reflecting mirrors are apparently of 
great importance. 

Passive and Active Resonators. If there is no amplifying active 
medium inside a cavity, it is called a passive resonator. In the case 
of an amplification, the cavity is called an active resonator. 

A laser cavity is an active resonator. However, in order to study 
the process of radiation field formation in laser cavities passive 
resonators are considered to begin with. Most of theoretical inves- 
tigations deal only with passive resonators. This is due not only 
to the fact that an investigation of active resonators involves serious 
amplifications. As a matter of fact, a passive resonator provides 
a fully realistic picture, to first approximation, of the process of the 
optical field formation in a laser cavity. 

On the basis of studies carried out for passive resonators, it is 
possible to investigate the damping of different modes, identify 
the slowly damping modes characterised by the lowest losses (high 
Q modes), determine the field configuration for these modes, as well 
as estimate the influence of aperture effects and lens systems. In 
the presence of an amplifying active medium, it is the high Q modes 
that are amplified primarily, since the results obtained for passive 
resonators are applicable for lasers in the vicinity of the generation 
threshold. For low gain values, an active resonator is characterised 
by practically the same amplitude and phase distributions of the 
field at the mirror surfaces, as well as the losses due to diffraction 
effects, as in a passive resonator. 

It should be observed that highly effective computational methods 
have been worked out for passive resonators. These methods may 
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also be used for solving a large number of problems concerning 
active resonators. 

At the same time, it should be remembered that an amplifying 
arlive medium imparts certain properties to the process of field 
Innnation in a resonator (see, for example, [9]). To begin with, we 
run mention the mode competition, leading to a reallocation of the 
U'iMierated power from some modes to others. This reallocation may 
lake place on the frequency scale (between longitudinal modes) as 
well as in space (between transverse modes). The active medium 
en uses mode competition on account of the nonlinear optical effect 
of gain saturation. Gain saturation for certain frequencies may lead 
lo I he appearance of "holes" in the profile of gain curve (hole burning 
rffect). Another consequence of gain saturation is that higher trans- 
verse modes (modes with comparatively large values of transverse 
indices) rather than lower ones may have a higher Q. Let us con- 
sider this in greater detail. 

(n a passive resonator, it is the lower transverse modes, and above 
nil the lowest-order mode TEM 00 , which have the lowest loss char- 
iif-t eristics as a rule. These modes are the ones to be excited in the 
first place in the case of an amplification. The field intensity in 
I hose modes will rise and may attain saturation. This means that 
I lie gain will be minimum in the part of the active medium that is 
effectively covered by lower modes (i.e. in the vicinity of the reso- 
nator axis 13 ). Consequently, the inverse density near the resonator 
axis may turn out to be lower than in the periphery. In this case 
I lie higher order transverse modes which occupy large volumes in 
I lie active medium (covering, among others, the peripheral region 
us well) get excited first. A reallocation of power from the lower 
modes to the higher ones may lead to a significant change in the 
held configuration in a resonator. 

Besides the gain saturation effect, there are other factors which 
influence the formation of radiation field in an active resonator, 
h'or example, a dispersion of the refractive index of the active medi- 
um may lead to the so-called effect of frequency pulling [10], because 
of which the resonance frequency spectrum is no longer equidistant: 
resonance frequencies are more closely spaced near the centre of the 
amplification line. Heating of the active medium through absorption 
of I lie pumping radiation leads to a change in its refractive index. 
As a result the so-called thermal lens effect takes place: the active 
element works as a converging or a diverging lens for the radiation 
inside a resonator (see, for example, [11]). 

In a resonator filled with solid (crystal, glass) active medium, 
supplementary modes may be excited. Their emergence is due to the 
effect of total internal reflection at the lateral face of the active 



13 In accordance with Eq. (2.1.1), we get x m i n = K / [1 -f (a/v) 5 sat ], 
whore 5 sa t is the saturation flux density. 
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element. Denoting by 6 the angle between the direction of propa- 
gation of a mode and the optical axis of a resonator, we can bifurcate 
these modes into two groups. The modes with = jt/2 circulate 
in the cross section of the active element (circular modes), see 
Fig. 2.8a. Modes with =^= n/2 shift in the direction of optical axis 
as shown in Fig. 2.86. The modes of the first group are parasitic 
modes. Modes of the second group may be used for creating waveguide 
resonators [12]. Supplementary modes in the filled resonators have 
been considered by Stepanov et al. [3] and Mikaelyan et al. [13]. 
In actual practice, an active resonator usually contains a certain 
set of elements (including the active element) which are separated 
from one another. Consequently, while considering such a resonator 
one has to take into account a whole set of reflecting surfaces which 




Fig. 2.8 

include, besides the resonator mirrors, the end faces of the elements 
in the resonator (including the end faces of the active element). In 
this case, the resonator is equivalent to several coupled resonators. 
The interference effects arising in a system of coupled resonators 
may significantly influence the resonance frequency spectrum. 

In this chapter, main attention will be devoted to passive resonat- 
ors. The questions dealing with the effects of the active medium 
on the generation spectrum (hole burning effect and frequency 
pulling effect) and on the configuration of radiation field (thermal 
lens effect) will be considered separately. Waveguide resonators and 
thin-film lasers will also be described later. It should be emphasized 
that field formation in active resonators is closely related to the 
dynamics of the processes in generating lasers. This is an important 
and fundamental problem, and the third chapter of this book will be 
devoted to its analysis. 

2.3. GENERAL REMARKS ABOUT OPEN RESONATORS 

Resonators used in lasers belong to the class of open resonators 14 . 
They are considerably different from the cavity resonators used 
in the SHF band. 



14 The waveguide resonators and thin-film lasers with a distributed feed- 
back are important examples of this class of resonators (see Sees. 2.14 and 2.15). 
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The theory of open resonators has been described by a number 
of authors [4, 9, 13-15]. See also [3, 7. 16, 17] and Chs. 22 and 
23 in [2]. 

Impossibility of Using Cavity Resonators in Optical Band. Let 
us consider a rectangular cavity resonator with conducting walls, 
shown schematically in Fig. 2.9a. Here L and D are linear dimen- 
sions of the resonator. We shall represent the resonator modes simply 
in the form of plane waves satisfying certain boundary conditions 
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ill, the cavity walls. Using the boundary conditions for a standing 
wave, we find that the component modes of the waveveclor are of 
I lie form 



k x = jwi/D; k y = nn/D; k z = nq/L, 



(2.3.1) 



where m, n, and q are integers (mode indices). The relations (2.3.1) 
lead to the following expression for the resonance wavelength h m „ q : 



^mnq 



/(-feT+W+l-A-)'- <*•»■*> 

The mode with indices 0, n, q propagates in the i/z-plane (for 
this mode, k x = 0) as an angle to the resonator axis, which is de- 
termined by the numbers n and q (Fig. 2.9b). According to (2.3.1), 
A' sin 6 = nn/D and k cos 6 = nq/L. Consequently, 

sin G = nl!2D; cos 6 = qX/2L. (2.3.3) 

Further, it should be recalled that for the volume V of the reso- 
nator, the number of plane waves, taken over the frequency interval 
between a» and co + A(o, is proportional to a> 2 : 

M oc Vco 2 Aco. (2.3.4) 

It should also be recalled that the ^-factor of a resonator, determined 
by the Joule losses in the conducting walls, is proportional to ]/ w: 

<?ocV©. (2.3.5) 
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The above information is quite sufficient to show that it is prac- 
tically impossible to use cavity resonators for high frequency radi- 
ation. An increase in frequency causes a condensation of the resonance 
frequency spectrum: the separation between the centres of spectral 
lines of a resonator, i.e. the ratio Aco/M, decreases with frequency 
(in accordance with (2.3.4) Aco/M oc 1/co 2 ). At the same time, an 
increase in frequency leads to a broadening of the spectral line: the 
ratio (a/Q, defining the width of a spectral line, increases with frequen- 
cy (in accordance with (2.3.5), a>/Q oc ]/ ©). Obviously, for suf- 
ficiently high frequencies, the spectral lines of a cavity resonator 
will completely overlap and thus the resonator will lose its resonance 
properties. 

In order to ensure the excitation of a relatively small number 
of laser modes, one should use cavity resonators whose dimensions, 
in accordance with (2.3.2), are of the order of radiation wavelength. 
It should be observed that if the volume of a resonator is given by 
V m X 3 « 1/co 3 , the number of plane waves excited in it will decrease, 
and not increase, with increasing frequency: M oc Vat 2 Aw oc Aco/co. 
However, in this case we shall have to use cavity resonators having 
a volume of the order of 1 u.m 3 only if we go over to the optical 
region. Leaving the technical problems associated with the con- 
struction of a resonator of such dimensions aside, it may be remarked 
that such a reduction in the volume of the resonator, and conse- 
quent ly in the volume of the active medium, is not permissible 
from the point of view of the magnitude of output radiation power. 
A solution to this problem was found in 1958 when the idea of using 
open resonators instead of cavity resonators in the optical region 
was put forward 15 . 

Open Resonator. Constructionally, an open resonator differs from 
a cavity resonator in two main aspects. Firstly, the conducting 
side-walls are removed while the end-face reflectors, which fix the 
resonator axis in space, are retained. Secondly, the dimensions of the 
resonator are larger than the radiation wavelength. 

Since the side walls have been removed, the only modes that can 
be excited in the resonator either propagate along the resonator 
axis, or deviate very slightly from it (Fig. 2.9c). In other .words, 
sin 6 <c 1 for open resonator modes. Taking into consideration 
(2.3.3), it can be concluded that 

nX/Z)<l; qMLxtl. (2.3.6) 

Since l<fl and X <C L, only such modes will be excited in an 
open resonator for which 

to, ra> 1; ?>1, (2.3.7) 



18 This fruitful idea was first suggested by A. M. Prokhorov [18] and, inde- 
pendently, by R. Dicke [19], and A. Shawlow and Ch. Townes [20]. 
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iii accordance with (2.3.6). This result means that upon a changeover 
from a cavity resonator to an open resonator, a decrease of the number 
of excited modes is observed: only the modes with m, n > 1 and 
q"^> 1, propagating along the resonator axis, are left. The three- 
dimensional picture is now practically replaced by one-dimensional. 
In this connection, it is worthwhile to recall that while M oc co 2 Aco 
in the three-dimensional case, M oc co Aco in the two-dimensional 
case and M oc Aco in the one-dimensional case. Thus in an open 
resonator, which in essence corresponds to the one-dimensional 
case, the number of resonance frequencies is independent of frequency. 
In this connection, it should be recalled that in accordance with 
(2.2.13), M = AwLn/xc. 

Thus, unlike a cavity resonator, the resonance frequency spectrum 
in an open resonator does not undergo a condensation with increasing 
frequency, but is considerably rarefied instead, on account of the 
fact that a relatively small number of modes is retained. 

One more difference between an open resonator and a cavity 
resonator is worth mentioning. As a matter of fact, retention of 
only the reflecting end faces and the smallness of the wavelength 
(which causes a decrease in the diffraction effects) together lead to 
a considerable distinction in losses for different modes. This cir- 
cumstance permits, on the one hand, a jurther reduction (selection) 
of modes right down to a single-mode, and on the other, ensures 
a fairly high ^-factor for certain modes, or even for a single mode. 

Q-factor of a Resonator. Let U (0) denote the energy of radiation 
field in a passive resonator at the moment t = 0. Since the resonator 
is a passive one, this energy will decrease (attenuate) with time on 
account, of different types of losses. We shall assume that the process 
of attenuation of energy is continuous and a reduction -dU in the 
energy in the time interval between t and t + dt is proportional to 
I lie energy U (t) and the duration dt of this interval. Thus 

— dU = (1/x) U dt. (2.3.8) 

It follows from this that the field energy in a passive resonator 
must attenuate exponentially with time: 

U (t) = U (0) exp (-*/t). (2.3.9) 

The parameter 1/x characterises the rate of attenuation of field 
energy in a resonator. It may be treated as the width Aco r of the 
spectral line of the resonator (1/t = Aco r ). 

The (^-factor of a resonator is inversely proportional to the rate 
of decrease of field energy in the resonator: 

Q = cot = co/Aco r (2.3.10) 

(cf. (2.2.14)). Using (2.3.10), we can rewrite (2.3.8) in the form 

-dU/dt = Ua>/Q (2.3.11) 
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or 

Q-"* 7 !(-%)• < 2 - 3 - 12 > 

Tims, the (^-factor of a passive resonator may be defined as the 
product of the radiation frequency and the ratio of energy stored 
in the resonator to the energy lost by the resonator per unit time. 
The ratio (2.3.12) reflects quite well the relation between the (Mac- 
tor of a resonator and the losses inherent in it. 

Losses characteristic for an open resonator can be divided into 
three groups: (i) losses due to transmission through the output 
mirror of the resonator, (ii) diffractional losses due to finite apertures 
of the mirrors and all elements inside the resonator, and (iii) losses 
due to partial absorption of radiation inside the resonator by its 
mirrors, as well as due to scattering of radiation through the lateral 
surface of the active element. In Sees. 2.1 and 2.2, losses were divided 
into two categories, the favourable and the unfavourable ones. 
Apparently, the losses pertaining to the first of the above-mentioned 
three groups belong to the favourable losses (relation (2.1.8) for 
the coefficient of favourable losses describes losses connected with 
the transmission through resonator mirrors). Losses corresponding 
to the third group are apparently unfavourable. As regards the 
diffractional losses, they may be favourable in some cases, and un- 
favourable in some others. 

We observe that in the so-called unstable resonators (which will be consid- 
ered later), the diffractional losses cause an extraction of laser radiation from 
the resonator and hence must be treated as favourable losses. In the case of stable 
resonators, the diffractional losses are, as a rule, unfavourable. However, even 
in this case, there may be situations when diffractional losses may be consid- 
ered, at least partially, as favourable losses (for example, in resonators where 
a reflecting mirror with a hole in the centre is used as the output mirror). 

Let us denote the linear coefficient of losses as x\ without specifying 
the nature of these losses. We shall find a relation between the loss 
coefficient T| and the Q-i actor of a resonator. For this purpose, let us 
consider the dependence of the field energy U on the longitudinal 
coordinate z instead of time (this is identical to the process of at- 
tenuation of light flux propagating in the absorbing medium): 

V (z) = U (0) exp (— tjz). (2.3.13) 

Here, 1/r) is the length over which the quantity U decreases to He 
of its value. The attenuation time corresponding to this is given by 

x = l/x\ V = n /r\c, (2.3.14) 

where n is the refractive index of the medium filling the resonator. 
Substituting (2.3.14) in (2.3.10), wc get 

Q = cowAnc = 2a/t\X. (2.3.15) 
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Lei Qi denote the (Mactor of a resonator, connected with the i-th 
type of losses, and let Q denote the total (Mactor. If different types 
of losses can he considered independently of one another, we get 

-dUldt=J l (-dU/dt) i . 



Faking (2.3.11) into account, this gives 



(2.3.16) 



The result (2.3.15) is in accordance with (2.3.16): 

J___A_„ k_Vn=vMi ^ j 

Q 2ji ' 2ji 



Si' 



2jt ^ Qi ' 



Q-factor of a Resonator due to Transmission Through the Output 
Mirror. The process of attenuation of field energy in a resonator on 
Mccount of transmission through the output mirror may be con- 
veniently considered by observing the propagation of radiation 
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Fig. 2.10 

inside the resonator from one mirror to another. We shall assume 
lliat only one resonator mirror is the output mirror (with reflection 
coefficient R), and the other totally reflects the radiation. If the 
radiation traverses a path of length Az inside a resonator of length L, 
il means that it is reflected Az/2L times at the output mirror. On 
each such reflection, the resonator loses a part of the energy, equal 
lo 1 — R. Consequently, in traversing the path Az, the loss of energy 
liy the radiation is given by 

—AC/ = (C/Az/2L) (1 — R). (2.3.17) 

Tlie dependence of U on z is shown in Fig. 2.10a. This dependence 
is step-shaped, the height of a single step being equal to U (z) (1 — R). 
I'\>r the sake of comparison, the continuous U vs z curve correspond- 
ing lo the relation (2.3.13) is shown in Fig. 2.106. In order that the 
relation (2.3.13) describes approximately the case shown in 
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Fig. 2.10a, it is necessary to assume that the difference 1 — R 
defining the height of a "step" is small. This means that the output 
mirror must have a reflection coefficient fairly close to unity. We 
can write 

R = 1 _ |, where % < 1. (2.3.18) 

In this case, we can revert from (2.3.17) to a relation of tlie type 
(2.3.13), which will have the form 

U (z) = U (0) exp [-(1 - R) z/2L]. (2.3.19) 

It follows from this that the coefficient of favourable losses due to 
transmission through the output mirror of the resonator may be 
expressed as 

rj = (1 _ R)I2L. (2.3.20) 

Substituting (2.3.20) in (2.3.15), we get 

Q = 2<aLn/c (1 — R) = AnL/X (1 - R). (2.3.21) 

We have given earlier the expression (2.1.8) for the coefficient of 
favourable losses. Considering that the resonator has only one output 
mirror, this expression may be rewritten in the form 

ti = (1/2L) In (l/R). (2.3.22) 

Using (2.3.18), we can write 

In (1/i?) = In [1/(1 — 1)1 « In (1 + |) » g = 1 — R. 

Consequently, the expression (2.3.22) turns into the expression 
(2.3.20) obtained above. 

Q-factor and Modes of an Open Resonator. So far, we have been 
considering the (Mactor of a resonator without taking into account 
the mode structure of radiation. However, as mentioned earlier, 
the losses in an open resonator may strongly vary from one mode to 
another. Hence, strictly speaking, one should consider the (Mactor 
not of an entire resonator, but of a given mode in a given resonator. 
It should be emphasized that it is the difference in losses for different 
modes that leads to the formation of laser radiation field. This point 
has been mentioned in Sec. 2.2 while discussing' the role of a reso- 
nator in a laser. 

Let us somehow excite different modes in a passive resonator and 
observe the process of their gradual attenuation with time. Different 
losses for different modes lead to different damping rates for them, 
and so the mode structure of a field changes with time. The most 
dominating modes in this structure are characterised by the lowest 
losses. Thus, a resonator is similar to some sort of a "filter", isolating 
from any radiation field such components that correspond to modes 
with the lowest losses. In the case of an amplifying active medium, 
high-Q modes of a passive resonator will be characterised apparently 
by the largest difference (x — r\). These modes will be the first to be 
amplified. 
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Diffractional Losses. Fresnel Number. Diffractional losses are 
due to a finite aperture of the resonator mirrors. They have a con- 
siderable dependence on the aperture, form and the alignment of 
mirrors, the geometry of the resonator defined, in particular, by 
its length and the radii of curvature of the mirrors employed. The 
diffractional losses are quite sensitive to the transverse structure 
of the radiation field. These losses increase rapidly with increasing 
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transverse mode indices m and n. Apparently, a consideration of 
diffractional losses is a fundamentally important and at the same 
time a very complicated problem. 

Let us start with the simplest approach to this problem. First we 
consider the familiar problem of Fraunhofer diffraction at a circular 
aperture (see, for example, [21]). A plane light wave is normally 
incident on a circular aperture of radius a (Fig. 2.11a). The diffraction 
pattern in a far zone (for 2> a) will be characterised by a number 
of diffraction rings, the angular radius of the first diffraction ring 
is given by the diffraction angle 6 « %la. An analogous diffraction 
pattern emerges if a plane reflecting a mirror of radius a is used in 
place of the aperture with radius a, and if the diffraction is considered 
not in the transmitted, but in reflected light (Fig. 2.116). 

Let us consider a resonator of length L, formed by two ideally 
aligned plane reflecting circular mirrors with radius of aperture a 
(Fig. 2.12a). A light wave reflected from mirror 1 is diffracted at an 
angle zz k/a. The lower this angle in comparison to the angle a = 
alL at which mirror 2 can be seen from the centre of mirror 1, 
I he more effective the mirror 2 in "capturing" the radiation propagat- 
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ing from mirror 1, and hence, the smaller the radiation losses on 
account of diffraction. Thus, in order to reduce the diffractional 
losses, the following condition must be satisfied: 

%la < a/L. 
This condition can be rewritten in the form 



a 2 /LX > 1 



(2.3.23) 



The quantity 

N = a 2 /LK (2.3.24) 

is called the Fresnel number. In order to explain the physical mean- 
ing of this important parameter of the resonator, we divide the sur- 
face of mirror 2 into Fresnel zones as seen from the centre of mirror 1. 
This division is shown in Fig. 2.126 by points A u A 2 , A 3 . . . . 
(^4j/4 = p! is the radius of the first zone, A 2 A = p 2 is the external 
radius of the second zone, and so on). Fresnel zones are defined by 
the relations 

A^o — A B = 1/2; A 2 B — A X B = 112; 
A 3 B — A 2 B U = X/2; . . . 
It can be easily seen that 

L^pl = (A l B o y-=(A o B + ±) 2 =(l + ±) 2 

Thus, the area of the first Fresnel zone seen from the centre of mir- 
ror 1 on the surface of mirror 2 is equal to np\ = nL%. It can be 
seen that the second, third, and other Fresnel zones will have the 
same area. Consequently, the total number of Fresnel zones contained 
on the surface of mirror 2 is given by the ratio na 2 lnLk, i.e. the 
Fresnel number. Thus, the Fresnel number is the number of Fresnel 
zones seen on the surface of one mirror of a finite aperture from the 
centre of the other. The larger the number of Fresnel zones covering 
the resonator mirror, the smaller the diffraction losses. 

The quantum representation gives a fairly good visual explanation 
for the condition (2.3.23) that the diffractional losses be small [9]. 
Let us suppose that a photon is reflected at mirror 1 in the resonator. 
The photon coordinate transverse to the resonator axis (j/-co ordinate) 
has an uncertainty of the order of the aperture of the mirror (Ay « a). 
and in accordance with the uncertainty relation, the y-componenl 
of the photon momentum must have an uncertainty AP ;/ » hi Ay « 
» hi a. This means that the direction of motion of the photon is char- 
acterised by the uncertainty A6 « AP y IP 2 (Fig. 2.12c). Since P z = 
— hale = 2nh/X. we get A6 « X/a. On reaching mirror 2, the trans- 
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verse photon coordinate will have an uncertainty of the order of 
// A0 » L%la. Mirror 2 must effectively capture the photons reflected 
nt mirror 1. For this purpose, it is necessary that the aperture of the 
mirror be considerably larger than the uncertainty, i.e. a ^> LX/a. 
This is the condition (2.3.23). 

As mentioned above, the question of diffractional losses is quite 
complicated. Naturally, it does not end with the condition (2.3.23) 
or the Fresnel number. Two resonators with the Fresnel numbers 
may have, for the same transverse mode, quite different values of 
diffraction losses depending on the geometry of the resonator taking 
into account the radii of curvature of the mirrors. For example, while 
in a plane-parallel resonator with N « 1 the power losses due to 
diffraction may be around 10-20% for a single pass, the power losses 
due to diffraction in a confocal resonator (resonator with spherical 
concave mirrors with radii of curvature equal to the length of the 
resonator) are an order of magnitude smaller (they do not exceed 1%) 
for the same values of the Fresnel number [22]. It follows, in partic- 
ular, from this that while taking into account the diffractional 
losses, one should consider other resonator parameters as well besides 
(he Fresnel number. 

Main Parameters of a Passive Resonator Consisting of Two Mir- 
rors (Spherical or Plane). We shall use the notation: L— the length 
of the resonator along its optical axis, r 1 and r 2 — the radii of cur- 
vature of the mirrors. For a concave mirror r > 0, while for a con- 
vex mirror r < 0. Considering the aperture of the mirrors, we can 
isolate three quantitatively different cases: 

1. The apertures of the mirrors are infinitely large (in effect, this 
means that the radius of the luminous spot on the mirror is much 
smaller than the aperture of the mirror). In this case, the. Fresnel 
number has an infinitely large value. Diffractional losses are assumed 
to be completely absent. The main parameters of the resonator are 18 



gl = l-L/ ri ; g 2 = l-L/r 2 . (2.3.25) 



2. The apertures of the mirrors are finite and equal (a is the radius 
of aperture of the mirror). The main parameters of the resonator 
in this case are 



N = ayLK; gl = l-L/ ri ; g 2 =i-Llr 2 



(2.3.26) 



3. The apertures of the mirrors are finite and unequal. Let a y 
and « 2 denote the radii of aperture of mirrors with the radii of cur- 
vature r x and r 2 respectively. The main parameters of the resonator 



14 The role of the parameters g t and g 2 will be explained later. 
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in this case are (see [15, 23]) 



L% 1 a 2 ' a 2 \ rj /' 

G, = -5s- & = -**■ (l - — ) 



It should be observed that 



(2.3.27) 



GiG 2 = gig* (2.3.28) 

In the general case, it is necessary to take into account the product 
and ratio of the apertures of the resonator mirrors besides the ge- 
ometry of the resonator. Parameters for some specific resonators are 
given in Table 2.2. 

TABLE 2.2 



I-- 



Plane-parallel resonator 



'"l = r 2= 00 ffl = l. ?2 = 1 



rn_ r - 




Confocal resonator 



r 1 = r 2 = L 



*i = 0, g 2 = 




r 2 



Semiconfocal resonator 



r 1 = oo, r 2 = 2£ gi = l, g 2 =l/2 




Concentric resonator 



1 = r 2 =£/2 gj = l, g 2 =— 1 




Semiconcentric resonator 
r t = oo, r 2 = L 



?i = i, g 2 = ° 



In addition to the two-mirror resonators, ring resonators are also used. The 
lieht beam in such resonators circulates along a closed circuit formed by three 
or more mirrors. Ring resonators and optical quantum gyroscopes based on tnem 
have been discussed in [24-26], see also Ch. 23 in [2]. 
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Geometrical Approximation 17 . Strictly speaking, geometrical op- 
tics is a limiting case of wave optics, for % -> 0. Since the diffraction 
effects are in principle not possible for K = 0, geometrical-optics 
approximation is sometimes said to be valid only when diffraction 
can be neglected. However, such a condition on the applicability 
of geometrical optics is too stringent. Geometrical representation by 
no means excludes diffractional phenomena. In the modern theory 
of diffraction it is shown that "a violation of the laws of geometrical 
optics takes place only in the narrow transition bands where diffrac- 
tional fields not envisaged by these laws are formed. Further prop- 
agation of these fields, away from the place of their excitation, is 
again described by the laws of geometrical optics" (Borovikov et al. 
127]). This led, among other things, to a special term — geometrical 
theory of diffraction. 

We shall be using the following rule for the applicability of geo- 
metrical optics approach. Firstly, it is necessary that the wavefront 
of the radiation field should be sufficiently smooth, i.e. the constant- 
phase surfaces should be sufficiently smooth. This is necessary so 
that we can speak of the existence of light rays or lines which are 
perpendicular to the constant-phase surface at every point. Secondly, 
it is necessary that these rays should be straight lines in an optically 
homogeneous medium. 

From this, it follows that the geometrical optics deals not only 
with plane waves (constant-phase surfaces are planes), but also with 
spherical waves, i.e. waves with spherical constant-phase surfaces 
which have a common centre. 

It is sometimes said that relatively small diffractional losses form the cri- 
terion for the applicability of geometrical approach for open resonators. Gen- 
erally speaking, such a view is not correct. For example, unstable resonators are 
characterised by large diffractional losses. Yet most of the results for these gen- 
erators have been oDtained in the geometrical approximation. While consider- 
ing the question of applicability of geometrical optics, one should take into 
account not the smallness of diffractional losses, but the rules formulated above. 

A rigorous consideration of the process of radiation field formation 
in a resonator obviously requires the application of wave theory. 
However, a large number of questions on the theory of open reso- 
nators may be successfully investigated in the geometrical approxi- 
mation. In particular, these include the derivation of stability con- 
ditions for resonators, estimation of various losses, selection of trans- 
verse modes, consideration of misalignment of resonator elements; 
etc. Geometrical approximation is a good approach for describing 
unstable resonators. In the case of stable resonators, we may use the 
connection that apparently exists between geometrical optics and the 
Gaussian optics, which is frequently employed for describing such 
resonators. According to Gerrard and Berch [4], one of the most 



17 The term geometrical optics approximation is also used sometimes. 
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widely accepted surprises of modern optics is the ease with which 
the methods of geometrical transformation of rays may be applied 
for a description of generation and propagation of laser radiation. 



2.4. LENS WAVEGUIDES AND OPEN RESONATORS 
(GEOMETRICAL OPTICS APPROXIMATION) 

While considering the passage of light in a lens waveguide or in 
an open resonator, we shall be using the paraxial approximation, 
i.e. we shall assume that the angle a, which a light ray forms with 

the optical axis of the waveguide (reso- 
nator), is so small that the relation 
tan a « sin a «a is always satisfied. 
Lens Waveguide and Open Resonator. 
There is a close resemblance between a 
lens waveguide and an open resonator [7, 
15]. 

Consider a resonator of length L, formed 
by two concave spherical mirrors with 
radii of curvature r x and r 2 (Fig. 2.13). 
The focal lengths of these mirrors are equal 




Fig. 2.13 



to fi = rj2 and f 2 = r 2 l2 respectively. 
A concave mirror with focal length f t is optically equivalent to a com- 
bination of a plane mirror and a plane-convex lens with focal length 
2/j. Thus the resonator shown in Fig. 2.13 may be replaced by the 
resonator shown in Fig. 2.14, which uses combinations of a plane 
mirror and a plane-convex lens instead of concave mirrors. 




II 



Fig. 2.14 



Fig. 2.15 



Next, we go over from the resonator shown in Fig. 2.14 to the lens 
waveguide consisting of double convex lenses with focal lengths f t 
and / 2 alternatingly. The distance between adjacent lenses is equal 
to L (Fig. 2.15). The system shown in Fig. 2.15 is optically equiva- 
lent to the system shown in Fig. 2.14 and hence, to the one shown in 
Fig. 2.13. Of course, the light wave changes the direction of its prop- 
agation in systems shown in Figs. 2.13 and 2.14 each time it reaches 
the mirror, while in the system shown in Fig. 2.15, the light wave 
always propagates in the same direction. 
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Thus, an open resonator consisting of spherical mirrors with radii 
»if curvature r x and r 2 is optically equivalent to a lens waveguide con- 
sisting of lenses with alternating focal lengths f t = r x /2 and / 2 = 
*= r 2 /2. The waveguide has a step (distance hoi ween adjacent lenses) 
oqual to the length of the resonator. The concave mirror in a resonator 
Is equivalent to the converging lenses in a waveguide, while the 
convex mirror is equivalent to the diverging lenses. 

The difference between a lens waveguide and a resonator is that 
while the resonator isolates certain discrete frequencies, the waveguide 
lias a continuous frequency spectrum. In all other respects, a resonator 
and a waveguide are alike. Certain trarsverse modes are excited 
and maintained in a waveguide just as in the case of a resonator. 




Fig. 2.16 

The lens waveguide shown in Fig. 2.16 is analogous to a confocal 
resonator. This waveguide is called a confocal lens waveguide. All 
the lenses of such a waveguide have the same focal length /, and the 
step of the waveguide is equal to twice the focal length (L = 2/). 
As an example, two light rays (1 and 2) propagating in a confocal 
waveguide are shown in the figure. It can be seen by following the 
course of these rays that a confocal waveguide is capable of conduct- 
ing light since it contains light rays which do not leave the waveguide 
(through the lateral face). 

A lens waveguide which can contain the radiation in, the vicinity 
of the optical axis is called a stable waveguide. It corresponds to a 
stable open resonator. Besides stable waveguides, there are such 
waveguides in which the light rays deviate to any extent from the 
axis as they propagate. As a result, they leave the waveguide. Such 
waveguides are called unstable and correspond to the unstable open 
resonators. An apparent example of an unstable waveguide is the one 
consisting of divergent lenses. The resonator corresponding to this 
waveguide is made up of convex mirrors. 

Stability Condition for a Lens Waveguide with Alternating Lenses. 18 
We shall derive a condition for the parameters of a lens waveguide 
(parameters L, f t , f 2 ) under which the waveguide is stable. First 
of all, let us recall the equation for a thin lens. For this purpose, we 

18 We shall henceforth confine the discussion to light rays which are in 
planes passing through the optical axis of the waveguide or the resonator (sag- 
ittal rays are not considered). Besides, we assume that a waveguide has cylin- 
drical symmetry. In this case, it is possible to consider a two-dimensional (plane) 
problem. 
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consider Fig. 2.17 where two parallel light rays forming an angle a 
with the optical axis 00 pass through the lens and are focussed at 
the point A in the focal plane. We assume that the angles a and a' 
are sufficiently small so that tan a « a and tan a' « a' (paraxial 
approximation). In this case, /a = /a' + y (see figure). Thus 

a' - a = —ylf. (2.4.1) 

This is the equation for a thin lens. It expresses the difference be- 
tween the angles a ray forms with the axis after and before passing 




^k± 



Fig, 2.17 

through a lens, in terms of the focal length / and the distance y be- 
tween the optical axis and the point where the ray comes in contact 
with the lens. 

Let us now consider a lens waveguide with alternating focal 
lengths / l7 / 2 , /j, / 2 , ... of the lenses. The passage of a light ray 



n+1 




2fl+) 



2n+2 



Fig. 2.18 

through such a waveguide is shown in Fig. 2.18. Using Eq. (2.4.1), 
we write 

a 2 n - « 2 n-i = -YJf 2 ; (2.4.2) 

a 2 n+i — a 2 n = —Vn+ilfx- (2.4.3) 

It follows from purely geometrical considerations (see Fig. 2.18) 
that 

Y n = y n + La 2n _ i; (2.4.4) 

y n+l = Y n + La 2n ; (2.4.5) 

Yn+i = Un+i + La 2n+1 . (2,4.6) 
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Subtracting (2.4.4) from (2.4.5) and taking (2.4.2) into account, we 
«et 

y n+1 + y n = Y n (2- LIU). (2-4.7) 

Subtracting (2.4.5) from (2.4.6) and taking (2.4.3) into account, 
we get 

Y n+1 + Y n = y n+1 (2 - LIU). (2.4.8) 

Replacing n by n — 1 in (2.4.8) and adding the resulting equation 
to (2.4.8), we get 

Y n+1 + 2Y n + Y n . x = (y n+1 + y n ) (2 - Llf t ). 

Substituting the result (2.4.7) into this expression, we get an equa- 
tion connecting the positions of the ray only at even lenses (lenses 
with focal length / 2 ): 

Y n+1 - 2 [2 (1 - LI2U) (1 - LI2U) - 1] Y n + Y n . t = 0. (2.4.9) 

It can be easily seen that the equation connecting the positions of 
the ray at odd lenses will be similar in form. 

The solution of Eq. (2.4.9) may be expressed in the form 

Y n = A exp (imp) + B exp (— inq>). (2.4.10) 

In order to determine the parameter 9, we substitute the first term 
from the right-hand side of Eq. (2.4.10) into Eq. (2.4.9). This gives 

{exp (i v ) + exp (— iq>)]/2 = 2 (1 — L/2/J (1 — L/2/ 2 ) - 1. (2.4.11) 

Stability of a waveguide means that for any n, the values of Y n 
(as well as y n ) must remain within the limits of the bounded region 
near zero. Consequently, the parameter <p must be real (otherwise 
(2.4.10) will contain a term which increases indefinitely with in- 
creasing n). For real values of parameter q>, [exp (iq>) + exp ( — f(p)]/2= 
= cos (p. Thus for a stable waveguide, Eq. (2.4.11) assumes the form 

cos 9 = 2 (1 — L/2/ x ) (1 — L12U) — 1. (2.4.12) 

This leads to the condition for the stability of a waveguide: — 1 ^ 
r^ cos 9^1. This can be written in the form 



0< (l-L/2/ t )(l-L/2/ 2 )^l 



(2.4.13) 



Stable and Unstable Open Resonators. Stability Diagram. We 

shall make use of the analogy between a lens waveguide with param- 
eters L-y, fi, and / 2 , and an open resonator with the parameters L, 
i\ = 2/u and r 2 = 2/ 2 . We introduce the parameters g x and g 2 
(see (2.3.25)). This analogy turns the condition (2.4.13) for the sta- 
bility of a waveguide into the condition for the stability of a resonator: 

<tfi&<l . (2.4.14) 
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If the parameters g t and g 2 of an open resonator satisfy the con- 
dition (2.4.14), such a resonator is capable of containing the radi- 
ation within itself. If this condition is not satisfied, the resonator 
does not contain the radiation (even if both the mirrors are totally 
reflecting). 

The stability condition (2.4.14) is often represented graphically 
on a coordinate plane on whose axes the values of g 1 and g 2 are plotted 
(see Fig. 2.19). If a resonator is represented by a corresponding point 




(£i> £2) m this plane, then, in accordance with (2.4.14), the stable 
resonators fall within the shaded area, including its boundaries 
described by the curves g x g 2 = 1 and g x g 2 = 0. Figure 2.19 is called 
the stability diagram of resonators. The plane g 1 g 2 in Fig. 2.19 is 
divided into 16 regions denoted by Roman numerals from I to XVI. 
To each region there corresponds a definite type of configuration 
of the resonator. Table 2.3 shows the different configurations of 
resonators. 

It should be observed that from a physical point of view, stability 
of a lens waveguide or an open resonator is connected with the relative 
smallness of diffractional losses. Thus, a considerable increase in 
diffractional losses means leaving the shaded area in Fig. 2.19. The 
curves g^g 2 = 1 and g^g 2 = separate the regions of low and high 
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TABLE 2.3 




r,>L, r 2 >L 



IX 




0<r,<Z/2,Z/2 <r 2 <L,(r t +r 2 )<L 





r,>Z.,r 2 <0, (r,-L)<\r 2 \ 



l/2<r,<Z, 0<r 2 <Lj2, (r,+r 2 )>i, 



III 




XI 



"'^i f2 - 




/-,>/., r 2 <0, (r r L)>\r 2 \ 



LJ2 <r t <L, 0<r 2 <i/2 , (r,+r 2 )<I 



IV 




XII 



>") i r 2 



r,<0, r 2 >L,(r 2 -L)<\r. 



0<r,<l/2, 0<r 2 <L/2 




r,<0, r 2 >I,fr 2 -Z. / )>|r, 



XIII 



0<ri < Z. , r 2 >I 




VI 



^f-f^ 



r,<0, r 2 <0 



XIV 



0<r,<£, r 2 <0 





Vll 



L/2<r ] <L, Lj2<r 2 <L 



XV 



r, > L , <r 2 <L 




VIII 




< r, < Z./2 , Z./2 <r 2 < L , fr, +r 2 ) > I 



XVI 



r,<0, 0<r 2 <i 
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difiractional losses. It should be noted that a very sharp transition 
between these regions takes place for large values of the Fresnel 
number (see [28]). 

Point A in Fig. 2.19 corresponds to a plane-parallel resonator; 
point B corresponds to a confocal resonator while C, D, and E repre- 
sent a semiconfocal, concentric, and semiconcentric resonators re- 
spectively. The plane-parallel, confocal, concentric, and semicon- 
centric resonators fall on the boundary of stability region. This 
means that the diffractional losses in these resonators are sensitive 
(especially for large numbers) to the deviations of parameters from 
theoretically ideal values. Hence in actual practice, it is preferable 
to deliberately deviate a bit towards the stability region by slightly 

changing the length of the resonator. 
Obviously, this is not possible in 
the case of a plane-parallel reso- 
nator. 

Transfer Matrix for a Light Ray. 
As reference plane, we choose the 
plane z — z x perpendicular to 
k^Reference^^j "^ the optical axis (z-axis) and at 
1 planes "" a certain distance z x from the ori- 

gin. A light ray passing through 
tig. 2.20 ^g re f erence plane z = z 1 is char- 

acterised by two parameters: the 
•distance y (z x ) from the optical axis and the tangent of the angle 
of inclination a (z x ) to the axis. In the paraxial approximation the 
parameter a (z) may be simply considered as the angle between 
the ray and the axis. In order to describe the transformation of the 
ray upon its propagation from the reference plane z = z x up to the 
reference plane z = z 2 , we must indicate the law of transition from 
parameters y (zj), a (z x ) to the parameters y (z 2 ), a (z 2 ). 

Figure 2.20 shows two rays and two reference planes. This figure 
clearly shows the situations when one parameter of the ray is positive 
or negative. 

While considering the transformation of a ray during its propa- 
gation from one reference plane to the other, we shall denote the 
initial reference plane by P i (y x and a t are the parameters of the 
ray) and the final, by P 2 (the parameters of the ray being y 2 and <% 2 ). 
The transformation of the ray as it propagates from P t to P 2 is 
• described by the relations 

y 2 = Ay x + Bay, a 2 = Cy x + Da v (2.4.15) 

dn the matrix form, these relations can be represented as 
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"I'll o matrix ( j is called the transfer matrix (transformation 

matrix) for the ray. 

Suppose that a light ray passes through free space extending over 
ii length d (Fig. 2.21a). In this case 



y% = J/i + <M; a 2 = «i- 



(2.4.17) 



Comparing (2.4.17) and (2.4.15), we find that A = 1, B = d, C = 
(did D = 1. Thus 

(A B\ (i d\ 

M ^\c dHo ij' < 2A18) 

where M (d) denotes the transfer matrix of the ray for a free space 
of length d. 





Fig. 2.21 



The form of the matrix M (d) is independent of the choice of light ray. For 
oxample, let us consider the ray shown in Fig. 2.21&. In this case, 



</i + (—^ 2 ) = (— «i) <*; 



-a« = — a.. 



It can be easily seen that this system of equations is equivalent to the system 
(2.4.17). 

Figure 2.22a illustrates the transformation of a light ray in a thin 
convergent lens. Taking into account the equation (2.4.1) for a thin 
Ions, we can write 



y 2 = ft; « 2 = (—1//) J/i + «i- 



(2.4.19) 



Thus, the transfer matrix M (/) for a ray in the case of a thin lens 
with focal length / is of the form 



M(f). 



(-1// l) 



(2.4.20) 



If the lens is convergent, / > 0. For a divergent lens, / <C 0. 
Figure 2.226 shows the transformation of a ray upon successive 
passage through free space stretching over d and then through a thin 
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lens with a focal length /. It can be easily seen that 

1/2 = 1/1 + M; «2 = (—1//) 2/2 + «i = (—1//) (2/1 + <M) + a, 
of 

2/2 = Vi + «id; « 2 = (-1//) 2/i + (1 - dlf) a x . (2.4.21) 

Thus, the transfer matrix of a ray in this case (we denote it as M (d -*- 
-*• /)) has the form 

"<**» "(-I// 1-d//)' (2A22 > 

The same result is obtained if we multiply the matrix Af (/) by the 
matrix M (d): 

/ 1 0\/l d\_/ 1 d \ 

\-i/f i)\o i)-\-i/f i-d/f )• 



Consequently, 



M (d -> /) = M (/) M (d). 



(2.4.23) 



Thus, the matrix corresponding to two successively accomplished 
transformations is equal to the product of the matrices of the corres- 
ponding transformations. The law of multiplication of transfer 
matrices for a ray is applicable to more complex systems as well. 




Let us suppose, for example, that a light ray passes through a sys- 
tem of thin lenses shown in Fig. 2.23. The ray proceeds from left 
to right, i.e. from the reference plane P x to the reference plane P 2 . 
The transformation matrix of light ray from P x to P % is defined as 
the product of elementary transfer matrices of the type M (d) and 
M(f): 

d a ) = M (d 3 ) M (/,) M (d 2 ) M (/ 2 ) M (d x ). 

(2.4.24) 



M (d, ->- h -»- d 2 ->- / 2 
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Fig. 2.23 



It should be emphasized that the order of the factors in the right- 
hand side of the relation (2.4.24) is opposite to the order in which 
the transformations are performed on the light ray (as if the right- 
hand side of the relation (2.4.24) 
were read not from left to right 
but, on the contrary, from right, 
to left). This situation has already 
been indicated in the Relation 
(2.4.23). 

The above remark is quite sig- 
nificant, since the product of mat- 
rices is not commutative. The asso- 
ciative law is valid for the product 
of matrices. Hence multiplication 
of matrices in pairs may be carried 
out in different ways. For example, the matrices in (2.4.24) may be 
multiplied in the following way: 

M (d 3 ) {M (/,) [M (d 2 ) (M (A) M (dO)]}, 
we can choose the following pattern: 

[M (d 3 ) (M (f 2 ) M (d 2 ))] [M (A) M &)] 
or, alternatively, 

[M (d 3 ) M (/ 2 )] [{M (d 2 ) M (A)) M (d x )] 

or some other pattern. The only important thing is that the sequence 
of matrices in the product should remain the same, for example, 
as in the relation (2.4.24). 

Table 2.4 shows six transformation matrices for a ray. The first 
three have been considered above. The last three (describing the 
refraction of a ray at the boundary of two media) may be dealt with 
by the reader independently. It can be mentioned in conclusion of 
this discussion that for all transformation matrices of a ray, the 
following relation is satisfied: 



AD — BC = n x \n^ 



(2.4.25) 



where w x is the refractive index of the medium in which the initial 
reference plane is situated, while n 2 is the corresponding value for 
the final reference plane. Equation (2.4.25) reflects the property of 
reversibility of light rays. 

Transfer Matrix for a Ray in the Case of a Round-trip through 
the Resonator. First of all, let us find the transformation matrix 
for a fay upon reflection from a mirror with radius of curvature r. 
ft can be seen from Fig. 2.24 that 

— a % = c^ + 2P; (a, + P) r = y. v 
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TABLE 2.4 



Nature of transformation Diagram of transformation Transformation matrix 



Free space of length d 




(1 i) 
\0 I' 



!.'/ 



Thin lens of focal length / 




V' P 2 



(43 



Combination of free space 
and a thin lens 




(4 4) 



Refraction at the plane in- " 
terface between two media 



/X£V/> 
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\ n-' 



Medium of length d with [ FZ- 

refractive index n (plane 
end faces) -> 




Vo 1/ 



Refraction at the spherical "i 
interface between two me- 
dia (ra 1 , n 2 ) 




( l °\ 

n» r n,/ 
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Eliminating p\ we get a 2 = — (2yjr) + a x . Considering that y x = 
■= i/ 2 , we get the following expression for the required matrix: 



M (r) 



J 1 °\ 
~\-2/r 1 )' 



(2.4.26> 



For a concave mirror r > 0, while for a convex mirror r < 0. Matrix 
(2.4.26) may be represented in the form (2.4.20) so that the mirror 




Fig. 2.24 



with radius of curvature r has a focal length / = r/2. This leads to- 
the analogy between a lens waveguide and resonator formed by 
spherical mirrors. 

Let us consider a resonator of length L with mirrors having radii 
of curvature r x (left mirror) and r 2 (right mirror). We choose the- 




(a) 




Fig. 2.25 



inference plane P at a distance d from the left mirror. The transfer 
matrix of the ray for a round-trip through the resonator from the 
plane P (as shown by arrows in Fig. 2.25a) may be expressed in the- 
form of the product 



M (d 



L -*- r 2 -^ (L - d)) = M (L — d) M (r 2 ) X 

X M (L)M (r x ) M (d). (2.4.27> 
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Using (2.4.18) and (2.4.26), we carry out the multiplication of ma- 
trices: 



1 
2/r t 



/i L-dxr/ i l w i 

VO 1 ,/|A-2/r 2 l-2L/r 2 A-2/r 4 

VO l J X U£__2__A I, 



l-2d/rj] 






•»V S 



rir 2 



(£ + d) 



As a result, we get the following transfer matrix of a ray for a round- 
trip shown in Fig. 2.25a 19 . 



1 



AL 



2L 



rir 2 
4Ld 



(L — d) —(2L — d) t-(L-d) 



rir 2 
AL 



(L _ d )-|£(2L-d) — i-(^-d2) 
° ^ l+^-f-f (L + d) 

2 r l r 2 r l r 2 



(2.4.28) 



Suppose that a lens of focal length / is introduced in the resonator. 
This lens is located on the right side of the plane P at a distance I 
from the left mirror (Fig. 2.256). In this case the following relation 
should be used instead of (2.4.27) for calculating the matrix for 
a round-trip through the resonator from the plane P: 

M (d -*■ r x -> I -> / -*■ (L - I) -*- r 2 -^ (L - I) -> f 

->(l — d))=:M(l — d)M (/) M (L — l)M (r 2 ) M (L - I) 

X M (f)M (I) M (rj) M (d). (2.4.29) 

The geometrical optics approximation is not applicable for con- 
sidering the field in a resonator even for large apertures of the mirrors. 
Nevertheless, the transfer matrices obtained in the framework of 
geometrical optics are found to be quite useful. It will be shown in 
Sec. 2.8 that similar matrices describe the transformation of Gaussian 
beams 20 . 



2.5. DETUNING OF AN OPEN RESONATOR*! 

The geometrical optics approximation is useful for considering 
the detuning effects in an open resonator, caused by the fact that 

19 It can be easily seen that the determinants of all the transfer matrices 
of rays considered here are equal to unity (AD — BC = 1). 

20 For example, the matrix (2.4.28) will be used in Sec. 2.9 to consider the 
field in a resonator forming a Gaussian beam. 

21 This section has been written in collaboration with V. R. Kushnir. 
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Individual optical elements (lenses, mirrors, etc.) in a resonator 
turn out to be misaligned to a certain extent. 22 

Misalignment of an Optical Element. The misalignment of an 
element may be caused by a slight displacement with respect to the 
optical axis of the resonator, or by a slight rotation with respect 
lo the resonator axis. For an ideally aligned element, its optical axis 
coincides with, the optical axis of the resonator. Such a coincidence no 
longer exists when the optical element is misaligned. We denote by 
y Y , a. x and y 2 , a 2 the parameters of a light ray at the entrance and 
exit of the element relative to its optical axis. The corresponding 
parameters for the same element relative to the optical axis of the 
resonator are expressed through y'^-ct^ and y' a , a' 2 . The transformation 
from y u a l5 to y 2 , a 2 is accomplished with the help of the transfer 
matrix of a ray for the element under consideration: 

Our task is to find the method of transformation from y[, a[ to y' t , a' t 
in the case of misalignment of an element. 

Displacement of an Optical Element. Suppose that the optical axis 
Ofi x of an element is displaced by a very small distance Ay from the 
optical axis 00 oi a resonator (Fig. 2.26a). In this case 

yi = y't — Ay; <Xi = a[\ y 2 = yZ — Ay; a 2 = a 2 . (2.5.2) 

Substituting (2.5.2) into (2.5.1), we get 



(y' a -Ay\/A e Z? e W-AjA 
V a 2 ) \C e D e ){ aj ) 



or 
y' t = A e y' t + B a' t + (1 - A e ) Ay; a' t = C^ + O e aJ - C 6 Ay 

Inclination of an Optical Element. Suppose that the optical axis 
1 1 of an element is turned through a very small angle Aa with 
respect to the optical axis 00 of a resonator (Fig. 2.266). In this case 



Vi^ y't + l Aa/2 ; 


Xj = a[ — Aa; 


J/2 ~ y't — l Aa/2; 


a 2 = a' 2 — Aa. 



(2.5.4) 

22 The effects caused by the non-ideal alignment of a resonator have been 
discussed, for example, by Gerrard et ah [4J. Marconze [7] has described lens 
waveguides with a random displacement of lenses. 

8-0436 
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Substituting (2.5.4) in (2.5.1), we get 
I 



(y' a -±Aa\(A e B e \fy^ + ±Aa\ 



or 



(<\ = ( A * B e\(Vi\ 
\a'J \C e Dj\*J 



+ 



'[(l + A e )l-B e \Aa\ 
[l + C e ±-D e ]&a 



(2.5.5) 



The inclination shown in Fig. 2.266 is in the anticlockwise direction. 
For an inclination in the clockwise direction, Aa in (2.5.5) should 
be replaced by — Aa. 

vc 2 Aa 








(a) 



Fig. 2.26 

General Case. Comparing the results (2.5.3) and (2.5.5), we con- 
clude that a transformation of the ray from parameters y[, a' t to 
parameters y' t , a' 2 may be represented by the expression 

(l;H£ S)(5) + -Ct)- < 2 -> 

Here, Ae is Ay or Aa, while A x and A 2 are expressed through the 
elements of the transfer matrix of the ray for the optical element 
under consideration in accordance with (2.5.3) or (2.5.5). For a simul- 
taneous displacement and rotation of the optical element, Eq. 
12.5.6) assumes the form 

it should be emphasized that both Ay and Aa are assumed to be 
fairly small. 

Resonator with a Misalignment Optical Element. Let us consider 
a resonator formed by two spherical mirrors with radii of curvature 

r 1 (left mirror) and r 2 (right mirror). An optical element with trans- 
formation matrix M e of the ray is placed inside the resonator. 
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lii an ideally aligned resonator, the axis of the light beam is 
m straight line with parameters 0, 0. This straight line coincides with 
thr optical axis of the resonator (see Fig. 2.27a). If the optical ele- 
ment in the resonator is somehow misaligned, the axis of the beams 
will be a bent line in this case. The initial and final transverse coor- 
dinates of the beam axis will not be equal to zero: j/j ^= 0, y 2 =£ 
(Fig. 2.276). It may be said that a resonator with a misaligned ele- 
■iiu'iil. (elements) is characterised by a bent optical axis With coor- 
dinates j/i and y 2 at the left and the right mirror respectively. 



ly,=o 




02=0 




(a) 



Fig. 2.27 

Significantly, the axis of the light beam must form a right angle 
with the left as well as the right resonator mirror irrespective of the 
alignment or misalignment of the element. This means that the param- 
eters of the beam axis on the mirrors will have the following form 
in a general case. 

-llilfi (l eit mirror); y 2 , y 2 lr 2 (right mirror). 



0i. 



Let us express y x and y 2 through the transfer matrix M e of the 
ray characterising the optical element placed in the resonator, as 
well as through the parameters describing the misalignment of the 
olement. For the sake of simplicity, we assume that the element is 
only displaced and not inclined. Besides the transfer matrix M e 
we shall also use the matrices M (d x ) and M (d 2 ) describing the trans- 
formation of a light ray upon its propagation from the left resonator 
mirror to the optical element and from the optical element to the 
right mirror respectively (these matrices are described by relations 
of the type (2.4.18)). 

The parameters of the axis of the light beam on the left mirror 
(parameters y u —yj^i) are transformed as a result of its passage 
through resonator in the following way (if we take into account Eq. 
(2.5.6)): 

* W [*.» ft) (_*J + *(£)]. 

Equating the parameters obtained from this with the parameters 
of the axis of the beam on the right mirror (parameters y 2 , y 2 lr 2 ), 
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we get 

(^>M™UJ + Ma;)]- 

This equation can be rewritten in the following form: 

Here M = M (d 2 ) M e M (d^ is the transfer matrix of the ray through 
the aligned system (from the left mirror to the right mirror). 
Relation (2.5.8) is a system of two linear equations in y± and y 2 



y 2 = Ay t — (S^j/r,) + Ay (A 2 A 4 + B 2 A 2 ) ; 
yjr 2 = Cy t - (ZtyA,) + Ay (C 2 A t + D 2 A 2 ) 



^ } (2.5.9) 



where A, B, C and D are elements of the matrix M; A 2 , B 2 , C 2 , 
and D 2 are elements of the matrix M (d 2 ). Considering that in accor- 
dance with (2.4.18) A 2 = 1, B 2 — d 2 , C 2 = 0, and D 2 — 1, we can 
rewrite (2.5.9) in the form 



y 2 = Ay t — (Byjr^ + Ay (A 4 + d 2 A 2 ) ; 
y 2 /r 2 = Cy t - (Dy/rt) + AyA 2 . 



} (2.5.9a) 



By solving the system of equations (2.5.9a) we can easily find t/ x 
as well as y 2 . The expression for y x is of the form 

.. ...a.. (~ l/rt) A i+(1— d s /r 2 ) A 2 n ^ i(\\ 

Knowing the value of t/ x , we can find the displacement of the bent 
axis of the misaligned resonator with respect to the optical axis of 
an ideally aligned resonator for any reference plane. For this purpose, 

we have to operate on the column of initial parameters ( _ Vl . ) 

by the transfer matrix of a ray describing the transfer of the ray 
from the left mirror to the reference plane under consideration. 

2.6. ANALYSIS OF OPEN RESONATORS ON THE BASIS 

OF FOX-LI ITERATIVE METHOD. 

EQUIVALENT RESONATORS 

The main properties of open passive resonators are determined 
by diffraction parameters. While considering these phenomena we 
shall use the scalar theory of diffraction, i.e. we shall describe the 
field by a scalar function of spatial coordinates for which purpose 
one of the components of the electrical intensity vector 23 may be 



23 The fundamentals of scalar theory of diffraction have been described, for 
example, in [7, 29]. 
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u.sed. Besides, we shall assume diffraction angles to be very small 
(paraxial approximation). 

Kirchhoff-Huygens Diffraction Integral. Let us consider an op- 
I ical system of two parallel planes, separated by a distance L (plane- 
parallel resonator of length L); see Fig. 2.28. Suppose that the light 
held on the left plane (plane P t ) is described in the scalar form by 
a certain function u (Ri). Propagating from left to right, the field 
reaches the right plane (plane P 2 ) where it will be described by some 
oilier function v (R 2 ). The diffraction theory provides a representa- 
I ion of the function v in terms of u. For this purpose, we can use the 
following integral, which is a modification of Kirchhoff-Huygens 
diffraction integral (see [7]): 



v (R 2 ) =-2JT J a ( R i) eJ2 f B C 1 + cos e ) ds f 
Pi 



(2.6.1) 



Here I is the distance between a certain point R x (x l7 j/ x ) on the P t 
plane to a point R 2 (x 2 , y 2 ) on the P 2 plane, and 6 is the angle be- 
tween the optical axis and the 
Hlraight line joining these points. 



For sufficiently small values of 6, 
(lie integral (2.6.1) assumes a form 
actually predicted by Huygens in the 
end of the 17th century. According to 
Huygens, the expression u exp (ikl)!l 
must appear under the integral sign. 
In this case v (R 2 ) is the result of 
summation of spherical waves 
exp (ikl)/l, propagating from each 
clement in the P t plane, at the point 
M a . In other words, the plane P t is 
identical to a set of elementary sources 
of spherical waves. The intensity 

nf these sources is "regulated" by the given field u (R x ) on the P 1 plane. Subse- 
quent development of the diffraction theory introduced some corrections to 
Huygens' formula, but the basic diffraction integral defined by the Huygens- 
Kresnel wave theory did not undergo any significant change. 




Fig. 2.28 



(2.6.2) 



(2.6.3) 



We put 

I = (L 2 + p 2 )V2. 

The significance of parameter p is clear from Fig. 2.28: 

p2 = (R 2 _ Rl) 2 = (z 2 _ Xl f + (y 2 - y.f. 

Taking (2.6.2) into account, we can rewrite (2.6.1) in the form 

v (R 2 ) =-=^- j u (R.) exp [ikL ]/l + (p/L) 2 ] X 1+ f s0 ds t . (2.6.4) 

Pi 

Applying the diffraction integral to open resonators, it may be 

assumed that I may be larger than the transverse dimensions of the 

field. Consequently, the expression (2.6.4) can be considerably sim- 
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pHiied, since we can put 

cos e*l; ill « i/L, (2.6.5a) 

while the phase multiplier can be written in the form 
exp[ifcLV'l + (p/£) 2 ]«exp[^L(l + .^_)] 

= exp(tfcZ,)exp(iA;-|i). (2.6.56) 

(It is assumed that p<C L.) In this case the diffraction integral as- 
sumes the form (Fresnel diffraction) 

v (R 2 ) = -={- exp (ikL) j u (R.) exp ( *' -5^ P 2 ) ds,. (2.6.6) 
p, 

Fox- Li Integral Equation. Fox and Li have proposed an iterative 
method for finding the transverse modes in an open resonator [30]. 
Suppose an arbitrary field u (R x ) is given at the left resonator mirror. 
Substituting this field in (2.6.6), we can calculate the field v (R 2 ) 
at the right mirror. Using the relation (2.6.6) again, we substitute 
the computed value of the field v in the integral. This gives a value u x 
of the field at the left mirror caused by the field v at the right mirror. 
We use the relation (2.6.6) again and return to the right mirror and 
find the value of the field v 1 for it, caused by the field u 1 on the left 
mirror, and so on. Fox and Li showed that after a large number of 
passages in the resonator from one mirror to another, the structure 
of the field or its dependence on the transverse coordinates starts 
getting reproduced, repeating itself after every passage of radiation 
through the resonator. This means that after a large number of 
transitions the field on the surface of the mirror is described by the 
function u which is a solution of the Fox-Li integral equation: 

(2.6.7) 




Irrespective of the transverse coordinates the complex factor y 
takes into account the phase shift in the field for a passage (including 
the purely geometrical phase incursion over a distance L, given by 
the factor exp ( — ikL) in y) as well as the decrease in the amplitude u 
of the field as a result of losses in the resonator. We assume that 
light power reflected by the left mirror in the direction of the right 
mirror is given by 



\ {uiRJ^ds^W. 
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On account of the losses in the resonator, the right mirror will 
inflect less light power back to the left mirror: 



( lY"(R 2 )l 2 <*s 2 =|Yl 2 W. 

Pi 



l''or every passage through the resonator, the power reflected by the 
mirror will decrease (its magnitude will be multiplied every time 
by | v I 2 ) (see Fig. 2.29). The fraction of 
(he light power lost during a single 
pnssage is given by 

AW/W = (W-IyI 2 W)/W = 1 -\y\ 2 . 

(2.6.8) 

We denote 

| Y I = exp (-B). (2.6.9) 
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Assuming that the losses associated with 
the passage are small, we write AW/W= Fi g- 2 - 29 

«= 1 - | Y I 2 » 1- (1 - 26) = 28. In 
this case, the linear loss coefficient is given by 

n = 2B/L. (2.6.10) 

Transverse Modes in an Open Resonator. Let us write the integral 
equation (2.6.7) in the form 



Lu(R 1 ) = y«(R 2 ) . 



(2.6.11) 



Here L is an integral operator describing the transformation of the 
field in the resonator for one pass; y are the eigenvalues of the op- 
erator L, and u are its eigenfunctions. 

The spectrum of eigenvalues of the operator L is discrete. In order 
to fix various eigenvalues, we make use of a couple of integral indices 

m and n (m, n = 0, 1, 2, . . .). The eigenfunction of the operator L, 
corresponding to the eigenvalue y mn is denoted by u mn . This is the 
wm-th transverse mode for a given resonator. 

Thus, following Fox and Li, if we assume that after passing through 
the resonator (from mirror to mirror), the field can reproduce its 
structure, we arrive at the concept of transverse modes in a resonator 
in the most natural way: transverse modes represent a field which 
reproduces its structure after passage through the resonator. Mathe- 
matically, the transverse modes are eigenfunctions of the operator 

A 

L defined by the integral equation (2.6;7). 
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Taking into consideration the above remarks, we can rewrilo 
(2.6.9) and (2.6.10) in the form 

I Ymn I = exp (-p mn ), (2.6.9a) 

rw = 2B ron /L. (2.6.10a) 

Substituting (2.6.10a) into (2.3.15), we get an expression for the 
^-factor of the mn-th mode: 

Q mn = nm$ mn . (2.6.12) 

If we know the eigenvalues y mn of the operator L describing a given 
resonator, we can find the losses for mn-th mode, which are equal 

to 1 — | y mn | 2 in accordance 
with (2.6.8). Besides, we can 
also find the phase shift of mn-th 
mode defined by arg y mn . Equat- 
ing the phase-shift for a pass 
through the resonator to the 
product of n and an integer q, 
we can determine the spectrum 
of resonance frequencies for the 
transverse mode under consid- 
eration. 

Resonator Consisting of Two 
Spherical Mirrors. Figure 2.30 
shows a cross section along the optical axis of a resonator of length 
L, formed by spherical mirrors with radii of curvature r x (left mirror) 
and r 2 (right mirror). Any point on the left mirror is given by the 
vector Rj lying in the plane passing through the given point and 
perpendicular to the optical axis. Similarly, vector R 2 represents 
a point on the right mirror 24 . Points 1 and 2 in Fig. 2.30 are chosen 
so that the vectors R x and R 2 lie in the same plane (of the figure). 
In actual practice, however, these vectors do not necessarily lie 
in the same plane. 

From Fig. 2.30, it can be seen that the length I of the straight 
line joining the points corresponding to vectors R x and R 2 is given 
by the expression 

I = [(L - A 1 - A 2 ) 2 + (R a _ R^m (2.6.13) 

(In particular, if vectors R x and R 2 lie in the same plane as shown 
in the figure, we should replace (R 2 — Rj) 2 in (2.6.13) by (i? 2 — 
— i?i) 2 ). Since (A x + A 2 ) < L, we get 




Fig. 2.30 



(L-A 4 -A 2 ) 2 = L 2 (l- 



Ax+A 2 \2 



) «L2-2L(A 1 + A 2 ). 



84 Strictly speaking, the vectors R x and R 2 define the transverse coordinates 
of the corresponding points (coordinates of the projections of the points on the 
planes P t and P 2 ; see Fig. 2.30). 
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t'-onsequently, 

I = (L 2 + [(R, - Ri) 2 - 2L (A x + A,)]) 1 /". (2.6.14) 

(Comparing (2.6.14) and (2.6.2), we conclude that we should use 
lliti expression (R 2 — Rj) 2 — 2L (A 3 -f A 2 ) instead of p 2 in the 
integral equation (2.6.7). Besides, the difference in the radii of 
curvature of the mirrors violates the symmetry of the resonator. 
In such a resonator the field structure is reproduced not after one, 
but after two passes through the resonator. Consequently, we should 
now consider the following system of two integral equations instead 
of the integral equation (2.6.7): 

^ j u (R,) K (R 4 ; R 2 ) ds, = y'v (R 2 ); (2.6.15a) 

Pi 

-^ j v (R 2 ) K (R i; R 2 ) ds z = y"u (R,), (2.6.15b) 

p, 
where 

J ff(R 1 ;R 2 ) = exp(i 1 ^[(R 2 -R 1 )2-2L(A i + A 2 )]]. (2.6.16) 

Since vectors R x and R 2 give only the transverse coordinates of points- 
on the mirror surface, it may be considered that integration in 
(2.6.15) is carried out over the planes P x and P 2 shown in Fig. 2.30. 
The curvature of the mirror surface is taken into account in the 
oxpression (2.6.16) for the kernel of the integral equation. 

It should be observed that the functions u (R x ) and v (R 2 ) must 
Hatisfy the condition 

J|«(R 1 )|»d» 1 ={ !»(R 2 )| 2 ^ 2 . (2.6.17) 

Pi Pi 

This condition has been introduced in order that the eigenvalues y' 
and y" should have a similar meaning as the eigenvalue y in (2.6.7). 

Denoting I | u (R x ) | 2 ds x by W and taking (2.6.17) into account, 

p, 
we find that the fraction of the light power lost in a single pass 

through the resonator from the left mirror to the right one is equal to- 

(W - \y' | 2 W)/W = 1 - | y' | 2 . 

The fraction of power lost in a single pass from the right mirror to 
the left one is equal to 1 — | y" | 2 . The fraction of power lost as 
a result of a round-trip through the resonator is equal to 1 — | v'v" | 2 . 
In this case, Fig. 2.31 is analogous to Fig. 2.29, applied to a sym- 
metrical resonator. 

From Fig. 2.30 it is apparent that R\ = r\ — {r 1 — A x ) 2 « r\ — 
— r\ (1 — 2A 1 /r 1 ) = 2A 1 r 1 , and similarly R\ = r\ — (r, — A 2 ) 2 » 
» 2A 2 r 2 . Thus 2 (A x + A 2 ) = (R\lr^ + (R\lr t ). From this it follows 
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that 

(R 8 -R I )»-2L(A I + A 8 )=(1~£)*; 

+ ( 1 - ± ) R\ - 21^ = gi R\ + g 2 R\ - 2R,R 2 (2.6.18) 

Thus the kernel of the integral equations (2.6.15) may be represented 
in the form 

K (R,; R 2 ) = exp [i £- ( gl Rl + ?2 ^-2R i R 2 )] . (2.6.19) 

Using Cartesian coordinates (R t (x 1 , j/ x ); R 2 (x 2 , y 2 )), we can re- 
write Eqs. (2.6.15) and (2.6.19) in the following form: 



j£ }}u {x v y^ K (xtfi; x 2 y 2 ) dx t dy x = y'v (x 2 , y 2 ); (2.6.20a) 

Pi 

tt \ ) v fo. yz) K (*i' vu x ^ y*) dx 2 d y* = y" u (*i> #1); (2.6.20b) 
"p, 

K (xj, y t ; x 2 , y 2 ) = exp ( i -A [g t (x[ + y\) 

+ g z (*l + yl) - 2 (* a + y,yz)\ ) . (2.6.21) 

We assume that the aperture of mirrors is much larger than the 
size of the luminous spot. Then, irrespective of the actual form of 




Fig. 2.31 

mirrors, we can separate the variables in (2.6.20) and carry out inte- 
gration between symmetrical infinite limits. Introducing the indices 
m, n of a mode, we can write 



"mn!(*l. V\) = "mS(*l) "n^l)? Ymn = YmYnJ 

v mn (** yz) = v m (x 2 ) v n (y 2 ); y" mn = VmY 



-1 



(2.6.22) 



It canfbe easily seen that the system of equations (2.6.20) breaks 
up into two identical systems of equations— a system of equations 
for the functions u m and v m , and another system of equations for 
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the functions u n and v„. We shall consider only the first of these 
systems of equations: 

y=r J u m (x l )K(x l ;x 2 )dx l = yi n v m (x 2 ); (2.6.23a) 

— 00 

tJf=- j v m (x 2 ) K (x t ; x 2 ) dx 2 = y" m u m (a;,), (2.6.23b) 

— oc 

where 

K (xi; x 2 ) = exp [ i -^ (g^* + g 2 x\ — 2x^2)] . (2.6.24) 

The condition (2.6.17) then assumes the form 

00 oo 

j I u m (*,) P dx t = { I y m (z 2 ) |Mx 2 . (2.6.25) 

j —00 — oo 

Confocal Resonator (g t — g 2 = 0, r t — r z = L). Since this res- 
onator is symmetrical, it is sufficient to have just one integral 
equation. It has the form 

^~ j u m (z,)exp( — i^-x l x 2 )dx 1 = y m u m (x 2 ). (2.6.26) 

— oo 

The left-hand side of Eq. (2.6.26) describes the Fourier transform 
of the function u m . The solutions of such an equation are functions 
having the following property: Fourier transformation leaves these 
functions unchanged (with an accuracy up to a constant multiplier). 
Her mite-Gauss polynomials 2 * are familiar functions of this kind. 

A Hermite-Gauss polynomial of the wz-th order may be represented 
in the form 

q m (t) = (2 m m\ V*)- 1 ' 2 H m (t) exp (-t 2 /2), (2.6.27) 

where H m (t) = exp (t 2 ) (— l) m -r^ exp (— t 2 ) is a Hermite poly- 
nomial of the m-th order. The polynomials \p m (t) satisfy the ortho- 
normalisation condition 

00 

J ^ m (t)^n(t)dt = 8 mn . (2.6.28) 



25 Hermite polynomials and Hermite-Gauss polynomials are described in 
Appendix 1. 
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The first few Hermite-Gauss polynomials are given by 

toW = (/n)- 1/s exp(-^/2); 

Vi (*) = (2 V ii)" 1/2 2t exp ( - i 2 /2) ; 

% (t) = (2 Vn)~ y2 (2i 2 - 1) exp (- * 2 /2). 

Curves corresponding to these polynomials are shown in Fig. 2.32. 




Fig. 2.32 

Hermite-Gauss polynomials satisfy the following integral equa- 
tion [31]: 



1/2; 



00 

L- { $ m (t)ex V (-iU)dt=i m q m (T). (2.6.29) 



We introduce the notation 



Xi^tyXLfin; x z = xY~XL/2n. 

Equation (2.6.29) assumes a form coinciding with Eq. (2.6.26): 



=- j *m [^Vtl) ex P (-' xr*i*0 ^i^'"*™ (*» V'-fr) • 



i 



It follows from this that 

»m (*l) = const tm ( *1 ]/ |j ) 

= const # m ( Xj ]/ -jjj- ) exp ( — -^ x\ ) . (2.6.30) 

Figure 2.33a shows the curves for the functions u m (x x ) for m — 
= 0, 1, 2 obtained for values of 2na 2 /kL equal to 25 (curves 1) 
and 200 (curves 2) [22]. These curves correspond to the curves of 
Hermite-Gauss polynomials shown in Fig. 2.32. Figure 2.336 shows 
the forms of luminous spots for modes TEM 00 , TEM 10 and TEM 20 . 
The intensity of the light field of the mode TEM m0 vanishes along 
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ilm x 1 -axis at points where the amplitude of u m (x^ changes sign. 
I'lio number of such points is equal to m. 

Aperture of Resonator Mirrors. Let us assume that the mirrors 
Inivo quadratic apertures, and denote the apertures of the left arid 




■^■1 TEM 
II TEM 



AAA 
Iff 



TEM. 
(b) 



20 



Fig. 2.33 



the right mirror by 2a 1 and 2a 2 respectively (Fig. 2.34). Since the 
aperture of the mirror is quadratic, Cartesian coordinates can be used 
as before for separation of variables in integral equations. However, 
unlike large apertures, the limits of integration in the corresponding 
integrals are not infinite,. Instead of (2.6.23), we now have 

■£=jT J u m (x l )K(x l ;x z )dx i = s y' m v m (x 2 ); (2.6.31a) 



r- a A 



7==- j v m (x 2 ) K (Xj; x z ) dx 2 =» y" m u m {xj, (2.6.31b) 

-a. 



lA 
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where K (x x , x 2 ) is defined by the expression (2.6.24). In this case, 
the condition (2.6.25) assumes the form 

a t a, 

j | u m (x t ) |« dx x = j I v m (x 2 ) |« dx 2 . (2.6.32) 

-at -a t 

Following Gordon and Kogelnik [23], we obtain the dimensionless 
variables 

ll = Xj&ii ?2 = ^2^ a 2- (2.6.33) 

In accordance with (2.6.32), we introduce the functions 

U m (t 1 ) = u m (l i a i )Va l ; V m (&) = » M (&«,) 1^. (2.6.34) 

Consequently, the system of equations (2.6.31) is transformed into 
l 

VW j U m (E.) K (I,; y dl, = y' m V m (£ 2 ); (2.6.35a> 

-l 

i 



ViN j V m (£ 2 ) * fo; y dfe = Vmf/ m (Ei), (2.6.35b> 



where 



# (li? E.) = exp [iniV (dg + G& - 2EJ,)]. (2.6.36) 

It should be recalled (see (2.3.27)) that 

N = a 1 a 2 l'kL; G x — (aja 2 ) (1 — L/rJ; 

G 2 = (a^aj) (1 — L/r 2 y. 

It can be seen from (2.6.35)-(2.6.36) that a passive resonator con- 
sisting of two spherical mirrors may be completely described with 
the help of only three parameters N, G a , and G 2 . 
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Fig. 2.34 

Although these results have been obtained for quadratic apertures 
which allow a separation of variables in Cartesian coordinates, the 
conclusion about the existence of only three parameters N, G 1 and 
G 2 of a resonator is valid even for other forms of apertures, including 
circular ones. 
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For circular apertures (of radii a 1 and a 2 ), we make use of polar 
coordinates R x (R u (Dj), R 2 (R 2 , d> 2 ). The system of integral equa- 
tions (2.6.15) then assumes the form 

2ji a, 

j j u mn (fl lf (D 4 ) K (R t , (D i; # 2 , (D 2 ) R i dR t d<t> t 



i 

xz 





= yk m v mn (R 2 ,0> 2 ); (2.6.37a> 

2ji <Jj 

X j j "» (#2, 2 ) K (/?„ (D,; i? 2> (D 2 ) /? 2 d/? 2 d0> 8 



"0 



= ymnU mn (R i ,(D l ), (2.6.37b) 



where 



Here, 



K (R it O^, R 2 , 2 ) 
= exp ( i ~ [ ft J?J + g a /?J - 2#,i? 2 cos (<D, - (D 2 )] ) . (2.6.38) 



2n ai 



o o 

2it a, 

= J j I v mn (R 2 , <D 2 ) | 2 i? 2 dR 2 d<b 2 . (2.6.39) 

o o 

Introducing new variables and amplitudes: 
£i = RJo>v, ?2 = Ril&i, 

U mn (Ci, #1) = "ma (Cl«l, ^l) OlJ 
^mn (£ 2 t ^a) = »m» (£2^2. <D 2 ) 02*. 

the system of equations (2. 6. 37)- (2. 6. 38) can be transformed as 
follows: 

2ji 1 

IN j j U mn (C, O.) # (C, O,; Cs, <d 2 ) ^ d& dO, 



= 7mnF mn (S 2 ,d> 2 ); (2.6.40a) 

231 1 

itf j j F mn (&, (Dj) K (U, (D,; &, (D 2 ) £ 2 d£ 2 d(D 2 

o o 

= Ymntfmn(S,.<t>l), (2.6.40b) 



where 



# (&, (D l5 C„ (D 2 ) = exp (taJV [fl^ + G 2 £* (2.6.41) 

- 2&C, cos (<D 2 - (Di)]). 
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It is apparent from (2.6.40)-(2.6.41) that for circular apertures also, 
the resonator is described by three parameters N, G t and G 2 . 

Equivalent Resonators 26 . Thus, the nature of the operator L and 
hence its eigenvalues y and eigenfunctions u are defined in integral 
«quation (2.6.11) through three parameters N, G x and G 2 . This 
means that the field distribution at the mirrors (described by the 




Fig. 2.36 



functions u) as well as diffraction losses and resonance frequencies 
(expressed in terms of eigenvalues y) are fully defined by the param- 
eters N, G 1 and G 2 . 

Resonators with identical diffraction losses, resonance frequencies 
and field distribution at mirrors are called equivalent (identical) 
resonators. From the above discussion it follows that equivalent 
resonators must have identical Fresnel numbers N, identical values 
of G x and of G 2 . Suppose that one of the resonators is described by the 
parameters 



N = - 



while another resonator is described by the parameters 
The equivalence condition for these resonators is given by 



N = N'\ G l = G[; G 2 



G' t 



(2.6.42) 



It follows from (2.6.42) that if the transverse dimensions of a res- 
onator (parameters a x and a 2 ) are increased e-fold, and at the same 
time the longitudinal dimensions (parameters L, r x , and r 2 ) are 
increased e 2 -fold, the resonator thus obtained will be equivalent 

2 ? Equivalence of resonators has been discussed in [23, 15]. 
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Fig. 2.37 



to the initial one. It should be noted that in these resonators, not 
only parameters G, but also parameters g are identical. 

An identity of parameters g is, of course, not a must for equiva- 
lence of resonators. For example, let us consider a semiconcentric 
resonator (g 1 = 1, g 2 = 0), in which 
a i "C a 2 (Fig- 2.35a). In accordance 
with (2.6.42), its equivalent reson- 
ator has the same length and 

a '\ = a 2 == Y a i a 2-> §i ~ <h.l a i an( i 

g\ = (Fig. 2.356). Since a 1 <^a 2 , 

we have gj<l. Hence the resonator 

in Fig. 2.356 is nearly confocal. 

Thus a semiconcentric resonator in 

which the aperture of the plane 

mirror is much smaller than that 

of the spherical mirror (a x <C a 2 ), 

is in fact equivalent to a confocal resonator of the same length, 

in which the apertures a\ and a 2 of mirrors are identical, 

and a[ = a' 3 = y a 1 a 2 - 
Strictly speaking, a confocal resonator may be equivalent only to 

n confocal resonator. This is so because if g t =g 2 = 0, the equiv- 
alence conditions can be satisfied 
only for g[ = g' % = 0. It should 
be noted that two confocal resona- 
tors may be equivalent irrespective 
of the ratio of mirror apertures as 
long as they have the same Fresnel 
number. In other words, the con- 
dition of equivalence of two con- 
focal resonators has the form 




a i a 2 /L = a' 1 a' 2 /L' 



(2.6.43) 



Fig. 2.38 



By way of example, two equivalent 
confocal resonators of the same 
length {a x a 2 = a'a') are shown in 
Fig. 2.36. 

Resonator Equivalent to a Reso- 
nator with an Integral Lens. Let 
us first consider a resonator in which a thin lens with focal length / 
and an indefinitely large aperture is placed directly in front of one 
of the mirrors, say the right one (Fig. 2.37). A combination of a 
mirror of radius r 2 and a lens of focal length / is optically equivalent 
to a mirror of radius r 2 f/(r 2 + /). Consequently, the resonator with 
a lens shown in Fig. 2.37 is equivalent to a resonator without a lens, 
whose right mirror has a radius of curvature r 2 f/(r 2 +/)• The param- 

fl-0436 
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eters of this resonator are given by 

" = ■*&-•• ^-^('-f)' G, = -J- (1-Li±l). (2.6.44) 

A more interesting situation arises when the lens is situated at 
some distance from the mirrors [32]. Such a resonator is shown in 
Fig. 2.38a. Here a\ and d 2 represent the distance of the lens from the 
left and right mirror respectively. The image of the left mirror pro- 
duced by the lens (together with the field distribution on it) is shown 
in the figure by the dashed curve AA, situated at a distance d 3 
from the lens. Let us denote the radius of curvature of the curve A A 
by r' v Then a x is transformed into a[ by the lens (see figure). The 
shaded resonator of length d 2 — d 3 in the figure is a resonator with- 
out a lens equivalent to the initial resonator with a lens. Taking 
into consideration the relations 

d 3 = d 1 f/(d 1 — /); fli/flj = —djd a = 1 — djj, 

we obtain the following parameters for the equivalent resonator 
without a lens 

N = 2i2« = tlZi • (2 6 45> 

%(d 2 — d„) ■K(d 1 +d 2 —d 1 d 2 /n ' \*.v.-*>/ 

G »=-3-( 1 - J ^ L ) a -2-[ 1 -r-r( d ' +d '- i f 1 )]- 

(2.6.46) 

In order to determine the parameter G t , one should first find r[. 
However, we shall not do this, but rather consider another equivalent 
resonator without a lens. This resonator is shown in Fig. 2.38b 
(shaded region). We shall use the analogy with the case considered 
earlier. Since 



d k = d 2 f/(d 2 — /); a 2 /a 2 = —d 2 ld k = 1 — d 2 /f, 



we get 



v _ g i a 2 — £i£2 . ^2 6 47^ 

JV ~ X(d 1 -d i ) ~\\(d 1 +d 2 -d 1 d 2 /f) ' v^-"-"*'/ 

(2.6.48) 

As expected, the results (2.6.47) and (2.6.45) are identical. Since 
each lensless resonator shaded in Fig. 2.38 is equivalent to the 
initial resonator with a lens, these two lensless resonators are equiv- 
alent to each other. Using (2.6.45), (2.6.46), and (2.6.48), we can 
write down the parameters for the equivalent resonator without 
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a lens: 



N = 



a r a 2 






G 2 = 



v^-T-if^-^-^)]- 



(2.6.49) 



Table 2.5 gives a comparison of three resonators: one without 
a lens, another with a lens placed directly in front of a mirror, and 

TABLE 2.5 



%-# 



"l~U 



L . Tr. 



W 



( ) 

Vo i / 



(4 4) 



I A ^2. 

/ 



did 2 



1 i_iL 



»1»2 






N-- 



J_ 

L 

1 



G2= -ir x 

*[(<-fHH 



JV = 



flifla 



X dj+d 2 — d\diH 



the third one with a lens placed at a certain distance from the mir- 
rors. The transfer matrices for a ray passing from the left mirror 
to the right one are given for these resonators. The first two matrices 
were considered in Sec. 2.4 (see (2.4.18) and (2.4.22)), while the 
third is the matrix M (d 1 ->- / -> d 2 ) = M (d 2 ) M (/) M (d t ). The 
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table also gives the parameters TV, G x and G 2 for equivalent lensless 
resonators. These values have been obtained by using (2.6.44) and 
(2.6.49). 

Looking at the table, we can easily perceive a certain general rule. 
Suppose that a ray passing from the left mirror (with radius of 
curvature r x ) to the right mirror (with radius of curvature r 2 ) is 

transformed in accordance with a certain matrix [..). This 

matrix takes into account both the free space inside the resonator, 
as well as the possible optical elements in the resonator, deployed 
in a certain manner along its optical axis. The general rule states 
that this resonator is equivalent to an "empty" resonator with the 
following parameters [32]: 



(2.6.50) 



Diaphragm Resonator. Let us suppose that inside a resonator 
of length L there is a diaphragm or an absorbing surface with a hole 

of diameter 2a. We assume the 
apertures of the mirrors to be 
indefinitely large. The distance 
of the left mirror (radius of cur- 
vature r x ) and the right mirror 
(radius of curvature r 2 ) from the 
diaphragm is denoted by d x and 
d 2 respectively, d x + d 2 = L. 

In the special case of a sym- 
metric resonator (when d l — d 2 = 
= LI2 and r r = r 2 — r), it is 
convenient to use the analogy 
between an open resonator and 
a lens waveguide. The diaphragm 
resonator shown in Fig. 2.39a 
is optically equivalent to the 
lens waveguide shown in Fig. 
2.396. This waveguide, in turn, 
is equivalent to the plane-parallel 
resonator with a lens in the 
middle, as shown in Fig. 2.39c. 
The apertures of the mirrors of 
this resonator are equal to the 
aperture of the diaphragm of 
Fig. 2.39 the initial resonator, and the 

focal length of the lens is / = rl2. 
Using (2.6.49), we obtain the parameters of the lensless resonator, 
equivalent to the resonator shown in Fig. 2.39c, and hence to 
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the resonator shown in Fig. 2.39a: 

N - ITT&L12F) ' G. = G 2 =l-4. (2.6.51) 

This lensless resonator is shown in Fig. 2.39d. Unlike the initial 
diaphragm resonator, it has mirrors with a finite aperture whose 
radius is equal to a]/l — L/2r, where a is the radius of the aperture 
of the diaphragm of the initial resonator. 

It should be noted that the result (2.6.51) may be obtained from 

(2.6.50), if we consider that the matrix ( ) for the resonator 

in Fig. 2.39c has the form 



M(4)M(/)M(irH 



1 2/ L -y ] 

__L i_.ii. 



<l-. L * L * 



r 2r \ 

= [ _JL i__L ■ 

We should then put a x = a 2 = a, and l/r x = l/r 2 = in (2.6.50). 
An asymmetric diaphragm resonator does not have, generally speak- 
ing, an equivalent "empty" resonator. However, it can be shown 
[33] that in the general case of an asymmetric diaphragm resonator 
(with indefinitely large mirror apertures), the diffraction losses as 
well as field amplitude distribution at the mirrors are determined by 
three parameters. The following combinations of a, d x , d 2 , r x and r 2 
serve as these three parameters: 

~Z _ _l_^___j ( r 2~- d 2) + ( r 2 — 2d 2 )^i _i— - d t ) _ ,n /> C0k\ 

S ' r 1 d 2 (r 2 -d 2 )- r -r 2 d 1 (r 1 -d 1 ) ' l~"-"«V 

6 = ^(^-^-^(rt-dt) (2.6.52c) 

The result (2.6.52) follows from the corresponding integral equations 
describing the propagation of radiation in a diaphragm resonator. 
For r 1 = r 2 = r and d t = d 2 = _/2, (2.6.52) leads to 

Comparing (2.6.53) and (2.6.51), we conclude that for a symmetric 
diaphragm resonator, the parameter y is identical to the Fresnel 
number N, while the parameter g coincides with the parameters G t 
und G 2 for an equivalent lensless resonator. 
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Let us consider a confocal resonator (r 1 = r 2 = L) with a dia- 
phragm placed arbitrarily along its axis. In this case, the relation 
<2.6.52) is considerably simplified: 

V = o 2 L/[2?id 1 (L - dj); ~g = 0; = 0. (2.6.54) 

It can be seen from this that two confocal diaphragm resonators 
have identical diffraction losses and identical field amplitude dis- 
tributions at the mirrors, if the following condition is satisfied: 

a 2 L/[d! (L - d t )] = (a') 2 L' l[d[ (L' - d[)] (2.6.55) 

(where a, L, and d t are the parameters of one resonator, while a', 
L', and d[ are the parameters of the other resonator). 

It should be recalled that a confocal resonator without a dia- 
phragm, consisting of mirrors with finite (and unequal) apertures, is 

characterised by the parameters N = 
= a^/XL, G x = 0, G 2 = 0. The 
parameter y = a i L/2Xd i (L — d x ) in 

\a confocal diaphragm resonator with 
mirrors of infinitely large apertures 
plays the same role as the Fresnel 
number N = a 1 a 2 l'KL in a confocal 
resonator without a diaphragm and 
with finite apertures of the mirrors. 
£ *"°7 Both y and iV define the diffraction 
losses in the respective confocal reson- 
Fig 2.40 ators. A large value of these param- 

eters (N^>i, y ^> 1) means small 
diffraction losses. 
Using the relation (2.6.54), let us consider the dependence of lAy 
on d 1 for given values of L and a (Fig. 2.40). It can be easily seen 
that the biggest diffraction losses in a confocal resonator take place 
when the diaphragm is placed in the middle of the resonator (d t = 
= LI2). If we bring the diaphragm closer to the mirror, the diffraction 
losses start decreasing rapidly (in spite of the fact that the aperture 
of the diaphragm remains unchanged). By placing the diaphragm 
indefinitely close to the mirror, we can make the parameter y indefi- 
nitely large. This fact has an interesting physical explanation (see 
Sec. 2.9). 

2.7. GAUSSIAN BEAMS 

General Remarks. Gaussian Beam Shape. In order to describe 
the field structure of a light beam originating in a stable resonator, 
the Gaussian beam model is frequently employed. Such beams are 
characterised by a rapid decrease in the amplitude of field as we move 
away from the beam axis. The amplitude decreases in accordance with 
the Gaussian function A exp (— x 2 /p 2 ) (Fig. 2.41). The parameter p 
plays the role of the effective radius of the beam. 
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The simplest type of Gaussian beam corresponds to the funda- 
mental transverse mode. The dependence of the modulus of the field 
amplitude of the fundamental mode on the transverse coordinate 
is completely described by the Gaussian function 



u (x, y) | a exp ( 



* 2 +2/ 2 



(2.7.1) 



For higher-order modes, the field amplitude of a Gaussian beam is 
usually expressed through the product of the Gaussian function and 
Hermitian polynomials (i.e. through Hermite-Gauss polynomials): 

| u mn (x, y)\ccH m (V2±) H m (/2 f) exp ( --^±£) . (2.7.2) 

Figure 2.42 shows schematically, for a certain resonator, the shape 
of a Gaussian beam, as determined by the parameter p. The radius p 
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Fig. 2.41 



Fig. 2.42 



of the beam changes along the length of the resonator (along the 
beam axis). At a certain point on the axis, the beam radius assumes 
its minimum value which we shall denote as p . The reference plane 
passing through the point is called the construction plane of the beam 
(or the "neck" of the beam) (see the shaded cross section in Fig. 2.42). 
We shall consider the beam radius as a function of distance z measur- 
ed from the constriction. It will be shown later that 



p 2 = P l + (%/n)* (zVpl). 



(2.7.3) 



Relation (2.7.3) is the equation of a surface bounding the Gaussian 
beam field in space. This surface is called the caustic surface or, 
simply the caustic. It is a hyperboloid of revolution and its cross 
section by the plane passing through the beam axis is a hyperbola 
(see the solid lines in Fig. 2.42). 

The asymptotes of this hyperbola are shown by dashed lines. Let p 
be the angle between an asymptote and the beam axis. In order to 
find this angle, we should first transform Eq. (2.7.3) to a canonical 
form 



( p 2/fl2) _ (zVb 2 ) = 1. 



(2.7.4) 
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Comparing Eqs. (2.7.4) and (2.7.3), we conclude that a = p and 
b = npJ/X. The ratio alb is the tangent of the angle 6. Thus 

tan p = Mrip . (2.7.5) 

It is assumed that the Gaussian beams considered here have a rotational 
symmetry around the beam axis (circular Gaussian beams). Such beams are 
found in resonators consisting of ideally spherical mirrors under the condition 
that there are no elements inside the resonator to 
violate the rotational symmetry around the optical 
axis. In practice, however, the sphericity of resonator 
mirrors may be violated or even deliberately dis- 
torted (astigmatic resonators). Besides, the rotational 
symmetry of the resonator may be violated by ele- 
ments inside it, for example, inclined plane-parallel 
plates (in particular, Brewster windows in a gas-dis- 
charge tube). In such cases, the cross section of the 
Fig 2 43 light beam is not circular but elliptical. Such beams 

B ' * are called elliptical. Figure 2.43 shows an elliptical 

Gaussian beam in an astigmatic resonator. 

The theory of Gaussian beams has been described in [22, 32, 34, 
35, 17]; see also [4, 7, 15]. Goncharenko [17] has discussed both cir- 
cular as well as elliptical Gaussian beams. 

Propagation of a Gaussian Beam in Free Space. We make use 
of the fact that the constriction plane of a Gaussian beam is a con- 
stant-phase plane. In other words, the Gaussian beam has a plane 
wavefront at the point on the axis corresponding to the constriction. 
This is in accordance with the symmetrical form of the Gaussian 
beam with respect to the constriction plane. 

Let us consider only the fundamental mode for the present. The 
Gaussian beam field in the constriction plane P is written in the 
form 

u (|, n) = A exp [-(l 2 + ti»)/pj]. (2.7.6) 

Here £ and t\ are the Cartesian coordinates in the P plane. Since 
the wavefront is plane, there is no phase factor of the type 
exp [iO (|, r\)] in the expression for u (|, r\). 

If the Gaussian beam field is specified in a certain plane (for 
example, in the constriction plane), the field for this beam may be 
determined at any other reference plane by considering, in accordance 
with the diffraction theory, the propagation of radiation from the 
initial plane to the reference plane chosen by us. Let us choose the 
reference plane P 2 at a distance z from the constriction plane P . 
The field u (x, y, z) of the Gaussian beam in the P z plane is given 
by the diffraction integral (2.6.6) into which the value of the field 
(2.7.6) is substituted, and L is replaced by z. Thus, 

u(x, y, z)= —jjA exp (i-y-*) 
X j [ exp (_ii±ILl)exp (-g-[(*_£)» + (j,_T|)*]) <%dr\. (2.7.7) 



p, 
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Using (2.7.7), we get an expression for the complex amplitude of the 
fundamental mode field of the Gaussian beam at a distance z from 
t he constriction plane of the beam 27 : 

X exp [i (x2 +^ nlU 1 exp f - (a2+y2) (npoAz)2 1 (2.7.8) 

The transverse dimensions of the beam are determined by the 
factor 

r (g' + y'Xnpo/M' 1 
eXp L i + (np|A»)» J 

in (2.7.8), which decreases rapidly with increasing distance from 
the beam axis. From the form of this factor, it follows that the radius p 
of the Gaussian beam at a distance z from the constriction is given 
by the expression (2.7.3): 






It should be noted that 
exp (i arctan a) = cos (arctan a) + i sin (arctan a) = , a . (2.7.9) 

Taking (2.7.9) into account, we get 

(inpg/Xz) 1 exp l — i arctan (Xz/rcpg 

(inpl/Kz) — 1 ~ ' l + i(te/wpg) ~~ yi + (X,z/jipg) 

In accordance with (2.7.3), 

[1 + (Mnpl)]-V* = p /p (z). 

Consequently, the expression (2.7.8) may be rewritten in the form 

X«i{l[^— ««■ n (■£) +-£$)£-]}. <2.U0> 

Radius of Curvature of the Constant-phase Surface. It follows 
from (2.7.10) that the propagation of a Gaussian beam from P a 
plane to P z plane is accompanied by a phase shift given by 

•-•?»— -(£)+-S83$- ("■"> 

Upon propagation from P to P z , the initially plane wavefront of 
the beam becomes spherical. Hence the expression describing the 



27 For detailed calculation, see Appendix 2. 
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phase shift acquires a term depending on transverse coordinates 



q>(s, y, z) = 1 + (npgAz)2 



(2.7.12) 



Let us denote by R (z) the radius of curvature of the constant - 
phase surface, intersecting the beam axis at the point z (at a distance z 
from the constriction), see Fig. 2.44. It can be seen from the figure 

that the phase shift at the point x, y 
of the P 2 plane, compared to the 
point 0,0 in the same plane, is 
(2jtA) d (x, y). Since this phase shift 
is denned by the expression (2.7.12), 
we get 

d ^y)= KVTw • (2J - 13) 

Further, we take into account that 
R 2 - (x 2 + i/ 2 ) = [R - d (x, j/)] 2 (see 
Fig- 2.44 figure). Since d < R, it follows that 

(R - d) 2 « R 2 (1 - 2d/R) = i? 2 - 
— 2Rd and hence 2Rd « x 2 + y 2 . Substituting this result into 
(2.7.13), we get the following expression for the radius of curva- 
ture R (z) of the constant-phase surface: 




R(z) = z[l + (jtpl!Kz) 2 ) 



(2.7.14) 



Taking (2.7.14) into consideration, we can rewrite (2.7.10) in the 
form 



X 



v ' *" ' p(z) v L p'(z) J 



(2.7.15) 



It follows from (2.7.14) that at large distances from the beam 
■constriction, for which the inequality 



z > npl/k 



(2.7.16) 



is satisfied, the radius of curvature of the constant-phase surface 
may be given by the expression R (z) » z (here, we speak of a "far 
region"). Thus in a far region, the Gaussian beam is converted into 
a spherical wave and may be considered in the geometrical approxi- 
mation. This approximation is not valid for the near region (z < 
<; npjj/A,); the light rays in this region are not straight lines (see 
Fig. 2.45a. Here the light rays are shown by solid lines while the 
cross sections of the constant-phase surfaces are shown by dashed 



2.7 Gaussian Beams 



139 



linos). The dependence R vs. z, obtained from the relation (2.7.14), 
In shown in Fig. 2.456. 

Basic Relations Between Parameters of a Gaussian Beam. The 
parameters of a Gaussian beam are the radius p of the beam and the 
melius of curvature R of the constant-phase surface, at a distance z 





Fig. 2.45 



from the beam constriction of radius p (see Fig. 2.46). The results 
obtained above lead to a number of relations connecting p, R, z, 
nnd p . These relations can be written as 



P 2 = Po + (W(z 2 /P?) 



9 \={%mfz{R-z) 



p«p; = (A,/ji)*j*z 



(2.7.3) 
(2.7.17) 
(2.7.18) 



The relation (2.7.17) follows directly from (2.7.14), while (2.7.18) 
follows from (2.7.3) by substituting into it the value of z 2 obtained 
from (2.7.17). 




Fig. 2.46 

Complex Parameters of a Gaussian Beam. The expression (2.7.15) 
for the field amplitude u (x, y, z) may be expressed in a more com- 
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pact form if we introduce the complex parameters q (z) and R (z) 
of the beam, as proposed by Kogelnik [32]. These parameters aro 
defined as follows: 



l/q = l/R+i%/np 2 



(2.7. 19> 



P = — arctan (zX/jip„) — i In (p /p) . 



(2.7.20> 



Using these parameters, we can rewrite (2.7.15) in the form 



X exp (i ^z) 



(2.7.21). 



Gaussian Beam as a Solution of a Parabolic Equation. The expres- 
sion (2.7.21) describes the fundamental mode field. Keeping in view 
the subsequent generalisation of results for higher-order modes, we 
shall prove on the example of the fundamental mode that the Gaus- 
sian beam is a solution of a parabolic equation. 

Let us first write the familiar wave equation for a monochromatic 
electromagnetic wave propagating in a charge free space: 



y 2 u (x, y, z) + (4ji 2 /A- 2 ) u (x, y, z) = 0. 
The wave amplitude u (x, y, z) is written in the form 

u (x, y, z) = U (x, y, z) exp (i 2nz/k). 
Substituting (2.7.23) into (2.7.22), we get the equation 



d*U 



d 2 U 



d*U 



dx* 



dy* 



dz* 



. . 4n dU A 



(2.7.22> 
(2.7.23> 

(2.7.24) 



We assume that the function U (x, y, z) depends relatively weakly 
on the coordinate z, so that the following inequality is valid: 



d*U 



dz* 



<c 



4ji 



dU 
dz 



Equation (2.7.24) can then be transformed into 

d*U , d 2 U , . 4ji dU n 



dx* 



(2.7.25) 



(2.7.26) 



This equation is called a parabolic equation. 

We shall now show that the function U (x, y, z) having the form 
(see (2.7.21)) 



U (x, y, z) = A exp {i IP (z) + (x 2 + y 2 ) nllq (*)]}, 



(2.7.27) 
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l« a solution of the parabolic equation (2.7.26). Substituting (2.7.27) 
Into (2.7.26), we get 

to_VdP_ > 1 4n«(g» + y') (a „ii\_ n 

% V dz q(z) J" 1 " XV (z) I dz)~ l> - 

This equation must be satisfied for all values of x and y. Consequent- 
ly, the following equations must be valid: 

dPldz — ilq (z) = 0; 1 — dq/dz = 0. (2.7.28) 



1 1, can be easily shown by using Eqs. (2.7.19) and (2.7.20) that 
Kqs. (2.7.28) are actually satisfied. 

Generalisation to Higher-order Modes. Using (2.7.21) and (2.7.2), 
wo can write the field amplitude for the mn-th mode of a Gaussian 
lioam in the following form: 

u mn{x ,y, z) = AH n (V2^ r )H n (V2-^ r ) 

Xexp{i[/>(z) + (a:« + ^) T ^ ir + <D mil (z)]}exp (i-^z), (2.7.29) 

where <I> mn is yet to be determined. 

Assuming that, like the fundamental mode, the mn-th mode is 
ii solution of the parabolic equation, we substitute (2.7.29) (without 
the factor exp (i2nzl%)) into (2.7.26). This substitution transforms 
Kq. (2.7.26) into 

1 / d 2 H m gY dH m \ 1_ i d*H„ dH n \ 

H m \ dX* dX I ^ H n \ dr 2 l d* I 

--^P 2 d Z mn =°» (2:7.30) 



where 

X-l/2x/p; y = |/2y/p. 

Further, we consider that the Hermite polynomial H m (X) of the 
m-th order satisfies the differential equation 28 

****» . 2X -^p- + 2mH m = 0. (2.7.31) 



dX 2 dX 

Comparing (2.7.30) and (2.7.31), we conclude that the phase shift 
<D mn must satisfy the equation 

£p2 W J2!p_ = _ (m + B) . ( 2.7.32) 

Taking (2.7.3) into account, we get 

2 Z 

\ dQ) mn = m ...f \ . , ,. z ,„„ 2 >. = —lm + n) arctan ( — ^-) . 

J mn np 2 A J l + (Xz/jip§) 2 \ i / \ np$ ) ' 



28 See Appendix 1. 
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Since <£> mn (0) = 0, it follows that 

^mn (2) = —(to + n) arctan (A,z/jtpjj). 



(2.7.M) 



Using this result in (2.7.29) and changing over from parameters 1/ 
and P to parameters p and R, we get the following expression for 
the field amplitude of the mn-th mode: 



«»»<*. * *) = Aifrn m (V2^r)H n (1/2-^-) 



p(») 

x 2 + !/ 2 



p(«) 

2n 



xexp[-£Ji.]exp{i[ii-,-( m + n + l) 

— «">(-4)+ 6 SS 2 ]} 



(2.7.34) 



It should be noted that the radius p of the beam and the radius of 
curvature R of the constant-phase surface (and hence the parameter (/) 
are independent of mode indices to and n. This means that whilo 
using these parameters of a Gaussian beam, it is sufficient to con- 
sider just the fundamental mode. 



2.8. TRANSFORMATION AND MATCHING 
OF GAUSSIAN BEAMS 

In order to describe the transformation of a Gaussian beam upon 
its propagation from the reference plane z = z x to the reference piano 
z = z 2 , we must indicate the rule for change-over from parameters 
p (z x ), R (z x ) to parameters p (z 2 ), R (z 2 ), or, in other words, the rule 
for change-over from q (z x ) to q (z 2 ). 

Transformation of a Gaussian Beam in Free Space. Let us first 
prove that 



q = z — tJiPj/A, 



(2.8.1) 



As a matter of fact, we get from (2.7.19) 

_ ff 1— i(kR/np-) 
q ~ i-HXfl/jip*)* • 

It follows from (2.7.18) that KR/np 2 = JtpJ/Xz. Hence 

„ 1 — i(itpjjAz) 
* n i + (np$A«)* • 

This leads to the result (2.8.1) if we take into account the relation 
(2.7.14). 

The rule for transformation of a Gaussian beam in free space 
follows from (2.8.1). If the beam propagates from z = z x to z = z 2 , 
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wo get 



q z = q i J t d , 



(2.8.2> 



V^y 2 



where q x = q (z x ), q 2 = q (z 2 ), and d = z 2 — z v 

Lens as a Phase Corrector. By changing the phase of an optical 
wave, a lens can serve as a phase corrector. Let us consider a double 
convex lens characterised by the radius of curvature r of its surface- 
mid the radius a of its aperture (Fig. 2.47). Let d be the maximum 
thickness of the lens, d (x, 
If) — its thickness at the point 
.17/ in the aperture plane, n — 
its refractive index, and /— 
Its focal length. Suppose that 
a, (x, y) is the field in ,the 
Initial reference plane P l and 
a i (%, y) is the field correspond- 
ing to the final reference plane 
/ J 2 . Assuming that the modu- 
lus of the field amplitude does 
not change upon passing 
through the lens, we put 

w.„ (x, y) — w x (x, y) exp X Fig. 2.47 

xli(2ndjX)+t<p(x,y)] (2.8.3) 

where (2n/X) d is the phase advance at a distance d between P t 
and P 2 planes, and <p (x, y) is the additional phase shift due to th& 
Ions. Obviously, the total phase shift is equal to the sum of phase 
shifts inside and outside the lens: 




-T- d + 9 (x, y) ■■ 



:£Lnd(x, !,)\-^[d -d(x, y)]. 



Thus 



<p (x, y) = (2nA) (b - 1) d (x, y). (2.8.4> 

Taking into consideration the relation 1// = (n — 1) 2/r, we can 
transform (2.8.4) into 

<p (x, y) = (nr/Xf) d (x, y). (2.8.5> 

It follows from geometrical considerations (see Fig. 2.47) that 
d (x, y) = 2\^-(r-Vr*-{x- + y*))\ 

«d -2r[l-(l-HjJ£-)] = d - 



x"- + y* 



144 



Ch. 2 Formation of Radiation Field in a Laser Resonator 



Since the function d (x, y) vanishes for x 2 + y 2 = a 2 , we get d 
= a 2 /r. Finally, we get 



cp(x, y) = (n/Xf) [a 2 - (x 2 + y 2 )]. 



(2.8.(1) 



It can be seen that a lens serves as a quadratic phase corrector. 
Transformation of a Gaussian Beam in a Lens. Let us denote tho 

parameters of a Gaussian beam by p l7 R x and q x just in front of tho 

lens and by p 2 , i? 2 , q 2 just behind the 
lens. Let / be the focal length of tho 
lens. Being a phase corrector, the lens 
changes the curvature of the wave front 
(R 2 =£ i? x ). The radius of the beam 
remains unchanged (p 2 = pj). 

The curvature of the wavefront in 
(2.7.15) is connected with the term 
jt (x 2 + y 2 )/XR in the exponent of the 
phase factor, which depends on trans- 
verse coordinates x and y. Considering 
the passage of a Gaussian beam through 
a lens, we should supplement this term 
with — n (x 2 + y^/Xf in accordance 




Fig. 2.48 



with 



or 



(2.8.6). Thus, 

a (x 2 + y 2 )IXR 2 = [n (x 2 + y^/XRJ - [jt {x 2 + y 2 )/kf] 



l/i? 2 = (l/i?,)-(l//) . 



(2.8.7) 



Figure 2.48 shows the dependence of l/i? 2 on l/f, as defined by the 
formula (2.8.7). Three cases have been indicated in the figure: 
(a) 17/ < l/i? x (point 2); in this case R 2 > R t > 0; (b) l/f = 1/^, 
(point 2); in this case R 2 = oo; (c) l/f > 1/R t (point 3); in this case 
ff 2 <0. 

These situations have been illustrated in Fig. 2.49. Here, 1 and 2 
are the constant-phase surfaces (wavefronts) in front of the lens 
and behind it respectively. The point z = fixes the position of the 
plane wavefront (constriction) for the beam as it enters the lens, 
while point A corresponds to the wavefront as the beam leaves the 
lens. It can be seen from Fig. 2.49a that the lens somewhat decreases 
the divergence of the beam. In Fig. 2.496 the lens gives rise to a plane 
wavefront at the position where it is placed. In Fig. 2.49c, the lens 
reverses the wavefront. 

Since p 2 = p x the rule (2.8.7) can be apparently generalised for 
the parameter q: 

(2.8.8) 



l/?2 = (l/?i) -(!//) 



Transformation of a Gaussian Beam in a Lens System. In Fig. 2.50, 
a Gaussian beam propagates from plane P 1 to plane P 2 , passing 
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Ih rough a lens with focal length /; d t is the distance from P t to the 
Ions, while d 2 is the distance from the lens to P 2 . The beam is first 




lR,>0: R >R, 





transformed in the free space between P x and the lens. In accordance 
with (2.8.7), we have 

92 = 9i + dy. (2.8.9) 

The beam is then transformed in the lens. In accordance with (2.8.8), 
we have 

1/93 = (1/?,) - (1//) 
or 

93-z^+T. (2.8.10) 

Finally, the beam is transformed in the free space between the lens 




Fig. 2.50 

and P 2 . In accordance with (2.8.7), we have 

94 = 93 + ^a* 
10-0436 



(2.8.11) 
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Combining (2.8.9)-(2.8.11), we get the following rule for transforma- 
tion of a beam as it propagates from plane P 1 (beam parameter q^) 
to plane P 2 (beam parameter g 4 ): 

. gi + gi , (1 — d 2 !f)g 1 -^(d 1 + d 2 — d t d 2 /f) ,„,, 

94_ (-l//)(?i + di) + l + 2_ (-l//)ffi+(l-«*i/fl * \ ZM - l *> 

A BCD Law — the Law of Transformation of Gaussian Beams in Lens 
Systems. Any transformation of a Gaussian beam in a lens system 
may be expressed in the form 



q t = (Aq t + B)/(C qi + D) , (2.8.13) 



where q t and q 2 are the initial and final parameters of the beam re- 
spectively. The matrix [ „) describes a system ensuring this 

transformation of the beam. 

For example, the following matrix accounts for the transformation 
of a beam in free space extending over a length d (cf. 2.8.7) and 
(2.8.13)): 

/l d\ 
M(d) = { J. (2.8.14) 

The transformation of the beam in a lens with focal length / is given 
by the matrix (cf. (2.8.10) and (2.8.13)) 



■-(-«/ ")• 



The transformation of a beam in the lens system shown in Fig. 2.50 
is given by the matrix (cf. (2.8.12) and (2.8.13)) 



M^-v/^^H i * • ( 2 - 8 - 16 ) 



\ d 2 

f 


di + d 2 - 


did 2 
f 


1 


a d t 

f 





If the transformation of a Gaussian beam is a chain of several 
transformations, its matrix is a product of matrices of the component 
transformations written in an order opposite to the one in which 
these transformations are accomplished. It can be easily verified, 
for example, that 

AT fa -*/-*<« -(J t)(-l// l)(J d l) = M{dz)M{f)M{di) - 

(2.8.17) 

The ABCD law expressed by the relation (2.8.13) can be used to 
determine the transformation law for a Gaussian beam in any lens 
system. The ABCD matrix of the corresponding transformation is 
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ilofined as the product of matrices of the type (2.8.14) and (2.8.15) 
written in a definite order. Keeping in mind the analogy between 
ii lens waveguide and an open resonator, the ABCD law can be 
extended to a resonator, if the light beams in these resonators are 
Gaussian. The matrix describing the transformation of a Gaussian 
beam upon its reflection at a spherical mirror with radius of cur- 
vature r is of the form 



M (r) = 



( i °) 
V-2/r i)* 



which follows from (2.8.15), if / = r/2. 

Comparing the results obtained in this section with the results 
obtained in Sec. 2.4 while considering the transformation of a light 




_ »q, 



A a ,+B 



Cq,+D 



Light rays 



Gaussian beams 



Fig. 2.51 



ray, an interesting analogy is obtained between the Gaussian beam 
optics and geometrical optics. As a matter of fact, the .4Z? CD-matrix, 
employed in the ABCD law for Gaussian beams and describing a 
certain optical system, is identical to the transfer matrix for the light 
rays, describing the same system. This matrix is expressed as a product 
of "elementary" matrices (for free space, lens, and spherical mirror), 
written in a certain order and having the same form in geometrical 
optics as well as Gaussian optics 29 . We can obtain the ^1 2? CD-matrix 
by considering the behaviour of light rays in an optical system, and 
then apply this matrix to Gaussian beams. The transfer matrices for 
a ray given in Table 2.4 are applicable for Gaussian beams. 

The analogy between geometrical optics and Gaussian optics, 
however, should not be exaggerated. The analogy exists only as 
long as we speak about the form of the ,4.BCD-matrix for the optical 
system under consideration. The nature of the transformation ac- 
complished by an .4.Z?CD-matrix for a ray and a Gaussian beam is 
different. The transformation of a ray is described by the relation 

28 Compare (2.8.14) and (2.4.18), (2.8.15) and (2.4.20), (2.8.18) and (2.4.26). 

10* 
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Fig. 2.52 



(2.4.16) while a Gaussian beam is transformed in accordance with thi 

ABCD law expressed through the relation (2.8.13); see Fig. 2.51 

In conclusion of this discussion, it should be noted that the ABCL 

law is also'applicable when a Gaussian beam propagates in a medium 

whose refractive index changes 
in a direction perpendicular to 
the optical axis according to 
the quadratic law: 

n (x, y) — n — n 2 (x 2 + y 2 )!2. 

(2.8.19) 

For media with an arbitrary 

(nonquadratic) law of variation 

of refractive index, the ABCD 

law is not applicable. It is also 

not applicable in cases when lens aberrations have to be taken into 

account. In all these cases, the light beam after transformation is 

no longer Gaussian [7]. 

Transformation of a Gaussian Beam in a Quadratic Medium. A 
quadratic medium is one whose refractive index varies in accordance 
with the law (2.8.19) 30 . The applicability of the ABCD law to 
quadratic media is explained by the fact that such media may be 
considered as a set of a large number of lenses stacked together 81 
Let us compare a lens and a plane-parallel thin layer of a quadratic! 
medium (Fig. 2.52). The thickness d of the layer is chosen equal toj 
the maximum thickness of the lens. The refractive index of the lensj 
is equal to n 0l while the refractive index of the layer is given by thei 
relation (2.8.19): * " ' j 

n (s) = n — r 2 s 2 /2, i 

where s 2 = x 2 + J/ 2 . Let us compare the phase shifts as a result of| 
the propagation of light from the plane P t to the plane P 2 at aj 
distance s from'the optical axis for the case of a lens and a layer of^ 
quadratic medium (Fig. 2.52). The required shift for the layer is^ 
given by 



2ji 2ji 3i 

<Player ( s ) = — " ( s ) d o = — Mo ~ "X n 2 s<id o 



and for a lens, we have 



2ji 2ji 

<Pien S (s) = -5- n d (s) + -r-[d — d (s)]. 



(2.8.20) j 



(2.8.21) 



30 An example of such a medium is an optical fibre with a radial gradient 
of refractive index. A quadratic medium may also be created by a radial temper- 
ature gradient in the active element upon absorption of pumping radiation 
(thermal lens effect). 

31 The propagation of light in a quadratic medium is quite identical to the 
propagation in a lens waveguide [36, 7]. 
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Mjnco d — d (s) — 2 (r — Y r 2 — s 2 ) « s 2 lr (where r is the radius 
nf curvature of the lens, s <C r), the result (2.8.21) may be rewritten 
In (he form 

<Plens W = — Mo Jf (»o — 4 ) — 

or, if we take into account the fact that 1// = (ra — 1) 2/r (/ is the 
focal length of the lens), we get 

<Plens(*) = | L Mo-17-. (2-8.22) 

(lomparing (2.8.22) and (2.8.20), we conclude that the phase shift 
for a light beam as it passes through a thin layer of a quadratic 
medium of thickness d is exactly the same as for a thin lens with 
focal length 

/ = l/n 2 d . (2.8.23) 

The ABCD-msktiix transforming the beam upon its passage through 
ii quadratic medium of thickness d is of the form [15] 

cos (1/ — d ) ,/- sin 

— I (2.8.24) 



— Y n 2 n sin 1 1/ — d 1 cos 




It can be easily seen that as n 2 -»- 0, the matrix (2.8.24) turns into 

matrix (* ^ re °) given in Table 2.4. If d tends to zero in (2.8.24), 

and if we consider that the C-element of the matrix tends to —iff 
in accordance with (2.8.23) (for sufficiently small values of d, we 

have — Y n 2 n o sin ( 1/ — dj « —n 2 d), we arrive at the matrix 

(2.8.15) describing the transformation of the beam in a thin lens. 

Matching of Gaussian Beams. The problem of matching of Gaus- 
sian beam may have various practical applications. For example, 
suppose that it is required to introduce a Gaussian beam emerging 
from a laser into a lens waveguide, another laser (for pumping the 
latter), to a parametric light generator cavity, etc. In all these cases, 
it is required to introduce a Gaussian beam emerging| f rom one 
resonator into another. It is important that for this purpose, the 
initial beam should be properly transformed, or matched, with the 
receiving resonator. For this purpose, a lens is placed at a definite 
point between the first and the second resonator (matching lens). 

Figure 2.53 shows a typical matching diagram. Here, 1 is the 
lirst resonator, 2— the second resonator, 3— the matching lens 
(focal length /). A and B are points in primary and secondary^ Gaus- 
sian beams at which the beams have a plane wavefront (the con- 
striction points of the beams). The radii of the beams at the points A 
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and B are denoted by p 10 and p 20 respectively, d x and d 2 are the 
distances between the matching lens and points A and B respectively. 
The problem of matching of beams may be presented in the following 
way: given p 10 , p 20 , and /; it is required to find d x and d 2 . By solving 
this problem, we can find out the distance by which the centres of 
matched resonators should be separated, and the position where the 
matching lens should be placed 32 . 

Let us consider the reference planes P t (beam parameter g x ) and P 2 
(beam parameter g 2 ), see Fig. 2.53. These planes coincide with the 




Fig. 2.53 

constriction planes of the beams. Consequently, the parameters q x 
and q 2 should be purely imaginary (as soon as l/R t = and 1/R 2 = 
= 0). In accordance with (2.8.1), we put 



Qi = — inp\A = — *&; 
q 2 = — inpl /l == — iQ 2 . 



(2.8.25) 



Using the ABCD law, we write: q 2 — {Aq x + B)/(Cq 1 + D) or, 
otherwise, Aq y + B = Cq x q 2 + Dq 2 . Substituting (2.8.25) in it, 
we get — iAQi + B = —CQ 1 Q 2 — iDQ 2 , or 



CQ& 2 + B = 0; 
AQ, - DQ 2 



-Oil 
= 0./ 



(2.8.26) 



Further, we use the specific form of the ABCD-m&trix for transform- 
ing a beam from P x to P 2 . This is the matrix (2.8.16), using which 
we can rewrite the system of equations (2.8.26) in the form 



{-QiQJf) + (dt + d 2 - d^/f) = 0; 
(1 - djf) Q l - (1 - djfl Q 2 = 0. 



(2.8.27) 



32 It is also necessary to know the distances from resonator mirrors at which 
the constriction points of beams are situated. This question will be discussed in 
Sec. 2.9. 
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'I'll is system of equations (considered for the unknowns d x and d 2 ) 
bus two solutions. The first solution is given by 

di = / + l/^-VF I 7!; d 2 = f+y r ^Vp=fi. (2.8.28a) 
The second solution is 

di = /-j/|jVf=7!; d 2 =f--\Z^-VJ^Tl. (2.8.28b) 

Here / = (n/k) p 10 p 2 o is tne so-called characteristic length. For 
matching, it is necessary that the following inequality be satisfied 

/ > /,. (2.8.29) 

This inequality imposes certain conditions on the choice of a 
matching lens. 

Taking into account Eqs. (2.8.25), we can rewrite Eqs. (2.8.28) 
in the following form 






PlO 



P20 

PlO 



VP-fl 



d 2 = f+f^VP- 

PlO 



•r- 

10' 



P20 PlO 



(2.8.30a) 
(2.8.30b) 
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2.9. GAUSSIAN BEAMS IN STABLE RESONATORS 

Self-reproduction of a Gaussian Beam Upon Reflection from a 
Spherical Mirror. Figure 2.54a shows a Gaussian beam propagat- 
ing from the constriction plane P in the positive direction of z-axis. 
Here, the solid lines with arrows 
show the light rays while the dashed 
lines indicate the cross sections of 
constant phase surfaces (it should 
be recalled that a light ray is per- 
pendicular to the constant phase 
surface at every point). The radius 
(p ) of the beam at the constric- 
tion plane is assumed to be given. 

Using a concave spherical mirror 
of a sufficiently large aperture, 
the light beam may be reflected in 
such a way that it reproduces itself 
(is reflected back along the same 
path). For this purpose, it is neces- 
sary that each light ray in the 
beam should strike the reflecting 

surface of the mirror at right angles. In other words, it is necessary 
that the surface of the mirror should coincide with one of the constant 
phase surfaces of the beam (Fig. 2.546). 



rrRffl 




Fig. 2.54 
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Assuming that the mirror is placed at a distance d 2 from the con- 
striction plane P , the radius of curvature of the constant phase 
surface for z = d 2 will be given, in accordance with (2.7.14), by 

R (d 2 ) = d 2 [1 + (np 2 Ad 2 ) 2 ]. 

In order that the light beam reproduces itself upon reflection, the 
radius of curvature r 2 of the mirror should be equal to this'quantity. 
Thus 

r 2 = d 2 [1 + (Jtp VXd 2 ) 2 ]. (2.9.1) 

The relation (2.9.1) can be rewritten in the following form: 

Pt = (Mi) 2 d 2 (r, - d 2 ). (2.9.2) 

(This is the same as relation (2.7.17) for z = d 2 and R = r 2 .) 

Considering the propagation of a Gaussian beam from the con- 
striction plane P not only in positive direction, but also in the 
negative direction of the z-axis, we place another concave mirror 
across the beam axis at a distance d 1 to the left of the /Vplane. In 
order that the beam reproduces itself upon reflection at this mirror, 
we require that the following relation, analogous to (2.9.2), be 
sstisfipd 

P$ = (Mt) 2 d, (r x - dj, (2.9.3) 

where r x is the radius of curvature of the mirror. The light beam is 
now "blocked" from both sides in such a way that upon each reflec- 
tion (from left to right, or from right to left), it reproduces itself 
(Fig. 2.54c). This means that the Gaussian beam is a mode of a resona- 
tor consisting of mirrors whose radii of curvature have been chosen 
in accordance with the relations (2.9.2) and (2.9.3). 

Gaussian Beam in a Resonator (Large Mirror Apertures). The 
above discussion concerns a certain Gaussian beam with a given 
value of p , and mirrors are chosen for this beam (for twojpoints on 
its axis) in such a way that they reflect the beam back into itself. 
In actual practice, however, it is not the beam which is the main 
factor of such a resonator but rather the mirrors, since it is the 
mirrors which form the Gaussian beam, reproducing itself upon 
reflections. 

Let us consider a resonator of length L, formed by two mirrors 
with radii of curvature r t (left mirror) and r 2 (right mirror) and 
with quite large apertures. Let d x and d 2 denote the respective dis- 
tances from the left and right[mirrors of the constriction plane of the 
Gaussian beam formed in the resonator (see Fig. 2.54c). Taking into 
account Eqs. (2.9.2) and (2.9.3), we can write the following [system 
of equations for determining d x and d 2 : 

di fa - d t ) = d 2 (r 2 - d 2 ); d t + d 2 = L. (2.9.4) 

Eliminating d 2 , for example, we get 

di fa + r 2 -2L)=L (r, - L). (2.9.5) 
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ANNuming 33 that 
wo get from (2.9.5) 


r t + r 2 - 2L ^ 0, 


(2.9.6) 




d i = L(r 2 -L)/(r i + r 2 -2L) 


(2.9.7a) 


Similarly, we can 


find that 






d s =L(r 1 -L)/(r 1 + r,-2L) 


(2.9.7b) 



Substituting (2.9.7a) in (2.9.3), we get an expression for the beam 
radius in the constriction plane: 

* \ 2 Hr 1 -L)(r t -L)(r l + r t --L) 



<-(*)' 



In order to determine the beam radius at the resonator mirrors 
(p x and p 2 for left and right mirrors, respectively), we make use of 
the relation (2.7.18), which in this case assumes the form 



pfp* = (X/ji) 2 r t d t for i = 1, 2. 
Using (2.9.8), we can find 



(2.9.9) 



a V (r,— 



L(r t -L) 



(ri-^^ + r.-L)' 



P 2 2 



^Ci— &) 



(r.-LJtn + rj-L)' 
For a symmetric resonator (r x = r 2 = r), we get 



(2.9.10) 



h = d 2 = ) ±; p$=(-£) L(2r- L); p« = p. 

n V 2r—L' 



(2.9.11) 



Using the parameter} g t (g = 1 — L/r), we can rewrite the result for 
pj. Thus, in a symmetric resonator 

pj = (XZ/2ji) 2 (1 + g)/(l - g). (2.9.12) 

It follows from (2.9.12) that the parameter g must satisfy the con- 
dition — 1 <g<l, since it is only for these values that pj is 
positive (Fig. 2.55). It can be easily seen that p increases (for a 
given length of the resonator) with increasing value of the parameter 
g, i.e. with increasing radius of curvature of the mirrors. 

We have thus arrived at the question as to which resonators may 
give rise to a Gaussian beam. From the example of symmetric reso- 
nators it is apparent that unstable resonators (for which g > 1 or 



»» The case when r t + r 2 — 2L =0 will be considered separately. 
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g < —1) do not form Gaussian beams. Strictly speaking, Gaussian 
beams are also not formed in resonators that are at the boundaries of 
the stability region, i.e. in plane-parallel resonators (g = 1) and 
in concentric resonators (g = — 1). The impossibility of reproducing 
a Gaussian beam in these resonators is evident 34 . 

Returning to the general case of asymmetric resonators, let us 
consider the basic relations (2.9.2) and (2.9.3). In order that a self- 
reproducing Gaussian beam be formed in a resonator, it is necessary 
that the right-hand sides of these relations be positive, i.e. it is 

necessary that the following inequalities 

be satisfied: 

<h ( r i - <h) > 0, 
(L - dj (r 2 -L + a\) > 0. (2.9.13) 

Substituting (2.9.7a) in either of these 
inequalities, we get 

r (r t — L) (r 2 — L) (r! + r 2 — L) n 
(ri + r 2 -2L)* ^ U ' 

Thus, it is necessary that the following 
inequality be satisfied: 

(r 1 -L)(r,-L)(r 1 + r 1 -L)>0. 

(2.9.14) 

In terms of parameters g x and g 2 , this inequality can be rewritten 
in the following form: 

giii (1 - &£«) > o 
Hence, 

(2.9.15) 




Fig. 2.55 



0<B'ift<l 



This inequality may be considered as the necessary condition for the 
existence of a self-reproducing Gaussian beam in a resonator. 

Comparing the relation (2.9.15) with the stability condition 
(2.4.14) for resonators, we conclude that Gaussian beams cannot be 
formed in unstable resonators. Besides, they are also not formed in 
resonators which are at the boundary of the stability region (i.e. for 
which g^. 2 = 1 or g t g 2 = 0). An important exception is the con- 
focal resonator (with g x = 0, g 2 = 0). 35 

The Effect of Mirror Aperture. It has been assumed above that 
the apertures of resonator mirrors are quite large: 

(N = a^ajKL) > 1. 



34 We are speaking of "empty" resonators. It is possible to get a Gaussian 
beam in a plane-parallel resonator with an internal lens. 

35 The confocal resonator requires to be considered separately, since it 
belongs to the case when the condition (2.9.6) is not satisfied. 
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In this case, there is a physically well defined boundary between 
llii! stability and instability regions of resonators: upon a transition 
from unstable to stable resonators, there is a sharp decrease in diffrac- 
tion losses. In such a case, this boundary provides a clear distinction 
between resonators with Gaussian and non-Gaussian beams. 

A decrease in the aperture of mirrors means a decrease in the 
Kresnel number. This leads to a gradual smoothing of the difference 
between diffraction losses in stable 
wad unstable resonators located 
near the boundary of the stability 
region. Simultaneously, the boun- 
dary between resonators with 
Gaussian and non-Gaussian beams 
will be smeared. This means that 
with decreasing Fresnel number, 
the "non-Gaussian resonator" re- 
gion will become wider than the 
region corresponding to unstable 
resonators. The description of the 
field in stable resonators will become 
to a considerable extent appro- 
ximate or even incorrect. 

Under these conditions, the field 
structure in a resonator may be 
revealed as a result of numerical 
solution of corresponding integral 
equations on the basis of the Fox- 
Li iterative method (see Sec. 2.6). 
The Fox-Li method permits a cal- 
culation of field in a resonator for any 
values of the parameters N, G u G 2 . 
Figure 2.56 shows the field distribution on the surface of a mirror 
with a circular aperture, obtained by the numerical iterative method 
for symmetric resonators (r x = r 2 , a x = a 2 ) for different values of 
the parameter g = 1 — Llr [15]. The field distributions have been 
calculated for the fundamental mode for relatively small mirror 
apertures, i.e. for N = 1. The curves depicted here have been ob- 
tained for the modulus of the field amplitude | u | (Fig. 2.56a) and 
for the phase <D of the field (Fig. 2.566) for different values of the 
parameter g. These field characteristics have been plotted as func- 
tions of the ratio of the distance of the mirror from the centre to the 
radius of its aperture (this ratio is denoted by v). The parameter g 
was varied from (confocal resonator) to unity (plane-parallel 
resonator) and a little higher, going into the region of unstable 
resonators with convex mirrors (0 =gC g ^ 1.2). 

The dependences shown in the figure demonstrate the absence of 
a sharp change in the field amplitude distribution for A r = 1 upon 




Fig. 2.56 
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transition from stable to unstable resonators. Consequently, there is 
no sharp change in the magnitude of diffraction losses. For a confocal 
resonator (g = 0), the distribution | u (v) | is quite aptly described 
by the Gaussian junction, while the phase of the field remains prac- 
tically unchanged over the surface of the mirror. This means that 
even for N = 1, a confocal resonator forms a Gaussian beam. With 
an increase in the value of g, the distribution | u (v) | gradually 
loses its similarity to a Gaussian function, while the phase of the 
field changes more and more strongly over the mirror surface. Even 
in the stability region, the Gaussian beam model is no longer applic- 
able. 

It should also be noted that the curves in Fig. 2.56a illustrate the 
remark made earlier, that diffraction losses are determined not only 
by the Fresnel number, but also by other parameters of the resonator. 
For the same value of the Fresnel number (TV = 1), diffraction losses 
considerably increase with an increasingjyalue of the parameter g. 
The confocal resonator is characterised by minimum diffraction 
losses. 36 

We find that the condition (2.9.15) is in general necessary but not 
sufficient for forming a Gaussian beam'in the resonator. In-order to 
form a Gaussian beam, it is necessary that diffraction losses be small. 
Consequently the region of "Gaussian resonators" will practically 
coincide with the stability region of resonators only for sufficiently 
large Fresnel numbers (for large apertures of mirrors). In this con- 
nection, the condition (2.9.15) should be modified: 



0<*ifc<l; #»1 . (2.9.15a) 



If the, inequality N ~^> 1 is not satisfied, the region of "Gaussian 
resonators "will be smaller than the region defined by the inequalities 
< g x g 2 <; 1. There are no sharp criteria in this case. It can simply 
be stated that with decreasing Fresnel number (with decreasing 
aperture of the mirrors) the region of "Gaussian resonators" will 
rapidly shrink to the point g x = 0, g 2 = corresponding to a con- 
focal resonator. For sufficiently small values of Fresnel number, 
Gaussian beams are not formed even in a confocal resonator. 

Phase Shift for a Gaussian Beam and Resonance Frequency Spec- 
trum. I", has been mentioned in Sec. 2.2 that in order to find the 
frequency spectrum of a resonator, we must make use of the fact that 
the phase shift in the radiation for one pass through the resonator is 
an integral multiple of n, the phase shift being considered at the 
optical axis of the resonator. If the light beam formed in the resona- 
tor is Gaussian, the resonance frequency spectrum can be determined 
with the help of relation (2.7.34). According to (2.7.34), the phase 
shift for the mn-th mode of a Gaussian beam as it propagates from 

36 Upon a change in the sign of the parameter g, the dependences | u (v) | 
will be similar to the curves shown in Fig. 2.56a if these are considered for | g | . 
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llie constriction plane (z = 0) to a certain reference plane z = z x 
is equal (for x = y = 0) to 

<1W (zi) = (2n/K) z x — (m + n + 1) arctan (z^/npj). (2.9.16) 

The phase shift of the mn-th mode for one pass of radiation through 
the resonator, shown for example in Fig. 2.54c from the left mirror 
to the right mirror, is qp mn (d 2 ) — q) ron (— dj. This phase shift is 
n multiple of n: 

<Pmn (d 2 ) — (f m n (—dj) = nq. (2.9.17) 3 * 

Using (2.9.16), we can rewrite (2.9.17) in the form 

■X" ( d i + d 2 ) — {m + n + l) [arctan (,-qr) + arctan (-^-) ] = nq. 

(2.9.18) 
With the help of (2.9.9), we can write 

%d t /npl = npi/Xrf for i = 1, 2. 
Substituting the result (2.9.10) in this, we get 



2£.— j/ 

Jtp2 V (u — 



L(r 2 -L) 



npj V ir x -L) (n + r 2 -L) ' 



«fi~V (r 2 ~L)(r 1 + r 2 -L) V*- 1 "* 

We then transform the sum of arc tangents in the relation (2.9.18) 
ns per formula 

arctan a + arctan p = arccos ( 1 + g « +p i^. tt «pi ) • 

Using this formula and taking into account (2.9.19), we transform 
the relation (2.9.18) into the following form: 

-£- L — (m + n + 1) arccos y (l ) (l j = jt?. 

Thus 

-^- L — (m + n + 1) arccos Vgtfh =nq. (2.9.20) 

Using (2.2.10), we get the following expression for resonance frequen- 
cies of the mn-th mode of a Gaussian beam: 



0) 



mnq 



■=^-[q + (m + n + 1)— arccos V giiz 



. (2.9.21) 



37 ^Here, q is a positive integer (longitudinal mode index). This mode in- 
U'x should not be confused with the complex parameter of a Gaussian beam. 
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Application of the ABCD-law for Considering the Resonator Field. 

Let us denote as q the parameter of a Gaussian beam on a certain 
reference plane P chosen inside a resonator. We suppose that tlio 

transformation of the beam upon 
its propagation from the left 
resonator mirror (with radius of cur- 
vature r x ) to the plane P is given 
by an AiBidDx-nidLtrix, while tho 
transformation upon propagation 
of the beam from plane P to the 
right mirror (with radius of curva- 
ture r 2 ) is given by an 4 2 5 2 <7 2 Z) 2 - 
matrix (see Fig. 2.57). We mentally 
conceive a round-trip through the 
resonator — from P to the left 
mirror, and further as shown by arrows in the figure. The ABCD- 
matrix for such a pass may be represented by the product 

'A 2 »-W 1 0> 




X 



(A 2 B i \/A l B t \( 1 "\a B t \ 



(2.9.22) 



Using the ABCD-law for Gaussian beams (2.8.13), we find the 
parameter q' of the beam, obtained as a result of a round-trip through 
the resonator: 

<?'= (Aq + B)/(Cq + D). (2.9.23) 

Since the beam structure must be reproduced as a result of a round-trip 
through the resonator, we get 

q' = q. (2.9.24) 

Substituting (2.9.24) in (2.9.23) we get an equation for the parameter 
q of the beam in the reference plane P chosen by us 



q = (Aq + B)/(Cq + D) 



(2.9.25) 



The parameter q is complex-valued, hence Eq. (2.9.25) is equivalent 
to a system of two equations which can be used for finding the radius 
of the light beam and the radius of curvature of its wavefront in the 
transverse cross section chosen by us for the resonator. We represent 



i/q = g + ih, 
where, in accordance with (2.7.19), 

g = MB; h= %!np\ 



(2.9.26) 



(2.9.27) 
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Substituting (2.9.26) into (2.9.25) we get 

(g« _ h 2 ) B - g (D - A) - C + ih [2gB - (D - A)] = 0. 

Thus 

2gB-(D-A) = 0. J l ' 

Taking into consideration the relation AD — BC = 1, we can 
write the solution of the system of equations (2.9.28) in the form 



Taking (2.9,27) into account, we finally get 

A \ 9 -i _ A /O 

(2.9.29) 



Z> + ^\2l-l/2 



*-Jh> p*=44<-(n-T] 



In Sec. 2.4, we obtained the y45CZ>-matrix (2.4.28) for a round-trip 
through an "empty" resonator from any arbitrarily chosen reference 
plane. Using this matrix, we can easily obtain the relation (2.9.7) 
determining the position of the constriction plane in a resonator. 

Let us choose the constriction plane of the beam as reference plane, 
from which we start a round of the resonator. Since ilB = in this 
plane, the matrix of a round-trip must have, in accordance with 
(2.9.29), the following property: 

A = D. (2.9.30) 

Using the result (2.4.28), we can rewrite (2.9.30) in the following 
form (after replacing d by d x ): 

l + £y(L-d l )--?-(2L-d l )-^-(L-d l ) 

rir 2 r 1 r 2 

"l'2 "l r 2 

It can be easily verified that this equation is equivalent to the 
relation (2.9.5). 

Indefiniteness of the Caustic of a Confocal Resonator with Infinite 
Mirror Apertures. In accordance with (2.9.5), the position of the 
constriction plane of a Gaussian beam formed in a certain resonator 
is fixed by the "longitudinal configuration" of the resonator (i.e. by 
parameters r lt r 2 , L). The position of the constriction plane for a 
symmetric resonator (r t = r 2 ) is fixed at the middle of the resonator 
(d x = L/2). A symmetric resonator has a symmetric caustic corres- 
ponding to it. 

This statement is valid for all resonators forming Gaussian beams 
except the confocal resonator (r x = r 2 = L). One of the most interest- 
ing properties of this resonator is that the position of the constric- 
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tion plane of the beam and hence the form of the caustic in the resona- 
tor are not fixed by the "longitudinal configuration" of the resonator 
(see, for example, [37]). 

As a matter of fact, for r l = r 2 = L the relation (2.9.5) assumos 
the form ^-0 = L-0. Hence d t may assume any value from tint 
interval <C d x < L. This interval is determined by the relation 
(2.9.3) which has the following form for a confocal resonator of 
length L: 



pj = (%lnf d x (L - d x ). 



(2.9.31) 



If the apertures of the confocal resonator mirrors are infinitely 
large, there are no factors that could fix the caustic. The caustic in 
such a resonator is indefinite. It may be symmetric or asymmetric, 
to a certain degree, with respect to the mirrors. 




■* 




Fig. 2.59 



A change in the form of the caustic is accompanied by a change 
in the radius of the beam on the constriction plane (radius p ). It 
can be seen from (2.9.31) that p assumes a maximum value for the 
case of a symmetric caustic (for d t = LIT): 



Po max = y^-LI2n , 



(2.9.32) 



If d x tends to zero or to L, the radius p will decrease and tend to zero 
(Fig. 2.58). 

Irrespective of the form of the caustic, the product of the beam 
radii at the mirrors remains constant. This can be easily verified 
by using the relation (2.7.18). We denote the radii on the left and 
right mirror by p x and p 2 , respectively. In accordance with (2.7.18), 
we have 

pI = (l/pJ)(Wn)«W,; pl^l/pDWLiL-dJ. (2.9.33) 
Taking (2.9.31) into account, we get 

p x p 2 = XL/n. (2.9.34) 
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Figure 2.59 shows, by way of an example, two caustics of a con- 
focal resonator with infinite mirror apertures. One of these caustics 
is symmetric, while the other is asymmetric. 

Confocal Resonator with Finite Mirror Apertures. Let us go over 
from a purely speculative confocal resonator with infinite apertures 
to a real confocal resonator whose mirrors have apertures a x (for the 
loft mirror) and a 2 (for the right mirror). The independence of the 
form of the caustic of a confocal resonator from its "longitudinal 
configuration" makes the caustic of such a resonator capable of 
adjustment according to its "transverse configuration" determined by 
the ratio of its mirror apertures. Unlike other resonators the form 
of the caustic in a confocal resonator is fixed by the mirror apertures, 
which also determine the position of the constriction plane of the 
beam. 

Suppose that a resonator has mirrors with identical apertures 
(radius of aperture is a). A symmetric caustic is fixed in this case, 
since only such a caustic will correspond to the lowest diffraction 
losses. The caustic of a symmetric confocal resonator is characterised 
by the following parameters: 



d 1 = L/2; p = YlL/2n ; p = )/XL/jt. (2.9.35) 

where p is the beam radius at the mirrors. 

Let us now consider another confocal resonator of the same length 
but with % = a/2, a 2 — 2a. Both the resonators considered here 
have the same product of mirror apertures: a x a % = a 2 . Hence they 
are equivalent resonators characterised, in particular, by identical 
diffraction losses. This result follows from the equivalence condition 
(2.6.43) of confocal resonators. 

It is well known that the ratio of the radius of light beam on a 
mirror to the radius of the mirror aperture serves as a measure of 
diffraction losses. The fact that diffraction losses of a confocal 
resonator do not change upon halving the aperture of one mirror 
and simultaneously doubling the aperture of the other means a 
corresponding change in the radii of the beam at the mirrors: 

Pi = p/2; p 2 = 2p. (2.9.36) 

(It should be noted that p x p 2 = p 2 in accordance with (2.9.34).) 
Taking into account the relation (2.9.35), we can rewrite (2.9.36) 
in the following form: 

p^YXL/n/2; p 2 = 2V%Un. (2.9.37) 

Thus, the fact that diffraction losses in a confocal resonator remain 
constant in spite of a change in the ratio of mirror apertures (for the 
same value of the product a x a 2 ) is explained by a corresponding 
change in the caustic shape and its readjustment according to new 
apertures. 

11-0436 
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Using (2.9.37) we can find the distance d[ between the left mirror 
and the constriction plane. We substitute (2.9.37) in (2.9.33) and 
take into account (2.9.31). Consequently, the first of the relations 
(2.9.33) assumes the form KLlAn = "KLd'Jn V d\ (L — d'^j. Hence 
d[ = LIU. 

Both confocal resonators considered here are shown in Fig. 2.60, 
which also shows their caustics. 

As mentioned earlier, the caustic shape in a non-conjocal resonator 
is fixed by the "longitudinal configuration" of the resonator. The 
existence of a Gaussian beam in stable resonators whose parameters 

are not close to the point gi—gz=0 
is possible only for large apertures 
of the mirrors. A decrease in the aper- 
ture cannot change a fixed caustic in 
these resonators. It can only lead to 
higher diffraction losses so that the 
beam is finally no longer Gaussian. 
The caustic of a confocal resonator, 
on the other hand, is capable of read- 
justment according to mirror apertures. 
Besides, a' confocal resonator is char- 
acterised by the lowest value of pjp 2 
(for a given L) 38 . These two circum- 
stances mean that the diffraction losses 
in a confocal resonator are the lowest 
in comparison to other types of reso- 
nators (for the same value of Fresnel 
number). For this reason, a confocal resonator is capable of forming 
a Gaussian beam even for relatively small values of Fresnel numbers. 
Confocal Diaphragm Resonator. If the mirror apertures are suf- 
ficiently large, the decisive factor in the caustic shape of a confocal 
resonator may turn out to be the diaphragm introduced into the 
resonator. For large mirror apertures, the beam constriction is 
fixed at the same point where the diaphragm is deployed. 

It was mentioned in Sec. 2.6 that the highest diffraction losses in 
a confocal diaphragm resonator 39 take place when the diaphragm 
is located in the middle of the resonator. If the diaphragm is dis- 
placed towards one of the mirrors, the diffraction losses will de- 
crease. This is explained by a readjustment of the caustic as a result 
of this displacement. Consequently the beam constriction follows 
the diaphragm. In accordance with (2.9.31), the maximum radius p 
of constriction is attained for a\ — L/2. If d x tends to zero or L, 
the radius p of constriction decreases (Fig. 2.58). Thus, as the 




Fig. 2.60 



38 In accordance with (2.9.11) we get the relation p 2 = XLIn "|/l — g 2 for 
symmetric nonconfocal resonators. The corresponding relation for a confocal 
resonator is given by p 2 = %Lln. 

39 We are speaking of diffraction at the edge of the diaphragm hole. 
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diaphragm approaches a mirror, the ratio p /a (a is the radius of the 
diaphragm hole) will decrease, thus causing a decrease in the diffrac- 
tion losses. Figure 2.61 illustrates this situation. 

If the caustic were fixed and incapable of readjustment according 
to the diaphragm, a displacement of the diaphragm would lead not 
to a decrease, but rather to an increase in 
Ihe ratio p /a. Consequently, there would 
be a rise in diffraction losses and probably 
a conversion of the Gaussian beam into 
lion-Gaussian. 

2.10. UNSTABLE RESONATORS 

In 1962, Boyd and Kogelnik showed that 
resonators whose parameters satisfy the F 'g- 2 - 6:l 

condition (2.4.14) are characterised by 

small diffraction losses for large values of Fresnel number, and that a 
violation of this condition leads to a sharp increase in losses [28]. 
Resonators for which the condition (2.4.14) is not satisfied were 
termed unstable* resonators. At that time, laser generation was 
considered impossible for large diffraction losses, hence not much 
attention was paid by specialists to the unstable resonators for some 
time. Interest to these resonators was revived in late sixties after 
Siegman [38, 39] and a number of o.ther authors [40-42] considered 
these resonators for laser applications. 

These investigations demonstrated the viability of lasers with 
unstable resonators. It was shown that it is expedient to use such 
resonators for sufficiently large values of gain of the active medium — 
not less than 10-20% for a pass [43]. It turned out that unstable 
resonators have a number of advantages over stable ones (see [44], 
as well as Ch. 23 in [2]). 

Homocentricity of a Beam Extracted from an Unstable Resonator. 
It was mentioned, in Sec. 2.3, that most of the results for unstable 
resonators can be obtained in the geometrical approximation. 
The idea of geometrical calculations for unstable resonators was put 
forward by Siegman [38]. According to him, the field inside a resona- 
tor is treated as a superposition of two spherical waves (or a spherical 
and a plane wave in certain resonators) which are propagating in 
opposite directions and are transformed into each other upon reflection 
at the mirrors. 

Consider an unstable resonator of length L, formed by convex 
mirrors with radii of curvature r t and r 2 and apertures a x and a 2 
(Fig. 2.62a). The dashed lines in the figure show cross sections of 
constant phase surfaces of two divergent spherical waves. We shall 



40 Different types of unstable resonators have been compiled in Table 2.3 
(positions III, V, VI, IX, XI-XVI). See Sec. 2.4. 
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designate the wave propagating from left to right as wave 1 and the 
one propagating from right to left as wave 2. Point A x is the common 
centre of constant phase surfaces for wave 1 while point A 2 is the 
corresponding point for wave 2. While propagating from the left- 
mirror to the right one, wave 1 partially leaves the resonator in the 
form of a homocentric light beam with centre at A x , is partially 
reflected at the right mirror and is thus transformed into wave 2. 
Wave 2, propagating from the right mirror to the left one, partially 
leaves the resonator in the form of a homocentric light beam with 
centre at A 2 , is partially reflected at the left mirror and is thus 
transformed into wave 
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Fig. 2.62 

In order that wave 1 be transformed into wave 2 and wave 2 into 
wave 1 upon reflection at the mirrors, it is necessary that point A 2 
should be the image of point A x in the right mirror, and point Ax 
should be the image of point A 2 in the left mirror. This can be clear- 
ly seen if we consider two successive reflections of any light ray 
corresponding to wave 1 or 2. Figure 2.626 shows the ray B X B 2 
propagating from the left mirror to the right one. Since the ray cor- 
responds to wave 1, its continuation beyond the left mirror must 
intersect the optical axis at the point A x . This ray is reflected at the 
right mirror and is converted into the ray B 2 C x . Continuation of 
this ray beyond the right mirror defines the image of point A x , i.e. 
point A 2 , in this mirror. Since the ray B 2 C x must correspond to 
wave 2, point A 2 must be the centre of wave 2. Upon reflection at 
the left mirror, the ray B 2 C t is converted into ray C X C 2 . Since the 
ray C X C 2 corresponds to wave 1, its continuation must pass through 
the point A x . Consequently, the point A x must be the image of point 
,4 2 in the left mirror. 

We denote the distance between the point A x and the left mirror 
by Zj, and between the point A 2 and the right mirror by z 2 . In order 
to find these distances we use the formula for constructing an image 
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lu a convex mirror: 

(1/d') - (1/d) = 2/| r |, (2.10.1) 

wliere d is the distance of the object from the mirror, d' is the distance 
(if the image from the mirror, and r is the radius of curvature of the 
mirror. Considering the point A 2 as the image of the point A x in 
llie right mirror, let us write down the relation (2.10.1) for this 
mirror (Fig. 2.626): 

(l/z 2 ) - [l/( Zl + L)] = 2/| r 2 |. (2.10.2a) 

Considering the point A x as the image of the point A 2 in the left 
mirror, we can write down, for this mirror, 

(1/ Zl ) - [l/(z 2 + L)] = 2/| r x |. (2.10.2b) 

Considering that | r x | = — r lt | r 2 | = — r 2 and using the familiar 
relations Llr x = 1 — g lt Llr 2 = I — g 2 , we arrive at the system 
of equations 

(l/2,)-[l/(z 2 + £)]= -2(1 -ftJ/L; 

(l/z 2 )-[l/(a i + L)]= -2(l-g 2 )/L. 

Solving this system, we get 

V^glg2 (glg 2 — 1)~ glg 2 + g 2 . 



} (2.10.3) 



Zj = L 



2gig 2 — gi — g 2 



2 L ygig 2 (gig 2 -D-gig 2 +gi (2104) 

For a symmetric resonator (g x = g 2 = §), this result assumes 
the form 

Zl = 22 = ^_(|/I±i_l). (2.10.5) 

Geometrical Optics Losses in an Unstable Resonator. Losses in 
stable resonators due to finite aperture of mirrors are, as a rule, 
unfavourable and undesirable. In unstable resonators, however, 
these losses are favourable, since they are responsible for the extrac- 
tion of the light beam from the resonator 41 . The homocentricity of 
the beam suggests that these losses may be described within the 
framework of geometrical optics. A special term geometrical optics 
losses is sometimes used to describe these losses. 

Let y be the transverse coordinate on the left mirror for one of 
the rays in an unstable resonator (Fig. 2.626). In passing from the 
left mirror to the right one, the ray deviates from the axis. Let us 
denote its coordinate on the right mirror by y'. Upon returning to 



11 The radiation is extracted from the resonator because of the fact that the 
diameter of the light beam turns out to be more than the aperture of the mirror 
(Fig. 2.62). Such a method of extracting radiation from the resonator is called 
circular, and is characteristic of unstable resonators. 



166 Ch. 2 Formation of Radiation Field in a Laser Resonator 

the left mirror (after reflection at the right mirror), the ray will have 
coordinate Y. The ratio 

M = Yly (2.10.6) 

showing the number of times the distance between the light ray and 
axis has increased for a round-trip through the resonator is called the 
coefficient of transverse broadening of the beam. From Fig. 2.626, 
it can be seen that 

y'ly = (zi + L)lz£ Yly' = (z 2 + L)lz 2 . (2.10.7) 

This gives 

M = h±Lh±lL m (2.10.8) 

z 1 z 2 v 

The factor (z x + L)lz t in (2.10.8) defines the increase in the trans- 
verse dimensions of the beam upon its passage from the left mirror 
to the right mirror, while the factor (z 2 + L) z 2 defines the same 
quantity as the beam passes from the right mirror to the left mirror. 
Substituting (2.10.4) in (2.10.8), we get 



M — 8lg 2+VgiS2 (giffa — 1) (2.10.9) 

gigs — V 8182(8182 — V' 

For a symmetric resonator (g x = g 2 = g), the relation (2.10.9) 
assumes the form 

M = (g+V¥ Zr i) 2 - (2.10.10) 

In this case we usually consider the coefficient of expansion for 
a single pass through the resonator instead of a round-trip: 

M s = VM = g + V¥ Zr l- (2.10.11) 

The radius of the light beam reflected at the left mirror is equal 
to the radius of aperture a l of this mirror. After passing through 
the resonator (from left mirror to right mirror), the radius of the 
beam increases (z x + L)lz y times and becomes equal to a r (z x + L)lz t . 
If the radius of aperture a 2 of the right mirror is less than 
a i ( z i + L)lz x , only a part of the light flux reflected by the left 
mirror will be reflected by the right mirror. The ratio of the light 
flux reflected by the right mirror to that reflected by the left mirror 
is equal to * 2 

y 2fl = oj/lfl! ( Zl + L)/zj] 2 . (2.10.12a) 

Thus, the fraction of light flux lost during a passage from the left 
mirror to the right one is equal to 

r lH>1 = 1 - Y2/1 = 1 - (a 2 /%) 2 M*i + L)]\ (2.10.13a) 

The ratio of light flux reflected by the left mirror to that reflected 
by the right mirror is defined in a similar manner: 

V1/2 = «J/I«« (*. + £)/z 2 P- (2.10.12b) 

43 It is assumed that the field intensity in the beam cross section is practi- 
cally constant. 
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f ho fraction of light flux lost during a passage from the right mirror 
lii the left one is given by 

IV X = 1 - Y l/2 = 1 - {ajatf [z 2 /(z 2 + L)]\ (2.10.13b) 

With the help of (2.10.12a) and (2.10.12b), we can find the fraction 
nf light flux lost during a round-trip through the resonator. This 
fraction is equal to 

r = l- T2/lYl/2 = l-[ (zi+ y (z2+x) ] 2 . (2.10.14) 

Using (2.10.8), we can rewrite (2.10.14) in the following form: 



r = i-(i/M 2 ) 



(2.10.15) 



hi a symmetric resonator, we can consider the fraction of the light 
flux lost during a single pass through the resonator: 

r s = 1 - (1/Mf). (2.10.16) 

It should be emphasized that the geometrical optics losses in 
an unstable resonator do not depend on the aperture of the mirrors. 
The ratio of the mirror apertures may affect only the nature of 
extraction of radiation from the resonator: through both mirrors, 
through the left mirror, or through the right mirror. These three 
cases are illustrated in Table 2.6. 

TABLE 2.6 

Radiation emerging from Radiation emerging from Radiation emerging from 
both mirrors the right mirror the left mirror 




V 2 /l : 



•Vl/2 = 



KJW1) 2 

(a 2 M 2 )2 
1 



Vl/2 ; 



V 2 /i = 1 



Y2 / J b\ (a 2 M 2 M^ y UZ bl ~ (^MiM^ 
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Application of ABCD Law to Unstable Resonators. A more general 
and elegant geometrical optics treatment of unstable resonators is 
based on the application of the ABCD law. 

It can be easily seen that the ABCD law is applicable to spherical 
waves. The radius of curvature of the wavefront of a homocentric 

beam is transformed upon propagation 
in free space over a length d according 
to the obvious relation (Fig. 2.63) 

R 2 = R x + d. (2.10.17) 

A thin lens of focal length / changes the 
radius of curvature of the spherical 
front according to the relation (2.8.7): 

l/i? 2 = (1/iy - (1//). (2.10.18) 

Comparing (2.10.17) with (2.8.2) and (2.10.18) with (2.8.8), we find 
that in ideal lens systems (including systems with spherical mirrors) 
the parameter R of a homocentric beam is transformed exactly in the 
same way as the parameter q of a Gaussian 
beam. In other words, the ABCD law de- 
scribed for Gaussian beams by relation 
(2.8.13) may be applied to the radius of 
curvature R of the wavefront of a homo- 
centric beam: 




Fig. 2.63 



R 2 = (AR l + B)/(CR l + D) 



(2.10.19) 




Let us isolate a reference plane P in an 
unstable resonator at a distance d t from 
the left mirror. For this plane, let us de- 
note by R (dj) the radius of curvature of 
the spherical wavefront propagating from 
the right mirror to the left one. The radius 
of curvature of the wavefront propagating 
in the reverse direction is denoted by R'idj). 
These radii R (a\) and R' (dj) may be found from the condition of 
reproducibility of the field for a round-trip through the resonator: 

R (dj = [AR (d 1 ) + B]/[CR (d,) + D]; (2.10.20a) 

R' (d x ) = [A'R' (d x ) + B'VW'R' (a\) + D'l (2.10.20b) 

Here, (f, Z.) is the matrix corresponding to a round-trip through 
the resonator, starting from the plane P to the left mirror (Fig. 2.64a), 
while ( ^, B ' \ is the matrix corresponding to a round-trip through 
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the resonator starting from the plane P to the right mirror (Fig. 2.646) 

1 ON 



x (oO(-i»)(oi')' < 2 - i0 - 21 ») 

GMp(43 

x (o i)(-i °)(o V')- ' 2 - ,o - 2ib > 

Confining ourselves to the case when the round through the reso- 
nator is along the path indicated in Fig. 2.64a (in other words, con- 
fining ourselves to Eq. 2.10.20a), we get the following two solutions 
of Eq. (2.10.20a): 



R=(l/2C)[A-D + Y(A + D)*-4]; (2.10.22a) 

R=(l/2C) [A- D — Y (A + D)> — 4]. (2.10.22b) 

It can be shown that one of the solutions is stable (the small pertur- 
bation in the radius R of the front will be attenuated as the wave 
propagates through the resonator), while the other is unstable* 3 . 
The stable solution describes a divergent spherical wave while the 
unstable one describes a convergent wave. If (A + D) > 2 the stable 
(divergent) wave is given by (2.10.22a), if (A + D) <Z —2, this 
wave is described by (2.10.22b). 

The ABCD-m&trix of a round-trip through the resonator shown 
in Fig. 2.64a is already familiar to us — it is described by the relation 
(2.4.28). Suppose that a\ = L (the reference plane touches the right 
mirror). In this case, the matrix (2.4.28) assumes the form 




(2.10.23) 

The matrix (2.10.23) is used for determining the radius of curvature 
of the light front immediately after reflection at the right mirror. 
In other words, it is used for finding the distance z 2 between the right 
mirror and the centre of the spherical wave propagating through a 
resonator from the right mirror to the left one. In the present case 

A + D = 2 (2 gl g 2 - 1). (2.10.24) 



43 See Appendix 3. 
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We assume that we are considering unstable resonators for which 
iigz > 1 an d hence (A + D) > 2. The stable (divergent) wave in 
such resonators is described by the relation (2.10.22a). Usiny 
(2.10.23), we get the following relation from (2.10.22a): 



R (d t = L) = z 2 = L 



Vjhji (giffz — 1) — gigj + gi 

2glg2 — gl — g2 




Fig. 2.65 



This is a familiar result (see (2.10.4)). 

Laser with an Unstable Telescopic Resonator. This resonator i.s 

shown in Fig. 2.65. Here, 1 is the active medium, 2— a concave mirror 

with radius of curvature r x , 3— 
a convex mirror with radius of 
curvature r 2 , and 4 — the output 
radiation. The concave and tho 
convex mirror have a common 
focus; r x = 3L, r 2 = — L. For 
this resonator, 

g x = 2/3; g 2 = 2. (2.10.25) 

The field inside a telescopic res- 
onator is described as a super- 
position of plane and spherical 
waves. A divergent spherical 
wave propagates in the resonator 
from the convex mirror to the 
concave one, while a plane wavo 
propagates from the concave mirror to the convex one. The light 
rays corresponding to these waves are shown in Fig. 2.65. It can 
be easily seen that in this case 

Zl = oo; z 2 = L/2; M = 3. (2.10.26) 

The laser considered here is analogous to the cascade laser shown 
in Fig. 2.66a, which is a highly efficient selective system. The notation 
used in Fig. 2.66a is as follows: 1 — the driving generator, 2 — the 
matching telescopic system, and 3 — the active medium. For driving 
generator, we use a low-power laser for which a selection of the fun- 
damental transverse mode can be easily made. This mode is then 
amplified at every cascade. 

The system shown in Fig. 2.66a is highly efficient but, unfortunate- 
ly, quite complicated from a technical point of view. It is better 
to use a laser with an unstable telescopic resonator which is identical 
to the system under consideration. The analogy between the two 
can be easily seen if we slightly modify the system shown in Fig. 2.66a 
and consider the lens waveguide shown in Fig. 2.666. The wave- 
guide consists of alternate converging (focal length / x ) and diverging 
(focal length / 2 ) lenses, for which / x = 3 | / 2 |. Lenses are separated 
by a gap 2 | / 2 | which is filled with the active medium. There is 
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iiit driving generator in this case, and the region near the axis of 
(In 1 active elements performs the function of the driving generator. 
U can be easily seen that this lens waveguide is optically equivalent 
to a telescopic resonator. It should be noted that the shaded area in 
!''i(f. 2.666 shows a light beam corresponding to an unstable (conver- 
gi<iit) wave. 

It can be easily seen from Fig. 2.666 that generation in a telescopic 
li'sonator (as in any other unstable resonator) starts in the axial 




region of the active element. For each round-trip of the radiation 
through the resonator, the transverse dimension of the optical beam 
increases M times. The higher the coefficient M of expansion of the 
beam, the faster the formation of radiation field in the resonator. 
This may be accomplished in just a few passes through the resonator. 
Mirror-Edge Diffraction. Equivalent Fresnel Number. A rigorous 
treatment of losses in unstable resonators is based on the use of 
integral equations of the type (2.6.20) (see, for example, [39, 41, 42]). 
Such a treatment shows that the result (2.10.15) obtained within 
(lie framework of geometrical optics is approximate. In actual prac- 
tice, losses depend on the product of the apertures of the mirrors. 
With variation in a 1 a 2 , the magnitude of losses oscillates around the 
geometrical optics value. 
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Figure 2.67 shows results of loss calculations based on the iteral iv« 
method [45]. Calculations were carried out for symmetric resonator* 
(a ± = a 2 — a, g x = g 2 = g). The apertures of mirrors were chosen 
in the form of infinite bands of width 2a. The curves in the fi^nm 

show the dependence of losses Y on 
Fresnel number N = a 2 l%L for differ 
ent values of the parameter g (g - 
= 0.8-1.2). For the sake of com 
parison, the dashed lines show I ho 
results obtained on the basis of 
geometrical considerations [38]. 

Periodic variation of losses willi 
variations in the value of « J , 
shown in Fig. 2.67 is due to lliti 
edge effect, or the mirror-edge diffrac- 
tion of radiation ([40, 42]; see also 
[44]). 

In this connection, let us con 

sider Fig. 2.68, where the edge-ray 

BB t is transformed upon reflection 

into the ray B X C. The mirror-ed^o 

diffraction results in the emergence 

of an auxiliary diffraction wave, 

shown by the ray S X Z) in the figure, in addition to the reflected wave. 

The periodic variation of losses upon variation of a 2 may be explained 

if we consider the interference of a divergent wave falling on the. 




0.11 



0.6 1 



Fig. 2.67 




Fig. 2.68 



edge of the mirror, and the diffracted wave propagating in a direction 
opposite to the divergent wave. For a mutual amplification of these 
waves, it is necessary that the path 2d (a) from a point F of the wave 
front to the edge B x of the mirror and back (see figure) should be 
a multiple of the wavelength X: 2d (a) = Kp where p is an integer. 
In this case, the phase shift of the diffracted wave relative to the 
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jiIhini> of the wave incident on the mirror edge will be a multiple 
•»f 'In. 

Iht' distance d (a) (between F and B x ) may be represented in the 
Tmi hi 



d(a) = (\ r \-Vr*-a*) + (L + z-V(L + z)*-a*). 

biih'i" a <C | r |, and a -C (L + z), we have 

Vr 2 -a 2 « | r | (1 — a 2 /2r 2 ), Y(L + z) 2 — a 2 

«( £ + s )[ 1 -j5irqngi]. 

TIlllS, 

d ( a )=^r[-irr + 7i7iy+r]- 

lining (2.10.5) and considering that L/| r | = — L/r = g — 1, we 
Kul, 

Tlio condition 2d (a) = ^.p now assumes the form 



(a 2 /AL)/g2_i = p . (2.10.27) 

It follows from (2.10.27) that a change in the properties of an 
unstable resonator with a change in the Fresnel number a 2 /KL must 
he characterised by the period l/y r g t — 1. Curves in Fig. 2.67 con- 
linn this result (see curves for g = 1.05, 1.1, 1.2). 

The quantity 



N eq = (aVkL)Vg*-l 



(2.10.28) 



l.i called the equivalent Fresnel number. According to (2.10.27), losses 
In an unstable resonator must have the same value for equivalent 
Fresnel numbers differing by any integer. It can be easily seen (see 
(2.10.11)) that 

N eq = (aV2XL) (M s — 1/AQ. (2.10.29) 

In order to counter the edge effect in unstable resonators, steps are taken 
to reduce the intensity of the diffracted wave. For this purpose, we use smooth- 
rdge mirrors, i.e. mirrors whose reflection coefficient falls not abruptly at the 
t'dge of the mirror, but gradually over a band of width not less than a/N eq [46]. 
Smooth-edge mirrors weaken the dependence of losses on the mirror aperture, 
mid then the geometrical optics treatment of losses in an unstable resonator is 
more correct. 

Advantages of Unstable Resonators. "Unstable resonators are 
used most frequently to select the transverse oscillatory modes and 
to reduce the angular divergence of radiation. This method of selec- 
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tion is most promising for large volumes of active media, since it 
neither complicates the laser system nor reduces the efficiency of 
the laser to any appreciable extent" [44]. 

The example of a telescopic resonator clearly demonstrates tho 
enhanced selective properties of unstable resonators forming light 
beams with a high degree of spatial coherence. Obviously, from tho 
point of view of angular selection, it is better to choose conditions in 
which diffraction losses are relatively large since diffraction ensures 
a breakdown of oscillations primarily in higher order modes. Sinco 
diffraction (geometrical) losses are always high for an unstable 
resonator, we do not have to take any steps for auxiliary selection of 
transverse modes if we use an unstable resonator. A laser with an 
unstable resonator usually generates only the fundamental transverse) 
mode (TEM 00 mode), and the diffractional divergence limit is 
frequently attained. It should be observed that from the point of 
view of directionality of radiation, it is preferable to have higher 
values for the coefficient of expansion M (higher values of N e(J ). 

By way of an example, it shoidd be noted that by using an unstable reso- 
nator in an Nd-glass laser an angular divergence of 2 X 10~* rad was observed 
for the radiation whose beam width was 15 cm [47]. The unstable resonator hml 
parameters Af = 2, N « 56 000, N eq = 7000. 

An important advantage of lasers with unstable resonators is an 
effective filling of the active medium by the radiation field. Even 
for relatively small resonator lengths, the volume occupied by tho 
field of fundamental mode is quite large. Unlike stable resonators, tho 
light beam in an unstable resonator has no constriction, hence thero 
is no risk that the optical energy density of the beam may increase 
at certain points in the active medium to values corresponding to tho 
disintegration threshold of the medium. 

Unstable resonators are quite promising for creating lasers whicli 
have stringently prescribed spectral and time characteristics. As 
mentioned above, generation in a laser with an unstable resonator 
starts in the axial region of the active medium and then spreads to the 
entire volume. If inside the resonator of the laser we introduce, 
directly along its optical axis, radiation from an auxiliary generator 
with definite spectral and time properties at low power, we can effec- 
tively control the formation of radiation and thus obtain the desired 
output parameters for the optical beam [48]. 

It should be observed that the role of the axial region of the active 
element in the generation process has its disadvantages as well: 
lasers with unstable resonators are sensitive to different types of 
irregularities and defects in the active medium or in reflective coat- 
ings in the region immediately near the optical axis of the resonator. 

A rapid development of the generator process in the direction 
from the axis to the periphery means, in particular, that the spatial 
growth (in the direction perpendicular to the axis) of a giant pulse 
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in the ^-spoiled mode takes place much more rapidly in lasers with 
unstable resonators than in lasers with stable resonators. Consequent- 
ly, the duration of the light pulse generated by the laser is consid- 
erably reduced. It should be emphasised that the application of an 
unstable resonator may have a considerable effect on the dynamics 
of a laser process [49]. 

2.11. FREQUENCY SELECTION 

Angular and frequency mode selections are also called transverse 
n nd longitudinal mode selections, respectively 44 . In order to separate 
uny mode it is necessary that the losses for this mode be lower than 
for other modes. Transverse mode selection is based on the difference 
in the transverse field structure of different order modes, while the 
longitudinal mode selection is based on the difference in frequencies. 

A difference in the field structure for transverse modes leads to a 
difference in diffraction losses. In unstable resonators, diffraction 
losses are so high that only the fundamental transverse mode oscil- 
lations are usually realised. In stable resonators, diffraction losses 
me relatively small, and hence special measures have to be taken 
in order to obtain a preferential increase in losses for higher order 
modes. For this purpose, either a diaphragm is introduced into the 
resonator 45 or the resonator configuration (parameters G 1 and G 2 ) 
i.s chosen in such a way that the Fresnel number decreases, and hence 
Hie difference between losses for the fundamental (primary) mode 
iind other modes increases. We shall now discuss the frequency 
.selection principles in detail. 

Various Types of Frequency Selection. Let us suppose that two 
laser transitions between two pairs of energy levels take place in an 
active medium. Frequencies © x and © 2 at which these transitions take 
place correspond to the maxima in the luminescence curves for these 
transitions. In order to describe the spectral lines, we shall be using 
I he frequency dependence of the initial gain (i.e. the x vs. © depen- 
dence). 

Figure 2.69a shows the luminescence curve for two laser transitions. 
Here A©; is the effective luminescence line-width (width at half 
the maximum height of the luminescence curve), Aco is the separation 
lietween the maxima of lines (A© = © 2 — ©i). The quantity A© 
iiHsumes values in the interval 10 12 -10 16 sec" 1 approximately, while 
A©, lies between 10 10 sec -1 (for gaseous media) and 10 14 sec -1 (for 
organic dyes). For the case of a resonator, each luminescence line 
lius (in the laser generator spectrum) a set of spectral lines of the 



44 Mode selection methods have been described in [50]. See also [9, 13, 51] 
mid Ch. 23 in [2]. 

46 A comparison of selective properties in various diaphragm resonators 
lins been carried out in [33]. It is shown that the confocal resonator is the most 
Mflective one. 
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resonator, corresponding to resonance frequencies (Fig. 2.696). In 
accordance with (2.2.12), the separation between the maxima of 
neighbouring lines for a resonator 46 is given by Aco' = nv/L, where /, 
is the length of the resonator and v is the velocity of light in tho 
medium filling the resonator. The width of an individual resonator 
line Aco r is of the order of 10M0 9 sec -1 . 

With the help of Fig. 2.69, we can separate three types of frequency 
selection in a laser. The first type is the selection over a relatively 
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wide frequency band where the undesirable transitions are suppres- 
sed and generation is ensured only on a single transition. Oscillations 
in this case are generated over a frequency band of width Q x (seo 
Fig. 2.696). Selection of the second type ensures a generation over 
a narrower frequency band, for example, the frequency band Q t 
(Fig. 2.696). By varying the position of this frequency interval 
within the luminescence line width, a continuous frequency tuning 
of the laser radiation 47 may be attained. The third type of selection 

46 The frequency pulling effect will be considered in Sec. 2.12. 

47 Such a frequency tuning is made, for example, in organic dye lasers (Seo 
(52J, as well as Sec. 1.3). 
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is the selection of longitudinal modes. This ensures generation of an 
Individual spectral line (usually, the central line). In this case, the 
solection is carried out over a fairly narrow frequency interval — 
of the order of 10 9 sec -1 or less. 

Application of Wide-band Absorption Filters and Dispersive Ele- 
ments. For carrying out a frequency selection of the first type, 



1C (U) 




Fig. 2.70 



we can use relatively wide-band absorption filters inside the reso- 
nator. For example, the output windows of the discharge tube of 
a helium-neon laser are made of a special type of glass which 
absorbs infrared radiation. Thus transitions with k = 3.39 fim 
and 1.15 urn are suppressed and the laser generates only on a tran- 
sition with Jt=0.63 fim. Such a selection is illustrated in Fig. 2.70a. 
It is based on a suitable choice of frequency dependence of the 
unfavourable loss coefficient (% (co)). Generation takes place on 
the transition corresponding to frequency w 2 although this tran- 
sition is characterised by a lower gain factor in comparison to the 
transition at frequency © x . 

For a narrower frequency selection, either dispersive elements (for 
example, a prism) are introduced into a resonator, or the resonator 
mirror is replaced by a reflection grating. Examples of such a selec- 
tion were given in Sec. 1.3 while describing selective resonators. The 
frequency dependence curve for the loss coefficient (^ (to) curve) of 
a selective resonator has a sharp and narrow dip of width Q 2 « 
« 10 12 -10 13 sec -1 (Fig. 2.706). By tilting the prism or the reflection 
grating, we can control the position of this dip on the frequency 
scale and thus tune the oscillation frequency over the luminescence 
line width at a constant loss level (within the limits of the line width 
Aaii, see the figure). 

For an even narrower band selection, a Fabry-Perot interferometer 
is used as the dispersive element. This interferometer is a system of 
closely spaced plane parallel mirrors, and helps in isolating an in- 
dividual longitudinal mode. 

12-0436 
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General Remarks about Selection of Longitudinal Modes. For 

selection of longitudinal modes, a fairly narrow-band filter, capable 
of isolating an interval less than 10 9 sec -1 , is required. In order to 
consider the general principles of selection of longitudinal modes, 
let us turn to Fig. 2.71 (dashed lines indicate the contour of the 

luminescence curve). This figure 
illustrates the possible methods 
of carrying out such selection. 

In the first place, we can 
simply raise the loss level so that 
the difference x — r\ (n is the 
total loss coefficient) is positive 
only for the central longitudinal 
mode (Fig. 2.71a). Of course, the 
laser power is considerably 
reduced in this case. It is better 
to change the relation between 
the maximum values of the initial 
gain factor of the central mode 
and the other longitudinal modes 
(in favour of the central mode) 
(Fig. 2.716). A similar result 
may be attained by changing the 
contour of the luminescence curve r 
i.e. to decrease the width Aco f 
(Fig. 2.71c) 48 . We can also increase 
the frequency interval between 
the maxima of longitudinal 
modes by decreasing the length of 
the resonator (Fig. 2.71d). Natu- 
rally, decreasing the length of the 
resonator has its own disadvan- 
tages like less gain per pass, lower output power, and increased diver- 
gence of radiation 49 . Finally, we can try to get a fairly narrow- 
band selectivity of the loss coefficient (Fig. 2.71c). 

All these methods of mode selection are used in actual practice.. 
The simplest methods of selection are based on decreasing the length 
of the resonator. The selection methods using interference, polarisa- 
tion, and nonlinear optical effects are more interesting. We shall now 
describe these methods in detail. 

Interference Methods of Longitudinal Mode Selection. These meth- 
ods are based on the use of resonators with auxiliary (additional) 
mirrors (coupled resonators), see, for example, [54-56]. 




Fig. 2.71 



48 A significant narrowing of the luminescence curve should take place in, 
atomic beam lasers [53]. 

4 * These negative factors may be eliminated by using unstable resonators.. 
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Let us consider the laser shown in Fig. 2.72 [54]. Here, 1 is the 
discharge tube with windows inclined at Brewster's angle (active 
element), 2 — a double-refraction crystal, splitting a light ray into 
extraordinary (linearly polarised in the plane of the figure) and 
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Fig. 2.72 

ordinary (linearly polarised perpendicular to the plane of the figure) 
parts, 3— totally reflecting mirrors, and 4 — the output mirror. In 
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Fig. 2.73 



fact we have two resonators in this case with different lengths L 12 
and L 13 . The intermode separations for these resonators are respective- 
ly equal to 

A©i 2 = ncfL 12 and Aa>' i3 = nclL l3 . (2.11.1) 

If we assume that the inequality 

Aco r < (A©; 2 — A(o; 3 ) (2.11.2) 

is satisfied, the spectral lines of the resonator will have the form 
shown in Fig. 2.73. The lines marked as 1 and 2 are found to be 

12* 
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amplified much more than the neighbouring lines, since they cor- 
respond to frequencies for which the resonance condition is simulta- 
neously satisfied in resonators of length L 12 and L 13 . Appearance of 
such lines is apparently due to interference effects. The separation 

between them is given by 

A©' - ncl(L 13 — L 12 ). (2.11.3) 

For a sufficiently small difference 
(L 13 — L 12 ), the magnitude of A©' 
may be increased (A©' may exceed 
the luminescence line width). 

Another alternative interference 
mode selection is connected with the 
use of a three-mirror linear resonator 
(Fig. 2.74). Here, 1 is the active ele- 
ment, 2 — a totally reflecting mirror, 3 — the output mirror, 
and 4 — an auxiliary mirror. The interference of light waves formed 
in resonators of length I and L leads, as in the previous case, to a 
change in the correlation between the 
mode intensities. Calculations have 
been carried out by Mikaelyan et al. 
[13] for II L = 3/4 and R' = 0.65 (R' 
is the reflection coefficient of the 
auxiliary mirror). Figure 2.75 illus- 
trates the results of calculations. Three 
modes are shown in the figure. For 
the sake of comparison, dashed lines 
show the corresponding modes in the 
absence of an auxiliary mirror. It 
can be seen that interference effects 
lead to a preferential population of the 
central mode and to an increase in the 
mode separation. 

Various methods are used in actual 
practice for interference selection of 

longitudinal modes, e.g., different types of four-mirror coupled reso- 
nators, where the mirror axes are at right angle to each other, are 
used (see Ch. 23 in [2]). One such resonator is shown in Fig. 2.76. 

Resonators with Anisotropic Elements. For selection of longitu- 
dinal modes, the polarisation properties of a resonator with aniso- 
tropic elements may be used. The resonator shown in Fig. 2.77 is 
an example of this kind of a resonator. Here, 1 is a linear polariser, 
2 — a double-refraction slab which ensures a phase difference A<p 
between ordinary and extraordinary rays, and 3 — the resonator 
mirrors. The optical axis of slab 2 is perpendicular to the optical 
axis of the resonator and is inclined at an angle a to the direction of 
polarisation determined by the polariser 1. 
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Suppose that the polarisation of a light ray in the reference plane P 

(Fig. 2.77) is described by the Jones vector 60 ( * j . The x-axis is so 

chosen that it coincides with the direction of polarisation fixed by 
the polariser. The Jones matrix for a round-trip through the resonator 
from the reference plane P has the following form: 



M = M X M (-a) M (<j>) M (<p) M (a) M x . 



(2.11.4) 



The matrices appearing in (2.11.4) have the following sense (see 
Appendix 4): 

/l 0\ 

Mo 0) ( 2 - 115 > 

is the Jones matrix for a linear polariser which fixes the direction of 
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Fig. 2.76 



Fig. 2.77 



polarisation along the coordinate axis corresponding to the first 
component of the Jones vector (along x-axis); 

/ cos a sin a\ 

A/(a) = ( . (2.11.6) 

\ — sin a cos a/ v ' 

is the matrix for transforming the Jones vector to new axes (inclined 
at an angle a to the initial coordinate axes); and 



M(<P) = 



/V» \ 
V e^tj 



(2.11.7) 



is the Jones matrix for a double-refraction slab, ensuring a phase 
advancement (p x for the x-component of the Jones vector and a phase 
advancement <p 2 for the [/-component. Suppose that the extraordinary 
ray is polarised along the x-axis while the ordinary ray is polarised 
along the y-axis. If A<p = q>, — <p 2 is the phase difference between 
the extraordinary and ordinary rays after passing through the double- 
refraction slab, we can rewrite (2.11.7) in the form 

M{y) = &f*y Q i j. (2.11.8) 

50 Application of the Jones vector and matrix for polarised light rays is 
described in [4,57/. See also [58]. 
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It should be observed that 



Aq> = to (n e — n ) die, 



(2.11.9) 



where n e and n are refractive indices for extraordinary and ordinary 
rays respectively, and d is the thickness of the slab. 

Substituting (2.11.5), (2.11.6), and (2.11.8) in (2.11.4), we get 
the following expression for the Jones matrix for a round-trip through 
the resonator from P plane (see Fig. 2.77): 

/l OWcosa — sina\ /e 2iA i> 0\ 
M \0 oAsina cos a J V l) 



X 



(cos a 
— sin a 

■c 



sina\ /l 
cos a) \0 
'cos 2 ae i2A<,) + sin 2 a 




aWl ON 
aAO OJ 

) 



ai2q> 2 



e i2(p, 



(2.11.10) 



„ x , ) the Jones vector for a light wave after a round- 
trip through the resonator, we write 

(E x \ /cos 2 ae i2A i' + sin 2 a 0\ (E x \ 

(*;)-•"•■( o o)u)- (21U1) 

Due to the existence of a linear polariser, only the x-component of 
the Jones vector passes through the resonator. In accordance with 

(2.11.11), the relative losses for a round- 
trip can be expressed by 

r = i - i e' x \v\ e x i 2 

= 1 — I cos 2 ae i2 M>+ sin 2 a | 2 . (2.11.12) 

Thus 

T = sin 2 2a sin 2 Acp. (2.11.13) 

In accordance with (2.11.9), the quan- 
tity Aq> depends on the radiation fre- 
quency. Consequently, the losses ex- 
pressed by (2.11.12) must vary periodically 
with frequency. This variation of losses 
used for selection of longitudinal modes 
consideration. 




Fig. 2.78 



with frequency may be 
in the resonator under 

Nonlinear Optics Method for Frequency Selection. Suppose that 
an absorbing element with the following properties is placed in a 
resonator: it absorbs on the laser transition frequency for a given 
active medium; in the case of a sufficiently high intensity radiation, 
a saturation of absorption takes place at the laser transition frequency 
near the centre of the absorption line (in other words, the nonlinear 
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optical effect of bleaching of medium takes place). As a result of this 
nonlinear effect, the shape of the absorption line (dependence of the 
nbsorption coefficient T) a on frequency co) changes: a dip, which may 
have a quite narrow band, appears. The width Ao) of the dip may be 
less than the width Aco r of the spectral line of the resonator. In this 
case we cannot only separate one longitudinal mode, but also further 
narrow down the width of the generated line (Fig. 2.78). 

A cell filled with a gas at low pressure can be used as the absorbing 
nonlinear element. For pressures around 10~ 2 mm Hg, we get Aa> = 
= 10 5 -10 6 sec -1 , which is about two orders less than the width Aco r 
of the mode [59]. 

Assuming Aco a <C Aa» r and considering that the position of the 
dip in the absorption spectrum of the gas cell is fixed on the frequency 
scale, it may be concluded that this method is not only the method 
of frequency selection but also the method of stabilisation of laser 
radiation frequency (the stability of the centre of the absorption 
line may be around 10~ u ). 

2.12. HOLE-BURNING EFFECT AND FREQUENCY 
PULLING EFFECT 

It was remarked earlier (see Sec. 2.2) that the presence of an active 
(amplifying) medium influences the process of radiation field for- 
mation in a resonator. In particular, the energetic and spectral 
properties of the radiation are changed. In this connection, let us 
consider the hole-burning effect and the frequency pulling effect. 
A rigorous treatment of these effects is given in [60]; see also [9, 10]. 

Homogeneous and Inhomogeneous Broadening of Spectral Lines. 
The luminescence line for a laser transition in the active medium is 
formed by adding the contributions from different active centref 
undergoing this transition. We assume that the contribution os 
each active centre corresponds to the entire frequency band characte- 
rising the luminescence line of the medium. In this case, the broaden- 
ing of the luminescence line is called homogeneous. Amplification of 
different frequencies of homogeneously broadened line is brought 
about by the same active centres. 

If different active centres (or groups of active centres) contribute 
in different frequency regions of the luminescence line, the line 
broadening is called inhomogeneous. Amplification at different fre- 
quencies of an inhomogeneously broadened line is brought about by 
different groups of active centres. 

Homogeneous broadening is connected with relaxation of levels 
due to spontaneous emission and different types of collisions, since 
the probability of these processes is the same for all active centres. 
It is well known that these processes are responsible for the Lorentzian 
form of the luminescence line 51 . A Lorentzian line profile is given by 

61 See, for example, Sec. 4.7 in [1J. 
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the formula 



1 ^ (D ' _ Jl (CO— (0„)2 + A 2 



(2.12.1) 



Here, co is the fundamental frequency corresponding to the maxi- 
mum in the line, A is the line half-width, A = A v + A coK , where 
A v is the natural half-width (due to spontaneous emission) and 
A co i. is the collision half-width. It should be noted that the function 

oo 

Fi (co) is normalised to unity, i.e. I F 1 (co) day = 1. 

o 
The equal probability of relaxation processes for all active centres 
means that the shape of the luminescence line coincides with the 

shape of the line for an individual 
active centre. In other words, the 
function (2.12.1) describing the shape 
of the line for an individual active 
centre also describes the shape of a 
homogeneously broadened line for the 
medium. 

In a general case, such a coinci- 
dence does not exist. The actual 
luminescence lines for the medium 
are more or less inhomogeneously 
broadened. The inhomogeneous broad- 
ening may be caused by various 
factors: Doppler effect, spatial inho- 
mogeneity of the medium, over- 
lapping of Lorentzian lines and various fundamental frequencies 
(for example, in Stark splitting of laser levels) etc. Doppler effect 
is the main cause of inhomogeneous broadening of lines in gaseous 
media. Apparently, the active centres having different velocities 
will contribute in different frequency intervals of the luminescence 
line of the medium. In this case, the line has a Gaussian shape 
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(2.12.2) 



where co is the fundamental frequency, A D is the line half-width; the 
function F 2 is normalised to unity just like the function F v 

The functions F t (co) and F 2 (co) have been shown in Fig. 2.79. 
For the sake of convenience of comparison, they have been reduced 
to the same half-width. It can be seen from the figure, in particular, 
that a Gaussian line is characterised by a more rapid fall with in- 
creasing | co — co |. 

Gain Saturation for Homogeneous and Inhomogeneous Line Broad- 
ening. Hole-burning Effect. It has been mentioned earlier 52 that 

52 See Sec. 2.1 as well as Sec. 5.6 in [1]. 
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With increasing density of light flux propagating in an inverted 
nctive medium, the gain x decreases gradually from its initial value 
k (I up to the value 

x sat = T|, (2.12.3) 

wliere r\ is the linear coefficient of total losses. This results in a 
Mtationary process characterised by a saturated gain x sat and a 
Hiiturated light flux density 5 sat , determined from (2.1.1) with 
I he help of (2.12.3). 




Fig. 2.80 

Taking into consideration the frequency dependence of gain let 
us consider the cases when x (co) corresponds to homogeneous and 
inhomogeneous broadening respectively. We assume the loss level to 
be so high that a selection of the central longitudinal mode takes 
place. 

For inhomogeneous broadening of the line x (co), only those active 
centres will take part in laser transitions which contribute in the 
frequency interval near co corresponding to the central longitudinal 
mode. Consequently, a selective removal of conversion of active 
medium will take place within this frequency interval. In this case, 
a dip ("hole burning") will be observed on the profile of the curve 
showing the frequency dependence of the gain. Figure 2.80a illustrates 
this situation. Here, the dashed line shows the inhomogeneous 
broadening of the x (co) curve, while the continuous line shows the 
x sat ( w ) curve. In accordance with (2.12.3), 

x sa t (co ) = ri, (2.12.4) 

which defines the depth of the burnt hole. The hole width corresponds 
to the line width of an individual active centre, i.e. the Lorentzian 
width 2A which in this case is considerably less than the width 2A D 
of the x (co) curve. 

If the hole width is smaller than the intermode frequency separa- 
tion, i.e. if 

2A < ne/Ln, (2.12.5) 
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a lowering of the loss level will lead to a burning of additional hol»\* 
corresponding to various longitudinal modes (Fig. 2.806). It should 
be emphasised that in this case, generation of different longitudinal 
modes is accomplished on account of emission by different group* 
of active centres. This means that a laser may generate on several 
modes simultaneously and independently. 

If the condition (2.12.5) is not satisfied, a mutual overlapping of 
burnt holes takes place. In this case practically the entire profilo 

of the gain curve may burn out 
(Fig. 2.80c). 

For a homogeneous broadening of 
x (co) curve, the hole-burning effect 
is not observed. We assume that for 
sufficiently high losses, a laser gen- 
erates only the central longitudinal 
mode. Since the contribution to tho 
radiation of this mode is made by all 
the active centres, an all-round change 
in the profile of the x (co) curve takes 
place (Fig. 2.81). Thus, the excitation 
of one (central) mode leads to an all- 
round depletion of inversion of tho 
active medium, which in turn hinders 
the excitation of other modes. 
Figures 2.80 and 2.81 very well illustrate the qualitative difference 
between homogeneous and inhomogeneous broadening. In the case 
of an inhomogeneous broadening when a single mode is generated, 
only a part of the energy stored in the inverted active medium is 
utilised. Hence the intensity of the generated mode for an inhomo- 
geneously broadened transition line is considerably lower than for 
homogeneous broadening. Besides, it should be remembered that for 
a homogeneous broadening the gain saturation effect prevents an 
excitation of additional longitudinal modes. 

Gain Saturation for the Inhomogeneous Broadening of a Transition 
Line. The gain for an active centre contributing in the vicinity of 
the frequency co' may be expressed, in accordance with (2.1.1), in 
the form 
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x (©'; co) 



x (co'; co) 



where 



l + (l/y) a (co'; co) S 



(2.12.6) 



x (co'; co) = xo^t (co'; co); 
a(co'; co) = aF 1 (co'; co); 

FiW; o)): A i 



it (co— co') 2 + A 2 * 

The gain factor of the active medium for an inhomogeneous line 
broadening due to Doppler effect is expressed through the following 
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Integral which takes into account the contribution from different 
nfitive centres: 



wltore 



x((o)=lx (co'; co) F 2 (co') e?co', 

o 

* 2 (<">)= — ~7^ ex P T3 • 

Ad V « L An J 



(2.12.7) 



Substituting (2.12.6) in (2.12.7) we get 



v /,*\ _ l /" ln 2 Xo f exp [-(m'-a > )»ln2/A 



(2.12.8) 



Equating x (co) to the linear coefficient of total losses, we get an 
equation for determining the saturation value for the light flux 
tlonsity 5. 

Frequency Pulling Effect. The resonance frequency spectrum of 
ii passive resonator has the following form in accordance with (2.9.21) 
(for the fundamental mode of the Gaussian beam): 



a * = "S" [ q+ 7r arccos ^^^ 2 ] ' 



(2.12.9) 



n(u>)-7i(u> ) 




where n is the refractive index of the medium filling the resonator. 
The frequency spectrum is equidistant, and the separation between 
adjacent frequencies is given by Aco' = 
•- nclLn. 

For an active {amplifying) medium, 
the frequency spectrum in a resonator 
changes. It loses its property of equidis- 
tiintness on account of the frequency de- 
pendence of the refractive index of the 
amplifying medium. The nature of this 
dependence near the natural frequency 
of the laser transition co is shown in 
Fig. 2.82. It is evident from the figure 
that if co < co , then n (co) < n (co ). In accordance with (2.12.9), 
we conclude that the frequencies co g lying to the left of co 
nre shifted to the right. If, however, co > co , then n (co) > n (co ) 
and hence the frequencies a> q lying to the right of co are shifted to 
the left. Consequently, the entire set of resonance frequencies cor- 
responding to the profile of the gain curve is shifted towards the 
natural transition frequency. The frequencies are sort of "pulled" 
towards the centre of the gain curve. 

Frequency Pulling for Homogeneous and Inhomogeneous Broaden- 
ing. It is well known (see, for example, [9]) that an absorbing medium 
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may be described by the complex refractive index 

w compl. == n "T~ ifli- 

The imaginary component n x is expressed in terms of the liui'in. 
absorption coefficient r\ a 

«! = n a c/2co. (2.12.1m 

The dependences n vs. co and n t vs. co, corresponding to a uniform 
(Lorentzian) broadening of the luminescence line, may be foni.il 
within the framework of the classical dispersion theory of dieleclrh 
susceptibility by considering the model of a harmonic oscillator willi 
a natural frequency co and damping factor y. For a gaseous medium, 
these dependences can be written in the form 53 

where D is a constant factor whose form is not important in thin 
case. Assuming that the frequency co is fairly close to co , such tluil 

co 2 - co 2 » 2co (co - to), (2.12.12) 

we can rewrite (2.12.11) in the form 

n-l = D . (m, ~y, /A ; (2.12.13..) 

(o) — to) 2 + f74 v 

n i = D V/4co (2.12.131.) 

1 (to — co) 2 + 7 2 /4 v 

Taking into account (2.12.10), we get the following frequency depend 
ence of the absorption coefficient from (2.12.13b): 

t)„(<o) = Z>, — : \f c L 2; , ■ (2.12.1/.) 

10 v ' (co — co) 2 + 7 2 /4 v ' 

It can be easily seen that the absorption line r\ a vs. co is Lorentzian 
in shape. 
Dividing (2.12.13a) by (2.12.14), we get 

n (co) = 1 + n a (co) (co - co) c/yco. (2.12.15) 

In order to use (2.12.15) to explain the frequency pulling effect, 
it should be remembered that the natural frequency co of the oscil- 
lator corresponds (upon quantum mechanical generalisation of 
relations (2.12.13)) to the natural transition frequency while the 
damping factor y may be considered to be the Lorentzian width 2A. 
Besides, in order to consider the gain, we must replace the absorption 
coefficient r\ a (co) in (2.12.15) by the gain v. (co) but with opposite 



53 See, for example, Sec. 4.5 in [1]. 
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■ *ljj.n. (gain is considered as negative absorption). Thus 

n (co) = 1 — x (co) (co — co) c/2coA. (2.12.16) 

In I lie case of a stationary generator, the gain factor is equal to the 
luBi factor: x = t\. Taking into account (2.3.10) and (2.3.15), we 
IiimI lliat 

x = Aco r /c, (2.12.17) 

•wlii'i'i! Aco r is the width of the resonator spectral line. Substituting 
1,' 12.17) in (2.12.16), we find that 

"N- 1 -^ 1 ^- ( 2 - 12 -!8) 

U tnii be easily seen that the frequency dependence of the refractive 
Index, described by the relation (2.12.18), corresponds to the depend- 
ence given by Fig. 2.82 for values of co close to co . 

Let co g be a resonance frequency of a passive resonator (for n = 1) 
mill co^ be the corresponding resonance frequency of an active resona- 
tor. It follows from (2.12.9) that 

io g /G>q = n «). (2.12.19) 

Mil Instituting (2.12.18) in (2.12.19), we get 

(£>q _ a (Op — COq A(i) r 

^ ~ °>' q 2A ' 

Finally, we get the relation 

« - ffl,)/(ffl - ®i) = A© r /2A. (2.12.20) 

It is evident from this that if the frequency is taken from the left of 
l.ho centre of the gain curve (co — (a' q > 0), then a>' q > co g and 
liiMice the frequency shift in an active resonator takes place to the 
li^ht. If the frequency is taken from the right of the centre of the 
K«in curve (co — (0, < 0), then <a' q < co g and the frequency shifts 
lo the left. 

For the case of an inhomogeneously broadened transition line, only 
Hiich active centres are operative, whose frequencies differ from co 
liy not more than A (not more than half-width of a homogeneously 
broadened line). The fraction of such active centres is approximately 
A/A D where A D is the half-width of the inhomogeneously broadened 
line. Consequently, the gain on an inhomogeneously broadened 
I ransition must be A D /A times smaller than for a homogeneous broad- 
ening. This means that the following relation should be used instead 
of (2.12.17): 

x = (Aco r /c) (A/A D ). 

Consequently, we get, instead of (2.12.20), 

(co^ — co,)/(co — w' q ) = Aw r /2A D . (2.12.21) 
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For a more rigorous approach, the right-hand side of the relation 
(2.12.21) acquires an additional term giving a nonlinear contribution 
to the frequency pulling effect [9]. 

2.13. THERMAL LENS 

Thermal Lens Effect. By absorbing pumping radiation, an active 
medium gets heated. Consequently, its refractive index change* 
Let n (0) be the refractive index of the medium at a certain poinl 
in the absence of pumping radiation. If the temperature of llm 
medium increases by AT at this point due to the presence of radiation, 
the refractive index becomes equal to 

n (AT) = n (0) + (dn/dT) AT, (2.13.1) 

where dn/dT is a physical property of the medium, called thermal 
coefficient of its refractive index. 

Upon extraction of heat through the lateral face of an active 
sample, a preferential cooling of its peripheral region is observed. 
Hence the temperature of the sample rises to its maximum valun 
near its axial region and gradually falls in the direction from tlio 
axis to the periphery. It follows from this that if the inequality 

dn/dT > (2.13.2) 

as satisfied, the region near the axis of the active sample is optically 
denser than the peripheral region, in accordance with (2.13.1). If, 
on the contrary, the inequality 

dn/dT < (2.13.3) 

is satisfied, the region near the axis of the active sample is optically 
rarer. 

In optically inhomogeneous media, light rays are deflected into 
the region with a higher refractive index; hence for dn/dT > 0, 
the laser radiation propagating along the active sample will bo 
focussed, while for dn/dT <C it will be defocussed. In the former 
case the active sample is identical to a convergent lens, while in 
the latter case it is identical to a divergent lens. This is the thermal 
lens effect. 

Ruby and YAG crystals have positive thermal coefficients of the refractive 
index. Hence a thermal lens formed in these crystals is convergent. For ruby 
dn/dT = 1.4 X 10" 5 K- 1 , for garnet dn/dT = 7.3 X 10" 6 K" 1 [61]. The diver- 
gent thermal lens effect is observed in some types of glasses. 

While considering the thermal lens effect in the active sample of 
a solid-state laser, the absorption of laser radiation in it may be 
neglected in the first approximation, since the power of this radia- 
tion is about two orders of magnitude lower than the pumping radia- 
tion power. In this case, a situation arises where a thermal lens 
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ilea led by the absorption of one radiation (pumping radiation) 
Influences the formation of the field of another radiation (radiation 
Kt'iii'rated in the active laser medium). The role of laser radiation 
In a thermal lens becomes significant when the radiation is the 
only factor responsible for heating of the medium. A nonlinear 
crystal for parametric frequency transformation using laser radiation 
fur pumping may be mentioned as an example. 

In such cases, a thermal lens formed due to the absorption of a cer- 
Id in radiation (laser beam) in the medium influences the same radia- 
tion. The thermal lens effect serves as a nonlinear effect here; it is 
culled the thermal nonlinearity effect or just thermal self-f ocussing 5i . 
If, for example, a laser beam forms a convergent thermal lens in any 
Horaent, the density of the beam will increase as a result of thermal 
focussing in the axial region of the element, and hence the absorp- 
tion of radiation in this region will also increase. Thus the focuss- 
ing properties of such a thermal lens will be enhanced. 

Thermoelastic Stress. Thermal Distortion of a Resonator. The 
relation (2.13.1) may be rewritten in the form 

n (AT) — n (0) = An T + An = (dnldT) „AT + An a . (2.13.4) 

This notation shows that the total change in the refractive index 
id a certain point in the medium consists of purely thermal varia- 
1 ion An T — (dnldT) a AT, and the variation An„ caused by thermoelas- 
tic stresses in the non-uniformly heated medium. To be more pre- 
cise, the variation An in the refractive index is caused by the 
/ihotoelastic effect (also called the piezooptic effect) resulting from 
thermoelastic stresses in the medium. The coefficient (dnldT) a 
is the thermal coefficient of the refractive index, measured under 
conditions of uniform heating of a solid without any stress (it can 
lio easily seen that for An a = 0, we get dnldT = (dnldT) 85 ). 

The quantity Are a is expressed in terms of elastooptic constants 
of the medium and elastic deformations caused by nonuniform heat- 
ing. Both An T and An a have the same order of magnitude. Thus, for 
example, for the lithium niobate (LiNb0 3 ) crystal placed in the 
path of a laser beam, the following values have been obtained [63]: 
Are r = 1.4 X 10- 5 X AT"; An a = 0.66 X 10" 5 X AT. If, in par- 
ticular, An T < 0, and An a > 0, both (An T + An„) < 
ns well as (An T + Are,,) > are possible. 

Significantly, thermoelastic stresses do not simply lead to an additional 
contribution to the change in the refractive index. These stresses influence the 
nptical indicatrix of the sample through the photoelastic effect 56 . If in the ini- 
tial state, a sample is optically isotropic (liquid, glass or crystal with a cubic 
itymmetry), it acquires, under the action of thermoelastic stresses, properties- 

54 The theory of thermal self-focussing effect is described, for example, in 
IB2]. 

55 The term (dn/dT)„ is often encountered in literature. 

66 See, for example, Sec. 4.3 in [1] for a description of optical indicatrix. 
I'hotoelasticity is discussed in Sec. 4.4, ibid. 
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of a uniaxial double-refraction crystal, and its optical indicatrix assumes tin* 
form of an ellipsoid of revolution instead of a sphere. YAG crystal has a cubic 
symmetry. As a result of absorption of pumping radiation, thermally induced 
double-refraction takes place in this crystal leading, in particular, to a depolar- 
isation of laser radiation in YAG. If the sample in its initial state is a uniaxial 
or biaxial crystal, the changes in the optical indicatrix may be quite complicat- 
ed: the principal axes of the optical indicatrix are rotated, the values of prin- 
cipal refractive indices are changed, and a uniaxial crystal assumes the proper- 
ties of a biaxial crystal. 

Photoelastic effect is not the only effect connected with thermo- 
elastic stresses. Another effect is the thermal expansion of the sample 
and the subsequent warping of its lateral faces, which naturally affects 
the divergence of generated radiation. Effects caused by thermo- 
elastic stresses, along with a purely thermal variation of the refrac- 
tive index, together describe the thermal distortion of a resonator. 

Thermal distortions in a resonator have been described in [11, 
64, 65]. While considering the effect of thermal distortion on laser 
radiation, it is necessary in general to simultaneously take into 
account a number of effects, for example, scattering by the inho- 
mogeneities in the refractive index. The combined effect of scatter- 
ing and the thermal lens on the divergence of a light beam is dis- 
cussed in [66]. 

Focal Length and Principal Planes of a Thermal Lens. Investiga- 
tions show that the dependence of the refractive index on transverse 
coordinates x and y, connected with the thermal lens formation, is 
quadratic to a fairly high degree of precision [11]: 

n (x, y) = n ± n 2 (x 2 + !/ 2 )/2. (2.13.5) 

Here, n is the refractive index on the sample axis (x = y = 0): 
the plus sign refers to a divergent and the minus sign to a convergent 
thermal lens. Thus, a sample with a thermal lens may be treated 
as a quadratic medium. 

In order to find the focal length of a thermal lens, we assume that 
the refractive index of the medium is described by the formula 

n (s) = n — n 2 s 2 /2, (2.13.6) 

where s 2 = x 2 + y % . Suppose that a light ray parallel to the 00 axis 
and at a distance s x from it is directed towards the end face of a heat- 
ed sample of length d (Fig. 2.83<z). The transformation of this ray 
as a result of its passage through the sample may be described by 
a relation of type (2.4.16) 

£)=(-)(;*)• 

where the result (2.8.24) is used for the ABCD-m&tviyL. Taking 
into account this result, we get the following parameters for the 
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(2.13.8) 



ray as it leaves the sample 

s 2 = As t = s, cos ( y -^- d) , 

a 2 = Cs t = — Sj ]/ n 2 n sin ( J/ -^- d J 

Figure 2.83a shows / as the distance along 00 axis between the inter- 
section of the emergent ray with the axis and the reference plane H 
passing through the point of cross 
section of extensions of incident 
and emergent rays (the extensions 
of rays have been shown by dashed 
lines in the figure). It can be easily 
seen that 

/ = - Sl /a 2 . (2.13.9) 

Substituting (2.13.8) in (2.13.9), we 
find that 
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(2.13.10) 
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Fig. 2.83 



The quantity / does not depend on 
s t . This means that any ray prop- 
agating parallel to the 00 axis 
intersects this axis at the same 
point after passing the sample, i.e. the point 1 in Fig. 2.836. In 
other words, a thermal lens may be considered as an ideal lens 
system. The plane H is apparently one of the principal planes of 
this system and / is the focal length. 

Figure 2.83c shows both the principal planes of a thermal lens — 
planes H x and H 2 - The distance h between a principal plane and the 
corresponding end face of the sample is apparently defined by the 
relation 

h = / — sj(— a 2 ). 

Using (2.13.8), we find that 

In solid-state lasers, the inequality 

dVn 2 <ti 

is usually satisfied. Using this inequality, the relations (2.13.10) 
and (2.13.11) can be written in the form 

Iff = n 2 d; h = d/2n . (2.13.13) 

13-0436 



(2.13.11) 



(2.13.12) 
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Thermal Lens and Laser Systems. Suppose that a thermal lens 
with known parameters / and h is created in an active element. In 
order to take into account this thermal lens, the active element must 
be replaced by an ideal lens system consisting of a thin lens of focal 
length / and two segments of length h each in the free space. Fig- 
ure 2.84a shows the initial resonator consisting of mirrors with radii 
of curvature r x and r 2 . An active element of length d is placed incide 
the resonator, the distance of the left and right faces of the element 
from the nearest mirrors being given by Z x and l 2 respectively. The 
dashed lines show the principal planes of the thermal lens in the 

active element. Figure 2.846 shows 
an equivalent resonator with a 
thin lens. It has similar mirrors 
as the initial resonator, but has 
a different length. The length of 
the initial resonator L = l x + d + 
+ l 2 , while the length of the equiv- 
alent resonator with a thin lens 
is given by L' = Z x + 2h + l 2 . 

The conversion of a resonator 
with an internal thermal lens into 
a resonator with an ordinary (thin) 
lens permits a consideration of an 
equivalent lensless resonator (see 
Sec. 2.6). 

The thermal lens effect usually 
plays an important role in the 
formation of radiation field in a 
solid-state laser 57 . This may lead 
to a considerable decrease in the effective extraction of energy 
per unit volume of the active medium and even a breakdown of 
radiation. One of the methods of overcoming the thermal lens effect 
is to compensate this effect by introducing additional elements in 
the resonator to correct the wavefront of the generated radiation 
(for example, an additional lens may be introduced). Other methods 
are connected with a weakening of thermal distortion in a resona- 
tor by taking specific constructional and technical steps for a spe- 
cific laser. 

If the parameters / and h of a thermal lens are known for a given 
active sample and given pumping conditions, the thermal lens 
effect may be taken into account and used, by an appropriate choice 
of the type of resonator and its geometric parameters including the 
distance of the end faces of the sample from the mirrors. By matching 
the thermal lens with the resonator mirrors, we can ensure in prin- 




Fig. 2.84 



57 A thermal lens may also play a significant role in high-power gas lasers 
(for example, in molecular C0 2 -lasers). 



2.14 Waveguide Resonators 195 

ciple the maximum occupation of the active element by generated 
radiation and thus increase the output laser power. 

The radius of the light beam on the left face of the active sample 
in the resonator shown in Fig. 2.84a may be expressed in accordance 

with (2.9.29) through the elements of the matrix ^ = (^f) 

for a round-trip through the resonator (in Fig. 2.846) from the ref- 
erence plane situated at a distance of l x from the left mirror of the 
resonator. This matrix is defined as 

M = M (h) M (/) M (h + l 2 ) M (r 2 ) M (h + l 2 ) M (/) M X 

X (h + Z x ) M (r x ) M (Z x ). (2.13.14) 

Consequently, the required radius of the light beam is described 
in terms of the geometric parameters l u l 2 , r x , r 2 of the resonator 
and in terms of the parameters / and h of the thermal lens. By a 
proper choice of geometric parameters, the maximum beam radius 
may be obtained. 

The problem of matching the thermal lens of an active sample 
with the resonator mirrors has been discussed, for example, in 
[67, 68]. Kushnir et al. [68] have investigated, on the example of a 
resonator with two active samples, the dependence of the output 
laser power on the mutual position of active samples and resonator 
mirrors by taking into account the thermal lens effect. 

In actual practice the focal length / of a thermal lens created in 
a solid-state active element is found to depend not only on the 
power and spatial distribution of pumping, but also on the generat- 
ed radiation power. The parameter h practically remains unchanged 
for different values of the pumping power. Hence the resonator of 
an actual solid-state laser may be considered as a resonator with 
an internal lens whose position is fixed but whose optical strength 
changes over a certain interval of values. In this connection, the 
search for such generators acquires a great practical value, whose 
configuration would ensure the least sensitivity of the field caustic 
to variation in the optical strength of the internal lens. This ques- 
tion has been analysed in [69] where piano-spherical resonators have 
been described. The analysis carried out in [69] leads to computa- 
tions for resonators in solid-state lasers, which are insensitive to 
the optical strength of a thermal lens created in an active element. 

2.14. WAVEGUIDE RESONATORS 

There is a very effective method for countering the distortion in 
the wavefront of the generated radiation, caused by the thermal 
lens effect and by warping of the active element as a result of its 
thermal expansion. This method is based on the application of 
so-called waveguide resonators in which such modes can be realised 

13* 
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that retain the wavefront form in spite of thermal distortions in 
the resonator 58 . 

Waveguide Resonator; Waveguide Modes. A waveguide resonator 
is shown in Fig. 2.85, which shows the longitudinal cross section 
of the active element in the form of a rectangular parallelepiped. 
Here, 1 are the polished upper and lower lateral faces of the element, 
2 — the medium around the lateral face of the element (for example, 
a coolant), 3 — the resonator mirrors inclined at an angle a to the 
end faces of the active element; L — the length of the active element, 
d— its transverse dimension in the plane of the figure. The figure also 




Fig. 2.85 



shows a light beam which is subjected twice to total internal reflec- 
tion from the face 1 of the active element (in place of a light beam, 
we can consider a ray of light, as indicated by the dashed lines). 
The shaded portions in the figure correspond to the volume of the 
active element not taking part in the generation. This volume 
amounts to 1/4 of the total volume of the element. Angles a and y 
are the angles of incidence and refraction respectively for the end 
face. They are connected by the familiar relation 

sin a/sin y = n, (2.14.1) 

where n is the refractive index of the active element. 

It is important to note that the angle a (and hence angle y), which 
determines the orientation of the resonator mirror with respect to 
the end face of the active element, cannot be chosen arbitrarily. 
It is necessary that the product L tan y should be a multiple of d: 

L tan y m = md. (2.14.2) 

In this case, a light ray passing through an active element under- 
goes m total internal reflections at the lateral faces and leaves the 
element at the same angle a m at which it entered it. Figure 2.86 
illustrates this situation. 



58 Waveguide resonator lasers were first suggested in 1972 [70]. For a de- 
scription of such lasers, see [12]. 
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If the resonator mirrors are oriented with respect to the end face 
of the active element at an angle a = a m denned by the relations 
(2.14.1) and (2.14.2), the waveguide mode of the m-th type is ex- 
cited in the waveguide resonator. In the case shown in Fig. 2.85, 
a waveguide mode of type 2 is 
excited, while Fig. 2.86 indicates 
the excitation of the waveguide 
mode of type 5 59 . 

Number of Waveguide Modes 
in a Resonator. The number of 
possible waveguide modes is re- 
stricted by the condition of total 
internal reflection at the lateral 
faces of the active element 
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cos y^ n x /n, (2.14.3) 



Fig. 2.86 



where n x is the refractive index of the medium covering the lateral 
faces of the element (n x < n). If cos y <. njn, the radiation 
emerges from the active element through the end faces. 
The inequality (2.14.3) can be rewritten in the form 

1/(1 + tan 2 y)> {njnf. 

Substituting (2.14.2) in it, we get the condition limiting the possible 
values of m for waveguide modes excited in the resonator under 
consideration: 



m-- 



'WUX-t- 



(2.14.4) 



The modes defined by the condition (2.14.4) may contain modes 
which undergo a total internal reflection not only at the lateral 
faces of the active element, but at the end faces as well. Such modes 
circulate within the element and hence are parasitic modes. These 
modes satisfy the condition sin y m ^ iln or tan 2 v m /(l + tan 2 y m ) ^ 
> iln 2 . Substituting (2.14.2) in it, we get 

L 1 



m~^- 



If 



d y n z—\ 



V 



3=I>/(^) , -». 



(2.14.5) 



(2.14.6) 



the parasitic modes jlo not appear and the number of waveguide 
modes that may be used as laser modes is determined by the condi- 



59 Figures 2.85 i and 2.86 correspond to a plane waveguide resonator, since 
we consider a reflection not at all the four lateral faces of the active element, but 
just at two opposite faces (upper one and lower one). In a more general case, we 
must take into consideration reflection at the other pair of lateral faces as well 
(waveguide cavity resonator). Each waveguide mode will then be characterised 
by two indices instead of one. 
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tion (2.14.4). Otherwise, the number of laser waveguide modes is 
determined by the inequality 



m <• 



d ]/«« — 1' 



(2.14.7) 



While speaking of the number of waveguide modes, it should 
be remembered that the angle a may be positive or negative. Hence 
the number of modes defined by the condition (2.14.4) (or by the 
condition (2.14.7)) must be multiplied by 2. In this connection, 





J71=±1 



Fig. 2.87 



Fig. 2.88 



we distinguish between -\-m type modes and — m type modes, depend- 
ing on the sign of the angle a. Figure 2.87 shows modes of +3 type 
and — 3 type by way of an example. 

Half Waveguide Resonator. By using a four-mirror system, we 
can simultaneously excite two waveguide modes in a resonator, hav- 
ing the same magnitude of the index m but different signs. Fig- 
ure 2.88a shows two such cases: for | m | = 1 and for | m | = 2. 
It can be easily seen that the volume of the active elements is com- 
pletely utilised. 

The dashed line in Fig. 2.88a indicates the cross section of the 
symmetry plane: the right half of the figure is the mirror image of 
the left half. It follows from this that the passage of light rays in 
the right half remains unchanged if we remove the left half and 
replace the symmetry plane by a totally reflecting mirror 
(Fig. 2.886). Resonators shown in Fig. 2.886 are called half wave- 
guide resonators. In the first case, modes with a fractional index (m = 
= +1/2 and m = —1/2) are excited. While in the second case, 
integral index modes (m = +1 and m — 1) are excited. 
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It should be noted that for excitation of modes with a fractional 
index in a half waveguide resonator, it is enough to have just one 
mirror inclined at an angle of a (Fig. 2.89a). For excitation of modes 
with an integral index, both inclined mirrors are necessary (Fig. 2.896). 
This means that the integral modes +m and — m (including the 
modes +1 and —1) in a half wave- 
guide resonator are mutually coupled. 

Advantages of a Waveguide Reso- 
nator. By using a waveguide resona- 
tor, we can avoid distortions in the 
shape of radiation wavefront due to 
the thermal lens effect in the active 
element. This possibility is clearly 
illustrated in Fig. 2.90 showing a half 
waveguide resonator with mode m = 
= ±1. The thermal lens assumes the 
dependence of the refractive index 
on the transverse coordinate y: n = 
= n (y). Let us consider a thin layer 
of the active medium, confined by 

the planes y and y + Ay (see the figure). It can be easily 
seen that any light ray in the mode m = ±1 crosses this layer 
twice, following the same path with optical length n (y) Aj//sin y 
(three light rays, indicated as 1, 2, and 3, are shown in the figure). 




Fig. 2.89 
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Fig. 2.90 



The position of the layer along i/-axis is arbitrarily chosen. Hence 
if the entire active element is divided into parallel thin layers, 
the remarks made above about the equality of optical paths for all 
light rays in a mode will be valid for each layer, and hence for the 
entire active element. In other words, for the case indicated in 
Fig. 2.90, each light ray in the waveguide mode traverses an optical 
path of the same length in the active element. It follows from this 
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that the thermal lens of an active element cannot distort the wave 
front of the optical beam in this case. 

It should be observed that we can choose such combinations of 
waveguide modes in waveguide resonators, which are insensitive 
not only to the thermal lens, but also to other thermal distortions 
of the active element (for example, to the bending of the active 
element due to thermal expansion). In any case, a mutual compen- 
sation can be attained for the changes in the wavefront of the liglil. 

beam arising during its passage through 
w out the deformed active element. 

The advantage of a waveguide resonator 
over an ordinary plane-parallel resonator 
is shown in Fig. 2.91 [12], which gives 
two experimental curves describing the 
dependence of the laser output power 
10 'N ^out on tne number of flashes N of the 
excitation lamp. Curve 1 corresponds to 
„. „ „. an ordinary resonator, while curve 2 

"" ' corresponds to a waveguide resonator 

(in both these cases the active element was 
not cooled, which led to a rapid heating). It can be seen from the 
figure that while thermal distortions lead to a comparatively rapid 
breakdown of generation in an ordinary resonator, the curve corres- 
ponding to a waveguide resonator has a rather slow fall (it should 
be noted that this fall is by no means due to thermal distortions of 
the element, but rather due to a deterioration in its generation 
properties with increasing temperature). 

Investigations of lasers with waveguide resonators revealed highly 
selective properties of these resonators both with respect to a selec- 
tion of transverse modes as well as with respect to the frequency se- 
lection. Practically all types of waveguide resonators are charac- 
terised by a single frequency generation (the central longitudinal 
mode is selected). Investigations in a Nd:YAG waveguide laser 
have shown [71] that a single frequency generation may be realised 
right up to the pumping power which ruptures the crystal. In the 
same laser, generation of one transverse mode was observed. The 
value of the Fresnel number in this case was higher than 10 4 . 

2.15. OPTICAL RADIATION IN A THIN-FILM WAVEGUIDE. 
DISTRIBUTED FEEDBACK 

A thin-film optica^waveguide is a dielectric film, whose thickness d 
is of the order of radiation wavelength (d « lum), deposited on a 
substrate (Fig. 2.92). We shall consider the two-dimensional case, 
assuming that the light rays do not leave the yz plane (z/-axis is 
perpendicular to the interface between the substrate and the thin 
film, while z-axis corresponds to the direction along which radiation 
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propagates in the thin-film waveguide). As in an ordinary dielec- 
tric waveguide, propagation of light in the film is based on total 
internal reflection for which it is essential that the inequalities 

n >• n x and n > n 2 (2.15.1) 

are satisfied, n, ra lt and n 2 having the refractive indices of the film, 
substrate, and the medium over the film respectively. Since the 
film is usually in the air, we shall assume that n 2 < n t . 

Figure 2.92 shows a light ray inside the film undergoing total 
internal reflection at its boundaries. Let be the angle of incidence 
of the ray on the film boundary. The 
ray traverses a zigzag path inside the 
film. In this connection, the term 
zigzag rays (zigzag light waves) is 
often employed. A consideration of 
such rays (waves) provides an answer 
to a number of fundamental questions 
connected with the propagation of light 
in thin-film waveguides. 

A rigorous treatment of optics of 
dielectric films based on Maxwell's lg ' 

equations is given, for example, in 

[72]. Optical effects in thin-film waveguides have been thoroughly 
analysed in [73-77]. See also Ch. 28 in [2]. 

Dielectric thin films are used not only as passive elements intend- 
ed for optical signal communication, but also as active elements 
(thin-film lasers). Besides, they are used for non-linear interactions 
of light waves, i.e. for generation of optical harmonics, parametric 
generation of light, induced Raman scattering of light. It has been 
remarked in [73], in particular, that "the use of thin-film dielectric 
waveguides opens the way for creation of miniature laser equip- 
ment, optical modulators, filters, parametric generators, and other 
elements for communication systems having large information capac- 
ity, high-speed computers, and for optical processing of informa- 
tion... . Such a perspective laid the foundation for a new branch of 
investigation at the confluence of microwave engineering and optics, 
called integrated optics." 

In this section, we shall consider only a few problems of prop- 
agation of light in a thin-film waveguide, introduction of radia- 
tion in a film, as well as thin-film lasers with distributed feedback. 

Waveguide Modes in a Thin Film. In accordance with two possi- 
ble polarisations of light, there are two types of modes, TM and TE, 
propagating in a thin-film waveguide. These modes are illustrated 
in Fig. 2.93. In Fig. 2.93a, the following components of field vectors 
are non-zero: E y , E z , and H x (the last component is oriented perpen- 
dicular to the plane of vectors E and k). This is the transverse mag- 
netic mode, or the TM mode. The vector H in this mode is perpendic- 
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ular to the direction of propagation of radiation in the waveguide. 
In Fig. 2.93ft the non-zero components are H y , H z , and E x . This is 
the transverse electrical mode, or the TE mode. The vector E is per- 
pendicular to the direction of propagation of radiation. Since the 
boundary conditions at the interface between two media are inde- 
pendent of each other for the field components perpendicular and 
parallel to the boundary, the modes TM and TE may be considered 
as independent. This means, in particular, that they are not trans- 
formed into each other as a result of reflection at the film boundary. 




Let us take the TE mode, for example, and consider the time and 
space coordinates dependence of the scalar function describing one 
component of the mode field, say E x . Let us denote this function 
by u (y, z, t). It should be noted that we could choose the compo- 
nent H,j or H z (or for that matter, the components of the TM mode). 




Fig. 2.94 



The radiation field in a waveguide may be represented in the form 
of superposition of two plane monochromatic waves, whose wave 
vectors (k' and k") are shown in Fig. 2.94 (| k' | = | k" | = kn; 
k = w/c): 



u (y, z, t) = U [exp (ik'r) + exp (£k"r)] exp (— ia>t). 
Considering (see Fig. 2.94) that 

k'r = kyy + k' z z = kn (y cos -f- z sin 0); 

k"r = k'{,y + k" z z = kn ( — y cos 6 + z sin 0), 



(2.15.2) 
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we can rewrite (2.15.2) in the form 

u (y, z, t) = U [exp (ikny cos 6) + exp ( — ikny cos 0)] X 

X exp (iknz sin 0) exp (— i(ot). (2.15.3) 

Introducing the notation 

P = kn sin 0; b = kn cos 0, (2.15.4) 

the expression (2.15.3) may be written in the form 

u (y, z, t) = U [exp (iby) + exp (— iby)] exp (i$z — i<at). (2.15.5) 

It should be noted that if the result (2.15.5) is applied, for example, to the 
component H z of the TE mode instead of the component E x , the amplitude U 
must be replaced by the amplitude Un sin (this follows from the relation 
between the vectors E and H in a plane wave). Thus, there is simply a change in 
the amplitude of the component of the field, which depends neither on the space 
coordinates nor on time. 

It can be seen from (2.15.5) that radiation propagates along the 
film in the direction of the z-axis with a velocity 

v = co/p = cfc/p = cln sin 0, (2.15.6) 

while a standing wave 

w (y) = U [exp (iby) + exp (—iby)] = 2*7 cos (by) (2.15.7) 

is created in the direction of the y-axis. This means that the reso- 
nance condition must be satisfied in the direction of the y-axis (by 



,"2 (-y) , 



Fig. 2.95 

analogy with the standing wave in an ordinary resonator). This 
condition indicates the allowed values of the parameter b, and hence 
of angle 0, for waveguide modes which may propagate in a given 
film. 

In order to find the resonance condition, we must consider the 
propagation of a zigzag wave, say, from point A to point B 
(Fig. 2.95), traversing twice the thickness d of the film. Here, in 
addition to the geometrical plane advance along the i/-axis, which 
is obviously given by 2bd, we must also take into consideration the 
change in the phase of the wave upon a total internal reflection at 
the upper and lower boundaries of the film. Denoting these changes 
by —\p and — cp respectively, we can show (see, for example, [72]), 
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that 

i|> = 2 arctan Vl 2 -^)* . (2.15.8a) 



y = 2arctan l/pit - (fe " 2)2 . (2.15.8b) 

The total change in the phase of the wave (in the direction of the 
y-axis) upon traversing the film thickness must be a multiple of 2n: 

2bd — ty — <p = 2nm; m = 0, 1, 2, . . . (2.15.9) 

The relation (2.15.9) expresses the required resonance condition. 
Each integer m has a definite angle of incidence of the light ray at 
the film boundary (angle m ) corresponding to it, and hence defi- 
nite values of the parameters p m , b m , ib m , and cp m (since all these 
parameters are functions of G in accordance with (2.15.4) and (2.15.8)). 
Hence the relation (2.15.9), strictly speaking, should be written 
in the form 



2b m d — -ilp m — (f m = 2nm 



(2.15.10) 



The index m determines the order of the waveguide mode. Wave- 
guide modes of different orders have different values of angle 0, 
which can assume only discrete values 0™ in accordance with the 
resonance condition described above. In order to find m , we must 
solve the transcendental equation (2.15.10). 

With increasing m, the angle m decreases. From this it follows 
that the value of the parameter b m increases while, on the contrary, 
the parameter p* m decreases; see (2.15.4). The latter circumstance 
means that with increasing m, the velocity of propagation (2.15.6) 
of radiation in the film along the z-axis increases. It can be seen 
from (2.15.8) that with increasing m, the parameters ij- m and cp m 
decrease. Thus, 

o >6i>0 2 > • • • ; P > Pi> P 2 > • • •; 6 <fe 1 <6 2 <. . .; 
*o > *i > *i > ■ ■ ■ ; <Po ><h ><P 2 > • • • • (2.15.11) 
Number of Waveguide Modes in a Film. The decrease in the value 
of the angle m with increasing m (as well as the change in other 
parameters) cannot be indefinite. Apparently, the angle m cannot 
become smaller than the limiting angle llm for the total internal re- 
flection at the interface between the film and the substrate, given 
by the familiar relation 

sin Um = njn. (2.15.12) 
The difference P 2 — (tej) 2 for = Hm is equal to 
P 2 (Gum) - (kntf = (knf sin 2 Um - (kntf = 0. 

60 It will be shown later that modes of different orders also differ in the 
distribution of field along the y-axis. 
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Thus, if the angle 9 decreases and becomes equal to Um , the radicand 
in (2.15.8a) becomes zero, and hence the phase change for the wave 
at the interface between the film and the substrate also becomes 
zero. For 6 < Um , the radicand in (2.15.8a) becomes negative, 
and there is no total internal reflection at the interface. It is clear 
that a wave with < llm cannot be a waveguide mode for this 
dim. The condition 

m ^ arcsin (njri) (2.15.13) 

limits the number of waveguide modes that may propagate in a 
particular thin-film waveguide. For example, in a Ta 2 5 film of 
thickness d = k = 0.78 u.m deposited on a glass substrate, four 
waveguide modes (m = 0, 1, 2, 3) are possible. 

Field Distribution in Waveguide Modes. According to (2.15.7), 
the distribution of the field along the j/-axis in the m-th. order 
waveguide mode inside the film is described by a function of the type 

w m (y) = 2U cos (b m y). (2.15.14) 

It can be shown (see, for example, [75]) that the function w m (y) 
assumes the value 

w' m = 2U cos (<p m /2), (2.15.15a) 

at the upper boundary of the film, and the value 

w' m = 2 (— \) m U cos (a|) m /2) (2.15.15b) 

at the lower boundary of the film. The field in the substrate and 
in the medium immediately above the film decreases exponentially 
(with distance from the film boundary). The field distribution above 
the film may be expressed in the form 

«' ra (F) = u4exp( -VPS.- (fo^)* y), (2.15.16a) 

where the coordinate Y is increased from the top of the film. The 
distance 

p m = IPS, - {kntfVV* (2.15.17a) 

is the distance from the top of the film, where the field is attenuated 
to 1/e of its value. The field distribution in the substrate is similar 
in nature to the distribution above the film: 

w m (Y') = w'nex-p(Vp$ n -(kn i )*Y'); (2.15.16b) 

where the coordinate Y' is measured from the bottom of the film. 
The distance 

P m = IPS, - (kntf]- 1 /* (2.15.17b) 

is the distance from the bottom of the film where the field is atten- 
uated to 1/e of its value. 



206 



Ch. 2 Formation of Radiation Field in a Laser Resonator 



Figure 2.96 shows the field distribution for the first four waveguide 
modes (m = 0, 1, 2, 3). The lower part of the figure shows the 
passage to a zigzag ray for each of the modes under consideration. 
It should be noted that the field distribution inside the film is not 
symmetric with respect to the horizontal line passing exactly through 




Fig. 2.96 

the middle of the film, but rather displaced somewhat towards the 
lower boundary of the film. This is due to the inequality n 2 < n 1 , 
(if n 2 > n u the distribution is displaced towards the upper bound- 
ary of the film, while it will be symmetrical for n 2 = rij). Using 
the inequality n i <C ra 1? and the formulas (2.15.8), it can be easily 
concluded that q> m >^> m , and consequently (see (2.15.15)), 

| w' m |< | w m |. (2.15.18) 

The boundary conditions (2.15.15) completely define the position 
of the cosine curve (2.15.14) on the y-axis, describing the field 
distribution inside the film 61 . 



61 Only one of the conditions (2.15.15) is enough for defining the position 
of the cosine curve on the y-axis. 
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The field distributions above the upper boundary and below the 
lower boundary of the film are even more asymmetric. This is due 
io the inequality (2.15.18), as well as to the inequality 

p m < P m , (2.15.19) 

which is also a consequence of the inequality n 2 > n x . The field 
in the substrate decreases with distance from the boundary at a 
slower rate than in the medium above the film. It is also evident 
from Fig. 2.96 that the effect of the field outside the film increases 
with increasing index m defining the order of the mode. 

In accordance with (2.15.10), we can express the film thickness 
through a relation of the form 

d = (iroi/6 m ) + WJ2b m ) + («p m /26 m ). (2.15.20) 

It can be seen from Fig. 2.96 that the segment d' m = mn/b m is the 
distance between the farthest extrema of the cosine curve (2.15.14). 
Inside this segment, the cosine curve turns to zero m times. Thus, 
it is quite obvious that the number of nodes in the field distribution 
is equal to the order of the waveguide mode. 

The exponential decrease in the field with distance from the field 
boundary outwards should not suggest an attenuation of the field 
as a result of absorption in the substrate (or in the medium above 
the film). As a matter of fact, there is no energy flux along the y-axis 
for waveguide modes. In this case, the entire light flux propagates 
only along the z-axis (i.e. along the film), but the transverse dimen- 
sion of the flux exceeds the film thickness d by an amount p m + P m 
(for the wi-th order waveguide mode) approximately. In this con- 
nection, the concept of the effective thickness is introduced for the 
m-th order mode of a thin-film waveguide: 

D m = d + Pm + P m . (2.15.21) 

Boundaries corresponding to the effective thickness D m are shown 
by horizontal dashed lines in Fig. 2.96. 
Injection and Extraction of Radiation for a Thin -Film Waveguide. 

A very small film thickness (d w 1 wm) creates certain difficulties 
both for injecting radiation into a film as well as for extraction of 
radiation from the film. Two methods for injection (extraction) 
of radiation are frequently used. These are the prism method and 
the diffraction method 62 . 

In the prism (tunnel) method, a trihedral prism is placed over the 
film in such a way that there is a small gap of thickness A, of the 
order of a fraction of the radiation wavelength (A w 0.2X) between 
the base of the prism and the film surface 63 . In order to introduce the 



62 The method of injecting (extracting) radiation through a gradually nar- 
rowing film edge is also used (see, for example, [73, 78]). 

68 The gap between the prism and the film may have a varying thickness 
(wedge-shaped gap). 
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radiation into the film, the initial collimated light beam is directed 
towards the prism in such a way that it undergoes the total internal 
reflection at its base (Fig. 2.97a). It is well known that for the total 
internal reflection, the field of the reflected light may penetrate the 




Fig. 2.97 



reflecting surface up to a fraction of the wavelength (Fig. 2.976). 
Using this phenomenon, an effective transfer of light energy from 
the prism to the film (or in the reverse direction) can be realised. 
In the diffraction method, a phase diffraction grating is applied 
near the ends of the film. The period of this grating is matched with 

the radiation wavelength. Injection 
(extraction) of the radiation is 
caused by diffraction in this case. 

Fig. 2.98 shows schematically the 
application of (a) prism and (b) 
diffraction methods for injecting 
and extracting radiation. Here, 
1 is a thin film, 2— the substrate, 
3 — the input radiation (radiation 
injected into the film), and 4 — the 
output radiation (radiation extract- 
ed from the film). In both cases, 
the contact between the external 
radiation and the radiation in 
the film occurs over a compara- 
tively long distance I. This circumstance predetermines (under the 
condition of matching of the angle of incidence of output radiation 
with the angle m of the corresponding waveguide mode) a sufficient- 
ly high efficiency in transmission energy, which is higher than 50% 
(the efficiency of the prism method may be as high as 80-90%). 
An analysis of various methods of injection and extraction of 
radiation for a thin-film waveguide is carried out, for example, 
in [73, 75]. We shall now give a somewhat detailed description of 
the prism method. 




Fig. 2.98 
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Operating Principle of the Coupling Element Prism- Film. The 

principle of operation of this element is shown in Fig. 2.99. The 
dashed line in the prism corresponds to the plane front of the light 
wave incident on the base of the prism. This front is shown at the 
moment the light wave arrives at the point 1 of the prism base. 
In accordance with the above-mentioned 
effect of the emergence of field of reflected 
wave beyond the reflecting surface, this 
wave excites a zigzag wave in the film 
at point 1' . This zigzag wave, propa- 
gating along the film, will traverse a 
distance s from the line l'l" to the line 
2'2" in time 



x x = slv, 



(2.15.22) 




Fig. 2.99 



where v is the velocity of propagation 
of radiation along the film in the direc- 
tion of the z-axis, given by the formula 
(2.15.6). Propagating inside the prism, the wavefront will traverse 
the distance between the point 4 and the point 2 (this distance is 
equal to s sin cp, see Fig. 2.99) in time 



T 2 : 



ssincp 



(2.15.23) 



where n 3 is the refractive index of the prism. 

As the wavefront incident on the base of the prism is displaced, 
the zigzag waves will be excited successively at different points of 
the film: 1', 2', 3', .... If the condition 

x, = x 2 (2.15.24) 

is satisfied, the moment of excitation of the wave at any point of 
the film will coincide with the moment of arrival at this point of 
the wave propagating along the film. Consequently, the excited 
wave will be in phase with the wave already existing in the film; 
thus apparently causing an amplification of the latter. The condi- 
tion (2.15.24) is called the matching condition. Taking into account 
(2.15.6), (2.15.22), and (2.15.23), this condition may be written 
in the form 



n sin 9 = n s sin cp. 



(2.15.25) 



It can be seen from (2.15.25) that by choosing the value of the 
ratio n 3 /n, as well as the angle q>, we can satisfy the matching condi- 
tion for a definite angle 9, i.e. for a definite waveguide mode. Thus, 
the prism method of introducing radiation in a film leads, in prin- 
ciple, to the excitation of any given waveguide mode. 

Distributed Feedback. Suppose that the refractive index of an 
active element is spatially modulated in the direction of its optical 
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axis (z-axis) 



n (z) = n + An cos (2nz/A), 



(2.15.2G) 



where the period A of spatial modulation is of the same order of 
magnitude as the radiation waveguide. In this case, the so-called 
distributed feedback ensured generation without a resonator with 
reflecting mirrors. 

The distributed feedback principle is based on Bragg's reflection 
of light waves by the periodic structure formed inside the active 
element as a result of spatial modulation of its refractive index. 
The dashed lines in Fig. 2.100 depict the arbitrary reflecting planes 
of periodic structure. The distance between adjacent planes is equal 
to the period A of spatial modulation. We consider the normally 
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incident light waves as they are reflected back at an isolated system 
of planes. The mutual amplification of the reflected waves will 
take place if the condition 



2An = mX 



(2.15.27) 



is satisfied, n being the refractive index of the active element and m 
being an integer (in actual practice, it is enough to consider the 
value m = 1). The condition (2.15.27) is the Bragg's reflection con- 
dition in this case. 

Thus, instead of reflection of light waves at the resonator mirrors 
placed near the ends of the active elements (or at the ends them- 
selves), we can use Bragg's reflection at the periodic structure through- 
out the length of the active element. As a result, a highly selective 
feedback is created according to wavelength. This feedback is called 
distributed feedback (abbreviated as DFB). A DFB laser generates 
radiation whose wavelengths X satisfy the condition (2.15.27) and lie 
within the gain width. 

It should be noted that structures with regular inhomogeneities 
whose period is comparable with the length of the electromagnetic 
wave are widely used for amplification and generation of radiation 
in the microwave region (see, for example, [79]). Such structures are 
rather easy to fabricate, since their period is of the order of 1-10 mm. 
In the x-ray region, such periodic structures have been provided by 
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nature — in the form of a crystal lattice 64 . In the optical wave- 
length region, a periodic structure having a period of about 1 \im 
is required. The possibility of obtaining such structures (in the 
form of thin-film optical waveguides) appeared first only in the sev- 
enties with the development of microelectronics. The first DFB 
laser was constructed in 1971 [81]. The basic principle and proper- 
ties of such lasers have been described, for example, in [73, 82-84]. 
Spatial modulation of the refractive index of an active element 
is just one of the methods for creating a DFB laser. Other methods 
are based on spatial modulation of the amplification factor or on 




Fig. 2.101 



the modulation of geometric parameters (cross section of the active 
element). The problems of practical realisation of different methods 
of constructing DFB in the optical region have been considered, for 
example, in [83]. 

Thin-film DFB Lasers. A thin-film laser is one of the main ele- 
ments used in integrated optics. The active element of such a laser 
is an activated thin film. Apparently, we cannot use a resonator with 
reflecting mirrors in such a laser. In this case, distributed feedback 
is often employed. 

Quite often, the active film in a thin-film DFB laser is a film of 
gelatine in which an activator, for example, rhodamine 6G 65 , has 
been dissolved. Such a laser is shown in Fig. 2.101 [85]. Here, 1 is 
a film of gelatine with rhodamine 6G (d » 1 um), 2 — a substrate with 
corrugated surface (Ad « 0.01 \im, A « 1 um), 3 — the pumping 
radiation (second harmonic of an Nd-laser, % v = 0.53 uro), 4 — a 
prism for extracting the radiation from the film, and 5 — the output, 
radiation. Distribution feedback is ensured in this case by periodic 
variation in the thickness of the active film due to the corrugated sur- 
face of the substrate. Corrugation of the substrate surface is carried 
out by chemical etching through a mask obtained by the photolitho- 
graphic method. 

The method of spatial modulation of the amplification factor of 
the active film through a periodic variation of the intensity of laser 

64 The possibility of creating a DFB laser in the x-ray region by using the 
periodic structure of a crystal lattice was first indicated in 1965 [80]. 

66 In addition to thin-film DFB organic dye lasers, the semiconducting 
thin-film DFB lasers are also quite widely employed. 

14* 
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pumping along the optical axis is quite interesting. For this pur- 
pose, we can use, for example, the pumping diagram shown in 
Fig. 2.102a. Here, 1 is a collimated light beam from the laser used 
for pumping, 2 — a beam splitting film, 3 — totally reflecting mirrors, 
and 4 — the active film being pumped. Two coherent light beams are 
incident on the surface of the film (2cp is the angle between the direc- 
tions of propagation of the beams). Consequently, an interference 
pattern is formed on the surface of the film; the period of interfer- 
ence fringes is given by 

A = V 2 sin <P (2.15.28) 

where K p is the wavelength of the radiation used for pumping of the 
film. The periodic variation of the illumination of the film surface 
leads to a corresponding spatial modulation 
of its amplification factor. 

By altering the mutual position of the 
mirrors 3 and the film 4 shown in Fig. 2.102a, 
we can continuously vary the angle <p and 
hence the modulation period A (see (2.15.28)). 
Since the generation wavelength of a thin-film 
DFB laser is determined by the modulation 
period A, (see (2.15.27)), a continuous tuning 
of the wavelength of radiation generated by 
such a laser can be accomplished. 

Figure 2.1026 shows another diagram for 
spatial modulation of the amplification factor 
of the active film by using the interference 
of light beams illuminating the film. Here, 1 
is a prism, 2 — an immersion film, and 3 — the 
active film. The use of a prism in this dia- 
gram leads to an n 3 fold decrease in the modu- 
lation period A as compared to the diagram 
shown in Fig. 2.102a (n 3 is the refractive index of the prism). 
The possibility of a continuous tuning of the generation frequency 
(by controlling the parameters of the periodic structure) is not the 
only advantage of a DFB laser. Selectivity for photon states over 
the entire length of the active element quite naturally leads to im- 
proved spectral and spatial properties of the generated radiation. 
It is well known that the DFB lasers are already superior in this re- 
spect to the ordinary (cavity) lasers based on similar active media 86 . 
Thin-Film Lasers Employing a Periodic Structure as a Resonator 
Mirror. Figure 2.103 shows a thin-film laser, in which Bragg's 
reflection of the light ray is realised not along the entire length of 
the film, but just near the ends [84]. Here, 1 is the active part of the 
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66 Of course,. as far as the energy parameters (efficiency, threshold character- 
istics) are concerned, the DFB lasers are inferior to ordinary lasers. 
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film, 2— the parts with periodically varying film thickness, and 
3 — the substrate. The parts denoted by 2 function like mirrors in 
ordinary laser resonators. They ensure a partial return of the radia- 
tion to the film (through Bragg's reflection). Besides, these parts 
serve as a phase diffraction grating and partially extract the radia- 
tion from the film (in the form of laser radiation). 

Unlike a DFB laser, the active element here does not have a peri- 
odic inhomogeneity. Such thin-film lasers are called lasers employing 
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Fig. 2.103 



a periodic structure as a resonator mirror. Such lasers are also inter- 
esting because the lengths of the active part and the parts with 
periodic structure, as well as the period of the latter, may be changed 
independently, and hence an optimal version with maximum 
suppression of undesirable modes and with an extremely narrow 
spectral line of generation may be obtained in principle. 



Chapter Three 



DYNAMICS OF LASER PROCESSES 



The investigation of the dynamics of processes which determine 
the physical nature of laser operation under different conditions 
has assumed an ever increasing significance with advancing laser 
technology. This is primarily connected with a need to create lasers 
with prescribed parameters of radiation like the pulse energy, pulse 
duration, mean power and peak power, pulse repetition frequency, 
etc. The problem of creating lasers with extremal characteristics, 
for example, the problem of creating superpower lasers, has a consid- 
erable practical significance. It is important to ensure generation 
stability under various conditions, as well as a good reproducibility 
of radiation parameters from pulse to pulse. Investigation of dynamics 
of laser processes is of prime importance for controlling the laser 
parameters, a problem of great practical significance. It should also 
be noted that these investigations are closely related to the study 
of the actual space-time structure of laser radiation. This is extreme- 
ly important for interpretation of nonlinear optical phenomena 
including those which form the basis of parametric oscillators, optical 
harmonics generators, Raman lasers, etc. 

With the help of the existing lasers, we can obtain light pulses of 
different durations — millisecond, microsecond, nanosecond, or pico- 
second pulses. Single as well as multiple pulses have been generated. 
The latter are characterised by different pulse repetition frequen- 
cies (in the range up to about 10 MHz, and up to several gigahertz with 
mode synchronisation). The peak power of the generated pulses has 
a wide range — up to 10 12 W and higher. 

Pulsed laser radiation is widely applied in a number of technolog- 
ical processes connected with the treatment of materials, optical 
detection and ranging of objects, communication, measuring tech- 
niques, data processing systems, various physical, chemical and bio- 
logical investigations, medicine, etc. It should be noted that a de- 
crease in the pulse duration and an increase in the pulse steepness of 
lasers is necessary, for example, for a high-temperature plasma 
heating (controlled thermonuclear synthesis). An increase in the 
decay rate of short light pulses is essential for an investigation of 
relaxation processes as well as for solving the problems of modern 
measuring techniques. A comparatively longer pulse duration 
may, however, be necessary in a number of technological problems, 
e.g. in holography and for pumping of parametric oscillators. 

One of the earliest systematic descriptions of non-stationary 
(transient) laser generation has been given in [1]. See also [2-6]. 
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3.1. GENERAL REMARKS ABOUT LASER 
OPERATING CONDITIONS 

In actual practice, laser generation is a pulsed operation, and it 
cannot be described without a consideration of the dynamics of 
such processes. But even in the case of continuous generation, the 
dynamics of processes plays a significant role. Strictly speaking, 
laser generation is always non-stationary. Stationary generation is 
nothing more than idealisation, which is useful for description of spe- 
cific real situations only to a certain approximation. 

Reasons for Instability of Laser Generation. The non-stationary 
pumping, like pumping by flash lamp radiation, or pulsed discharge, 
is apparently the reason behind unstable generation. Another 
equally apparent reason is the purposeful time variation of the 
unfavourable losses (active Q-modulation of the resonator), or favour- 
able losses (load modulation). Instability of generation may lead 
to the introduction of nonlinear elements in the resonator, for exam- 
ple, a saturable resonance absorber (bleachable filter) 1 . 

These reasons for instability of generation are connected with 
a purposeful "interference" in the generation process. Besides, cer- 
tain factors beyond our control are also responsible for this insta- 
bility. These factors may be either technical or physical. 

The factors of technical nature involve the instability of resonator 
parameters, the active medium, and the pumping system (for exam- 
ple, non-uniform heating of the active element during pulsed pump- 
ing, or vibrations of resonator mirrors). Investigations have revealed 
an important role of technical instabilities. It was found that 
a laser is highly sensitive to different types of perturbations of its 
parameters (see [9, 10], as well as [4]). 

Turning to the physical factors, let us first point out the multi- 
mode nature of laser radiation observed in most practical cases. Each 
mode has a different structure of the field in the resonator, and a 
different value for the gain and the loss factor. The generation con- 
ditions depend on the number of simultaneously excited modes. 
Generally speaking, the participation of each new mode in genera- 
tion is accompanied by a violation of the stability of generation 
kinetics [11]. At different moments of time, the radiation energy 
may be distributed among modes in different ways — more favour- 
able conditions may first result in generation of some modes, and 
later of the other modes (see, for example, [12]). 

It should be further remarked that the transition probabilities 
per unit time between the levels of active centres have finite magni- 
tudes. This means that the processes of population and depopula- 



1 Introduction of a bleachable filter in the resonator, generally speaking, 
leads to a decreased stability in stationary generation, and under certain con- 
ditions may even cause undamped pulses of radiation (see, for example, [7, 8]). 
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tion of laser levels have a certain time lag (persistence). This means 
that the increase in the inverse population density of levels caused 
by pumping does not stop as soon as the threshold of the inverse! 
population density is attained. The radiation appearing in the 
generation process reduces the inversion population density to 
below the threshold level. Consequently, periodic variations in the 
inverse population density are observed near its threshold value, 
leading to fluctuations in the radiation power [2]. 

It should also be taken into consideration that laser radiation 
is generated as a result of selective amplification of primary lumi- 
nescence. In other words, random processes of spontaneous emis 
sion serve as the fundamental principle. The irregular picture in 
time and space, defined by these processes, becomes ordered as the 
laser starts generating. This ordering, however, is not complete. It 
should be noted that the bleachable filter in the resonator, which is 
characterised by a sufficiently small relaxation time, has a tendency 
to underline (isolate, accentuate) the most intense fluctuations in the 
initial distribution of the radiation field (see, for example, [13, 14]). 

Free Oscillations. Suppose that a laser generator contains only 
an active element and no nonlinear elements or elements whose 
properties change under the influence of external signals. In this 
case, free oscillations are said to be generated in the resonator. This 
term is in fact a combination of several different conditions, their 
common point being that there is no special control over the oscil- 
lations, or any outside influence on them. In particular, there is no 
(^-modulation (active or passive) of the resonator. Free oscillations 
may take place both for pulsed as well as continuous pumping. 

The most interesting situation of free oscillations arises in solid- 
state lasers. Free radiation in a solid-state laser is, as a rule, a train 
of relatively short pulses, or, as is customarily to say, spikes 2 . The 
duration of an individual spike is equal to 10 _7 -10~ 6 sec (0.1-1 u,sec), 
its power may attain values up to 10 4 -10 5 W. The time interval 
between two adjacent spikes is about 1-10 jisec. 

Figure 3.1 shows three types of oscillograms for the solid-state 
laser radiation corresponding to three types of pulsations (three types 
of spikes) [4]: (a) regular damped pulsations with generation at a con- 
stant power, (b) regular undamped pulsations, and (c) irregular un- 
damped pulsations 3 . 

Although spikes were observed in the laser output radiation in- 
tensity in the first experiments with ruby lasers in 1960 [15], their 
nature continues to be a subject of investigation even today (see, 



2 Power fluctuations are less pronounced in gas lasers. 

3 In the case of pulsed pumping, undamped pulsations exist over an inter- 
val of time corresponding to the duration of the pumping pulse. For solid-state 
lasers, its duration is equal to 0.1-1 msec. In dye lasers shorter pumping pulses — 
up to 1 usee are used; this is necessary in order to reduce the effect of triplet- 
triplet absorption. 
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for example, [16-18]). On the basis of a single-mode model of a laser, 
it can be shown that the regular damped pulsations are connected 
with transition processes accompanying the beginning of generation 
upon the arrival of the next pumping pulse. In other words, these 
pulsations are connected with the abovementioned effect of time-lag 
in the processes of population and depopulation of levels [1, 2]. The 
multimode nature of generation has a considerable influence on the 
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spiking behaviour of the laser [4, 11, 16-20]. In particular, the exis- 
tence of several modes may bring about disorder in the pulsa- 
tion diagram. 

The nature of undamped pulsations has remained unclear to a 
large extent. Investigations of solid-state spike lasers and the prop- 
erties of NdrYAG lasers have confirmed the assumption put forth 
in [9] that undamped pulsations are connected mainly with the effect 
of resonator instability on the dynamics of the laser, and hence are 
mainly of a technical nature. For an Nd:YAG laser, direct evidence 
was obtained, connecting undamped pulsations with the resonator 
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mirror vibrations and with non-uniform (in time) heating of the 
active element [21]. Undamped pulsations may also be connected 
with multimode generation [16]. 
Giant-Pulse Generation for Active ^-modulation of a Resonator. 

By using Q-modulation of a laser resonator with pulsed pumping, 
short and powerful light pulses were first obtained in 1962 [22, 23]. 
By controlling the (Mactor of a resonator, high level of unfavourable 
losses is first attained, i.e. the generation threshold is specially 
raised. This helps in the creation of a significant inversion of popula- 
tion density in the aGtive medium. Next, with the help of an outside 
signal, the loss level, and hence the generation threshold are quickly 
reduced to their lowest possible value. Consequently, the initial value 
of the inverse population density turns out to be considerably higher 
than the new threshold corresponding to small losses. Under these 
conditions, a single short light pulse of high power (giant pulse) 
is emitted instead of multiple spikes. 

The power of a giant pulse is higher, the larger the extent to which 
the initial inverse population density (for a low Q-factor of the 
resonator) is increased over the threshold value (corresponding to 
a high Q-factor of the resonator). The power of giant pulses obtained 
in practice is as high as 10 9 W 4 . The duration of a giant pulse is of 
the order of 10-100 nsec. The minimum duration of a pulse may be 
around 1-3 nsec (see, for example, [24]). 

In order to attain this generation, a modulator (loss switch) control- 
led by an external signal is placed in the laser resonator. Under the 
influence of this signal, the modulator quickly changes the level 
of unfavourable losses in the resonator (transition from a state 
corresponding to higher losses to a state corresponding to lower 
losses, and vice versa). Since such transitions are made under ex- 
ternal influence, this (^-modulation of the resonator is called active 
modulation. Various types of modulators can be used. The first 
ones to be used were mechanooptic modulators. These were followed 
by acoustooptic modulators [25-28]. 

A modulator usually works as a controlled optical shutter. The 
passage through the shutter, and hence losses in the resonator are 
controlled through an external signal. If the shutter is "open", the 
losses are low (the resonator has a low Q). In some cases, the quickly 
rotating resonator mirror plays the role of a modulator (mechano- 
optic type modulator). Obviously, the switching from "closed" to 
"open" position of the shutter should be synchronised with the 
pumping pulses: the shutter should "open" when a sufficiently high 
inverse population density of laser levels has been obtained. 

Figure 3.2 shows the process of growth of a giant pulse upon ac- 
tive (^-modulation of the resonator. The curve P vs. t describes the 

4 A further increase in the pulse power is obstructed by spontaneous emis- 
sion and superluminescence, which increase with increasing the initial inverse 
population density. 
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Mine variation of the power of the generated radiation. The time 
variations of the Q-i actor of the resonator (Q vs. t) and of the inverse 
Population density (N vs. t) have also been shown in this figure. 
In the initial state, we have a low Q (Q = Q m m) and a high initial 
Inverse population density (N = N t ). Under the influence of the 
controlling signal, the ^-factor begins to increase and hence the 
threshold value of the inverse population density (not shown in 
the figure) begins to decrease. As soon as the threshold value de- 
creases to the level N lt the generation begins. This moment of time 




Fig. 3.2 



has been chosen as the initial moment (t = 0) in the figure, from 
which it is apparent that the process of giant pulse generation con- 
sists of two stages: a relatively long stage of slow (linear) pulse 
growth (the duration t of this stage is ~100 nsec), and a short stage 
of rapid (nonlinear) pulse growth (the duration of this stage is £ x ~ 
~ 10 nsec). Nearly all the pulse energy is emitted during the second 
stage, hence it is customary to measure the duration of the giant 
pulse by the duration of this stage (i.e. by the magnitude of t{). It 
should be noted that a decrease in the inverse population density 
takes place practically during the stage of rapid pulse growth only. 
Let us denote by t Q the interval over which the (Mactor increases 
from its minimum to its maximum value (Q-switching time). If 
t Q <C t , a rapid (^-switching to a higher value is indicated. Fig- 
ure 3.2 corresponds to such a case. The process of pulse growth upon 
a rapid (^-switching to a high value is usually calculated, assuming 
for the sake of simplicity that the (Mactor increases instantaneously 
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[29]. If the time t Q is of the same order as t , it is necessary to tako 
into account the actual rate of (^-increase [30, 24] 5 . 

For a sufficiently slow (^-switching to a higher value, the genera 
tion picture is considerably altered: instead of a single pulse, several 
pulses with gradually decreasing power and increasing duration 
may appear (Fig. 3.3). The time interval between successive pulse* 
gradually increases from 100 nsec to 1 fisec. 

Giant-Pulse Generation for Passive ^-modulation of a Reso- 
nator. Passive ^-modulation is based on the application of non- 
linear elements whose characteristics vary with radiation power gener- 
ated in the active element. Bleachable filters, i.e. optical shutters 
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operating on the nonlinear optical effect of bleaching of the me- 
dium 6 are widely used. Besides nonlinear filters, nonlinear cells 
based on the stimulated Brillouin principle of scattering, semicon- 
ducting mirrors whose reflection coefficient depends on the intensity 
of the incident light beam, etc. are also used [4]. 

The idea of using bleachable media in quantum electronics was 
put forth in 1964 [31]. It was soon applied in practice for obtaining 
giant pulses in a ruby laser (see, for example, [32]) 7 . 

Figure 3.4 shows the growth of a giant pulse for passive ^-modu- 
lation of a pulse-pumped laser resonator, ^-modulation is attained 
by using a bleachable filter. The curve P vs. t describes the time 
variation of the radiation power. The time variation of the coeffi- 
cient of resonant absorption by filter at laser frequency (x vs. t) 
and of inverse population density of active medium levels (N vs. t) 
are also shown in the same figure. The initial state corresponds to 
the unbleached filter (x a = x oa ). The threshold of inverse population 



5 Strictly speaking, the time t depends on tQ. Hence it is more correct 
to compare (q with time t = 2L/c, corresponding to a round-trip through the 
resonator, instead of t [24]. If <q s£ t , the (^-switching is considered as rapid; 
but if <q> x , the (J-svitching is considered to be slew. 

6 The term phototropic shutters is also used. 

7 Giant-pulse lasers with bleachable niters have been discussed in [2, 6]. 
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density is quite high for this state (we denote it by iV thr . max ). 
With the arrival of pumping radiation at the active element, the 
magnitude of N will increase. As soon as it attains the value 
A\hr.max» generation will start 8 . This moment of time is chosen as 
(lie starting point (t = 0) in the figure. Like in the case of active 
^-modulation, the giant-pulse formation takes place in two stages: 
the long stage of slow (linear) growth (t is the duration of this stage) 
und the short stage of rapid (nonlinear) growth (duration of this 
.stage is t x ). For passive ^-modulation, the stage of linear growth is 




Fig. 3.4 



an order of magnitude longer than for active modulation, and is 
now of the order of 1 (xsec. This is due to the fact that the pulse 
growth in this stage takes place for passive (^-modulation under 
high-loss conditions. From the figure, it is apparent that the filter 
is bleached only in the second (nonlinear) stage of the pulse growth. 
The duration of the second stage is about 10 nsec (same as for active 
modulation). 

After the giant-pulse emission, the coefficient of resonant absorp- 
tion of the filter again increases on account of spontaneous transi- 
tions in the filter. The time T a during which the filter returns to the 
initial (unbleached) state is called the relaxation time of the filter. 

Longitudinal Mode Locking (Ultrashort Light Wave Gener- 
ation). Creation of ^-modulation lasers was an important step 
in the development of laser technology. The next important step is 
connected with the creation of longitudinal mode-locking lasers. 

Let us suppose that a laser radiation contains m longitudinal 
modes whose frequencies are equidistant and separated by Q from 
each other (it should be recalled that Q = nvlL, L being the length 



8 Giant-pulse generation in a laser with a bleachable filter is possible only 
if certain conditions are satisfied. These conditions will be considered later (see 
Sec. 3.8). 



222 



Ch. 3 Dynamics of Laser Processes 



of the resonator). The gain line width A© is connected with Q and 
m through the apparent relation Ao> = fim. We assume that tho 
modes are phased-locked, i.e. the phase difference between any two 
adjacent modes has a definite fixed value. In this case, there will 
be a mutual interference of longitudinal modes 9 , giving rise to a 
train of ultrashort light pulses. The duration t of an individual pulso 
is described by the gain line width or, in other words, as the mode- 
locking number 

x ~ l/A(o = 1/Qm. 

The power of an ultrashort pulse turns out to be about m times great- 
er than the average radiation power in the absence of mode lock- 
ing. The ultrashort pulse repetition 
period T is expressed through the 
frequency interval between the 
locked-in modes: 



I 






Ultrashort 
y? pulses 



1/G. 



-< 



Giant 
' pulse 



Fig. 3.5 



In the presence of longitudinal 
mode locking, a giant pulse is con- 
verted into a train of ultrashort 
(superpower) pulses. Figure 3.5 
**" f~ shows an approximate comparison 
between a giant pulse and a 
train of ultrashort pulses in a pulsed 
pumping laser 10 . The duration 
of this pulse train in time is nearly 
t x of the giant pulse. Thus, the number 
may be estimated by the ratio tJT. 



equal to the duration 
of ultrashort pulses 

For generation of ultrashort light pulses, two basic conditions 
have to be satisfied. Firstly, a laser must generate a fairly large 
number of longitudinal modes 11 . Secondly, these modes must be 
equidistant in frequency and synchronised in phase. 

In order to satisfy the first condition, it is necessary to have a 
fairly wide gain line and, besides, to take special measures to prevent 
the possible selection of longitudinal modes in the resonator (the mode 
selection in this case is an undesirable effect). The gain linewidth A© 
is about 10 11 sec -1 for a ruby laser, 10 12 sec -1 for an Nd-laser, and 
10 ls -10 14 sec -1 for organic-dye lasers. Assuming Q «— ■ 10 8 sec -1 , we 
find that the maximum possible (under condition that selection 
has been prevented) number of longitudinal modes is equal to 10 3 , 

* The term mode locking is sometimes applied for this. 

10 The mention of pulsed pumping is not coincidental. As a matter of 
fact, giant pulses are realised under conditions of pulsed pumping. As regards 
mode locking, it can be realised in lasers with pulsed pumping as well as with 
continuous pumping. 

11 In principle, at least three longitudinal modes are required for mode lock- 
ing. 
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10 4 , 10 5 -10 6 respectively for the lasers mentioned above. It would 
appear that for m = 10 6 the ultrashort light pulse must have a du- 
ration t ~ (Sim)' 1 ~ 10~ 14 sec (10 -5 nsec). In actual practice, how- 
ever, it is not possible to get pulses of shorter duration than about 
10 -3 nsec since an increasing gain linewidth inevitably leads to a 
violation of the requirement of equidistance between longitudinal 
mode frequencies 12 , thus naturally deteriorating the synchronisa- 
tion conditions 13 . The duration of ultrashort light pulses actually 
obtained in practice is about 10~ 2 -10~ 3 nsec, their power being as 
high as 10 12 W. 

For a phase locking of longitudinal modes, active as well as passive 
locking methods are used. In the first case, a forced periodic modu- 
lation is applied to parameters of a resonator whose frequency is 
equal to, or a multiple of, the frequency Q. In the second case, 
a bleachable filter or a nonlinear dielectric is used inside a resonator. 
In this case, it is significant that the filter should have a very small 
relaxation time, so that the condition T a < T is satisfied. While 
considering passive mode locking, the term mode self-locking is often 
applied. 

The first experimental results on active longitudinal mode lock- 
ing were obtained in a He-Ne laser [33]. In 1966, it was shown [34] 
that a passive mode locking (mode self-locking) is possible in a laser 
with a quickly-relaxing bleachable filter under certain conditions. 
The question of generating ultrashort light pulses by active or 
passive longitudinal mode locking, and their properties have been 
discussed, for example, in [35-41]. 

In the case of free generation, self-locking of longitudinal modes 
is also possible due to nonlinear properties of the active medium 
[42-45] 14 . 

Transverse Mode Locking. According to (2.9.21), transverse modes 
in a resonator with spherical mirrors are characterised by an equi- 
distant set of resonance frequencies, with a spacing equal to Q = 
= v arccos V SiiJL, L being the resonator length, g t and g 2 , its 
generalised parameters. Equidistance of frequencies is a necessary 
condition for mode locking. The fact that this condition may be 
satisfied not only for longitudinal, but also for transverse modes, 
indicates the possibility of a transverse mode locking. 

While the longitudinal mode locking generates a train of ultra- 
short light pulses (in other words, it leads to a periodic modulation 
in time of the generated light power), the transverse mode locking 
leads to a redistribution of the generated light power in a direction 



12 In this connection, we can mention the frequency pulling effect, consid- 
ered in Sec. 2.12. 

13 According to fluctuation concepts, an inordinate increase in the number 
of longitudinal modes deteriorates the synchronisation conditions even in the 
case of equidistant frequencies (see Sec. 3.11). 

14 In this case, the term spontaneous locking is sometimes used. 



224 



Ch. 3 Dynamics of Laser Processes 



perpendicular to the resonator axis (in other words, a space modula- 
tion of light power must be observed). In the absence of transverse 
mode locking, the axis of the light beam generated by the laser 
coincides with the optical axis of the resonator. In the case of trans- 
verse mode locking, such a coincidence occurs only at certain mo- 
ments of time. Transverse mode locking means that the cross-section 
of the generated light beam (generation zone) starts a periodic motion 

in the plane of the mirror with a fre- 
quency Q corresponding to the differ- 
ence in the frequencies of locked 
modes. This effect was first predicted 
in [46], and is discussed in detail 
in [47]. 

Experimental confirmation of the 
existence of transverse mode locking 
is given, for example, in [48, 49] for 
gas lasers and in [50-52] -for solid- 
state lasers. Figure 3.6 shows the 
intensity distribution for the generated 
radiation over the diameter D of the 
resonator mirror, taken from [51] and 
obtained for a locking of three lowest 
transverse modes for several successive 
moments of time: 

£L t x = 0; t 2 = n/2Q; t 3 = ji/Q; 

t k = 3n/2ft; t 5 = 2n/Q. 

It can be seen from the figure that 
i f - 2JL the generation zone oscillates in the 
? 5 ^ plane of the mirror with a period 
T = 2n/Q. 

Fig. 3.6 Investigation of the transverse 

mode locking effect is certainly 

interesting from a practical point of view. Transverse mode-locked 

lasers may be quite promising for applications in opto-electronics, 

in communication systems, and in optical data processing. 

Cavity Dumping. This is also known as load modulation and 
favourable loss modulation. Unlike ^-switching of a resonator, the 
favourable and not unfavourable losses are controlled in this 
case. 

For cavity dumping, a laser with a high Q-resonator is used, the 
resonator mirrors having a reflection coefficient close to unity. A 
high-speed modulator (switch) of favourable losses, which can be 
controlled externally, is placed in the resonator. This is meant 
for dumping a part of the radiation from the resonator. Modulators 
(switches) of both acoustooptic as well as electrooptical type are 
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used. Continuous pumping is normally employed in cavity dumping 
lasers. 

Suppose that the modulator of favourable losses is not switched 
on while the pumping is going on. Under these conditions, if the 
inverse population density of laser levels exceeds the relatively 
low generation threshold of a high resonator, there will be an increase 
in the photon density inside the resonator (due to predominance 
of induced emission over resonant absorption at the laser transition, 
and over losses). Continuous pumping will keep the inverse popu- 
lation density of the laser levels above the generation threshold. 
In this case, even though the generation is actually taking place, 
the radiation is confined within the resonator. 

Further, let us assume that a modulator of favourable losses 
is switched on for a short interval of time. This leads to extraction 
of a short pulse from the resonator, i.e. the resonator partially "dumps" 
the photons accumulated in it. 

Comparing cavity dumping with active ^-switching we remark 
that in the latter case, the photon density in the resonator is very 
low in the initial state (when Q is low). The laser is then below 
the generation threshold corresponding to high losses. Upon switch- 
ing Q to a higher value, the generation begins to develop and the 
output pulse begins to form simultaneously. It should be noted that 
the formation of this pulse starts from the spontaneous background 
(noise level), thus accounting for a relatively long stage of linear 
growth (see Fig. 3.2). 

Unlike ^-switching, the cavity dumping is characterised by a 
high Q in the initial state; the laser is above the generation threshold 
corresponding to low losses. The generation takes place even before 
the output pulse begins to form, and the cavity is full of photons. 
It should be emphasised that while for ^-switching the generation 
starts after the controlling signal has been applied to the modulator, 
for cavity dumping the modulator is switched on in the laser which 
is already operating. This considerably reduces the output pulse 
formation time (there is no prolonged linear stage in the pulse 
growth). Consequently, we can obtain light pulse trains of higher 
frequencies. 

During cavity dumping of photons, the laser must remain above 
the generation threshold corresponding to a high <?-state. This 
requirement restricts the duration of time interval for which the 
modulator may be switched on. 

The oscillations of inverse population density of laser levels for 
cavity dumping are considerably weaker than for (^-switching. 
This is due to the fact that the generation threshold in the initial 
state, and hence the initial inverse population density in the case of 
cavity dumping are considerably lower than for ^-switching. 

If the radiation is extracted from the cavity at the wavelength 
of the laser transition in the active medium, the load is called linear. 

15-0436 



226 Ch. 3 Dynamics of Laser Processes 

In actual practice, radiation corresponding to the wavelength of 
the second harmonic 16 is also extracted from the cavity. Since the 
power of second harmonic radiation is proportional to the square 
of the power of the fundamental-mode radiation (in the approxima- 
tion of the given field), the term quadratic load is used. This is a 
special case of nonlinear load. 

The possibility of cavity dumping by using a fast acousto-optic 
modulator has been discussed in [531. A detailed description of this 
process in the case of a continuously pumped Nd:YAG laser is 
given in [54-57]. Cavity dumping in a dye laser with pulsed pumping 
is considered in [58]. 

It has been shown in [55] that cavity dumping in a continuously 
pumped Nd:YAG laser gives a mean output power equal to the 
maximum power of continuous generation; the frequency of the 
light pulse train ranges between 100 kHz to tens of mega-Hertz 18 » 
For the sake of comparison, it may be indicated that the maximum 
frequency of the pulse train for continuous pumping in case of 
(^-switching is approximately 50 kHz [59]. 

Pulse Train Generation in a Continuously Pumped Laser. In actual 
practice, it is frequently required to have a regularly controlled 
train of light pulses following one after another at a sufficiently high 
frequency. For this purpose, a continuous pumping generation is used. 

Continuously pumped Nd:YAG lasers have been extensively in- 
vestigated in [54-57, 59-64]. The mean power of output radiation 
for them is about 1-10 W. Maximum value of the mean output power 
may be as high as several hundreds watts [61]. 

Active Q-switching of the resonator was first used for pulse gener- 
ation in continuously pumped lasers. To begin with, a mechanico- 
optical modulator in the form of a rotating mirror was used [60]. 
However, such a method of modulation was found to be of little 
interest for the case of continuous pumping on account of poor sta- 
bility of amplitude from pulse to pulse (this is due to poor reproduc- 
tion of the position of the reflecting plane of the rotating mirror). 
The acoustooptic modulators, which came into operation later, 
were found to be quite suitable. They helped in obtaining extremely 
high frequencies of pulse trains, / ~ 50 kHz [59]. 

The pulse generator in a continuously pumped single-mode laser 
for active ^-switching of the resonator has the following energy and 
time characteristics: pulse train frequency / ~ 10 kHz, pulse dura- 
tion t x = 100 nsec-1 usee, peak power P may: ~ 10 3 W, average out- 
put power P av ~ 1-10 W (note that P av ~ Pmaxhf). This regime 
may be used even for frequencies / < 10 kHz; however, if / is lower 



15 This is the second harmonic cavity generation. To attain this, a frequency 
doubler for radiation generated in the active element is introduced in the cavity. 

16 The maximum power of continuous generation is the generation power of 
a continuously pumped laser without loss modulation, and with an optimal 
reflection coefficient of the output mirror. 
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than about 5 kHz, the efficiency of the laser decreases. This decrease 
is greater, the lower the value of / [59, 62]. As mentioned earlier, 
the frequency / has an upper limit of about 50 kHz. The existence 
of an upper frequency limit is due to the existence of a long stage 
of linear growth of the output pulse. 

In order to get a pulse train with a recurrence frequency above 
50 kHz, we must ensure a quicker growth of pulse intensity. For 
this purpose, the generated pulse may be "cut off" at the point where 
the intensity begins to decrease, and so a sufficiently high radiation 
density (as well as a relatively high inverse population density of 
laser levels) may be retained inside 
the resonator. 

In this case the generation will 
start not from the noise level but 
from the radiation level, retained 
in the resonator as a result of pulse 
"cut-off". Such a method helps in 

increasing the frequency / up to l_j 1 ul ■ i > 

about 100 kHz [63]. u "' ^ w ,0 ,0 f - kHz 

Another method of increasing / is Fig. 3.7 

the cavity dumping. The frequen- 
cies / obtained in this case are limited from above just by the rate of 
accumulation of radiation in the cavity (the accumulation time 
corresponds to the time spent in several passes of the radiation through 
the cavity). It has been mentioned above that if the average output 
power is equal to the maximum power of continuous generation, the 
frequencies / acquire a lower limit: the inequality / > 100 kHz 
must be satisfied [55, 56]. As a matter of fact, the requirement of 
conservation of average output power for low pulse repetition fre- 
quencies leads to the necessity of dumping an extremely large num- 
ber of pulse photons from the cavity. Consequently, the inverse 
population density of laser levels may turn out to be lower than 
the generation threshold. Typical characteristics for cavity dumping 
are: pulse repetition frequency / ~ 100 kHz-10 MHz, pulse duration 
ti ~ 10-100 nsec, average output power P av ~ 1-10 W. 

Figure 3.7 shows the dependence P av /P vs. /, where P is the 
maximum power of continuous generation [55]. Three regions have 
been isolated in the figure: 1 is the frequency region utilised for 
^-switching (/ sg: 50 kHz), 2 is the region utilised for cavity dumping 
(100 kHz sg / ^ 10 MHz), 3 is the region between the upper fre- 
quency limit for (^-switching and the lower frequency limit for cavity 
dumping. Both ^-switching as well as cavity dumping are unsta- 
ble in region 3. 

Applying a deeper load modulation (by ensuring a more efficient 
cavity dumping for one pulse), stable generation may be obtained 
in region 3 [57]. On the other hand, as mentioned above, a pulse 
"cut-off" may lead to a stable (^-switching in this region. 

15* 
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Negative Feedback for Obtaining Microsecond Pulses. As a mo- 
dification of (^-switching for a pulsed-pumping laser cavity, we can 
mention generation using negative feedback for controlling the load 
and shape of a giant light pulse 17 . Negative feedback has a braking 
influence on the growth of the induced emission process which appears 
as a result of (^-switching of the resonator to a higher value. Conse- 
quently, the removal of inversion in the active medium (and hence 
the formation of the output pulse) takes a longer time. The dura- 
tion of a light pulse can thus be increased by about two orders of 
magnitude — to several microseconds instead of tens of nanoseconds 
(upon a manifold decrease in the pulse energy). 

There are different possible ways of getting a negative feedback 
for increasing the duration of a giant pulse [65]. In the electrooptical 
method, (^-switching is attained through an electrooptical shutter 
whose opening is changed by modulating voltage used for switching 
on the shutter, as well as by the feedback signal proportional to the 
intensity of cavity radiation. When the shutter is "opened", the 
intensity of the output radiation begins to increase. Correspondingly, 
the intensity of feedback signal also begins to increase, and hence 
the shutter opening is reduced thus bringing to halt the growth of 
the light pulse. The pulse duration increases with increasing sen- 
sitivity of the photodetector in the feedback circuit (with increas- 
ing ratio of the intensity of feedback to the intensity of the output 
radiation incident on the photodetector), as well as with decreasing 
(^-switching rate. 

Negative feedback may be obtained by placing nonlinear elements 
in the resonator. Nonlinear losses in such lasers may be caused by 
different nonlinear optical effects: two-photon absorption of light, 
second harmonic generation, induced Raman scattering, etc. [65]. 
By way of an example, let us consider the two-photon absorption 
of light in a semiconductor. 

Suppose that a semiconductor plate, whose forbidden bandwidth 
AE satisfies the condition hen < AE < 2h(o (co is the frequency of 
laser transition in the active medium), is placed in a resonator. 
This condition is satisfied, for example, in a ruby laser by CdS, 
and in the case of Nd-lasers by CdSe and GaAs. With the help of an 
optical shutter, we can ^-switch the resonator to a higher value, 
thus causing the growth of intensity of radiation generated in the 
active element. With increasing radiation intensity, the probability 
of a two-photon absorption of this radiation by the semiconducting 
plate will increase. In other words, the transparency of the plate 
for generated radiation will decrease. The stronger the absorption of 
light in the semiconductor, the more effective the check on the 
growth of photon density in the resonator, and hence the slower the 



17 The feedback is called negative if the losses increase with increasing ra- 
diation intensity. 
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rise in induced transition probability. Consequently, the processes 
of removal of inversion in the active medium and the formation of 
the light pulse are staggered in time. The duration of the generated 
pulse increases with decreasing (^-switching rate and with increasing 
pulsed pumping energy. 

Before concluding this section, it may be remarked that the intro- 
duction of a negative feedback may help in stabilising the laser 
parameters. The electrooptical feedback was used as early as 1962 
for smoothing the spikes in the ruby laser radiation [66]. For the 
same purpose we can use nonlinear absorbers in which the losses 
increase with increasing intensity of radiation (see, for example, 
[67]). Investigations of second harmonic cavity generation in 
Nd:YAG lasers show that the introduction of a negative feedback 
leads to a sharp decrease in the sensitivity of the output radiation 
to small loss modulation on account of a transformation into second 
harmonic. This may lead to a smoothing of phase-frequency charac- 
teristics of the laser [68]. 

3.2. APPROXIMATE EQUATIONS DESCRIBING 

THE DYNAMICS OF LASER PROCESSES 

(BALANCE EQUATIONS) 

To a first approximation, the dynamics of processes may be des- 
cribed by balance equations. Such equations have already been applied 
in Sees. 1.1 and 1.2 while considering the population of laser levels 
under stationary conditions. The system of balance equations helps 
in getting a time dependence for inverse population density of laser 
levels and the generated radiation power. 

Differential Equation for the Light Flux Density. We shall be 
considering the one-dimensional case — a monochromatic radiation 
propagates in the active medium along the z-axis (along the optical 
axis of the laser). The density of light flux propagating along the 
direction of the z-axis is denoted by S+ (z, t), while the density of 
flux propagating in the opposite direction is denoted by S_ (z, t). 
Let us consider the increment AS+ in the flux S+ as it propagates 
from the point z to z + Az. Using Bouguer's differential law, we 
can write 

AS+ = [x (z, t) — i\j] S + (z, t) Az + q (z, t) Az. (3.2.1) 

According to this equation, the increment in the flux density dur- 
ing its passage from z to z + Az consists of three components: 

(a) x (z, t) S+ (z, t) Az is the increase in flux density on account 
of an amplification of radiation by active centres (it should be re- 
called that x (z, t) is the amplification factor of the active me- 
dium); 

(b) — rh<S + (z, t) Az is the decrease in the flux density due to 
absorption by inactive centres as well as scattering of radiation 
(Ui is the coefficient of unfavourable losses); 
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(c) q (z, t) Az is the increase in the flux density due to lumines- 
cence (spontaneous emission). 

In view of its small magnitude, the last term is usually neglected, 
and the following simpler equation is used: 

AS+ = [x (z, t) — %] S + (z, t) Az. (3.2.2) 

The propagation of flux from the point z to z + Az requires a time 
At = Azlv, where v is the velocity of light in the active medium. 
Thus, AS+ = S+ (z + Az, t + At) — 5+ (z, t). The increase in 
the flux density is due to two reasons: a variation in the flux density 
with distance, and with time. The first cause leads to the term 

-r^Az in the expression for the increase AS+, while the second 
contributes the term -^ t— Az = - — r Az. Thus, 

at Az v dt 

AS + = S + (z+Az, t + At)-S + (z,t) = (-^ + ±~^)Az. (3.2.3) 
Taking (3.2.3) into account, Eq. (3.2.2) can be rewritten as 

Denoting the cross section of the induced transition in the gener- 
ation channel by a, we can write, in accordance with Eq. (1.1.3), 

x (z, t) = oN (z, t) (3.2.5) 

where N (z, t) is the inverse population density of laser levels. Con- 
sequently, the differential equation (3.2.4) for the flux density S + 
assumes the form 

^ + 4"^ = I aAr ( z - ')-tulS + (M). (3.2.6a) 

The differential equation for the flux density 5_ has an analogous 
form: 

dS. . 1 dS. 



dz ' v dt 



= [oN (z, t) - n,] S. (z, t). (3.2.6b) 



Equations (3.2.6) contain three unknown functions: S+ (z, t), 
S_ (z, £), and A r (z, t). Let us now consider the third missing equa- 
tion in these unknowns. 

Differential Equations for Inverse Population Density. (Three- 
Level and Four-Level Lasers). Let us consider the three-level dia- 
gram shown in Fig. 3.8. The following notation has been used: w is 
the probability of induced transitions in the generation channel 
(channel 2-1), w v is the probability of induced transitions in the 
channel 1-3 (probability of transitions induced by the pumping 
radiation), 1/x is the probability of spontaneous transitions in the 
generation channel, 1/t 31 and l/x 32 are the probabilities of sponta- 
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noous transitions in the channels 1-3 and 2-3 respectively (all proba- 
bilities are per unit time). We denote the population density of the 
Mh level by n t (z, t), and the total number of active centres per unit 
volume by n' . The balance equations for the population densities 
rti, n 2 , and n 3 have the following form: 



~~dt 



= w(n 2 — «i) — w p (w 4 — n 3 ) 



n 2 



l 31 



_J.= _«,( ni - Bl ) + -JL_-i. 

dn 3 __ ... /„ _ „ \ _ Jh>_ _ n 3 



(3.2.7) 



(It should be noted that dnjdt + dn 2 /dt + dn 3 ldt = 0. This is 
quite natural, since the sum n x + n 2 + n s = n' is independent of 
time. Subtracting the first equation 
(3.2.7) from the second, we get 

d (n 2 — «i) 



dt 



— 2w(n 2 — n j) 



+ w p (n 1 — n 3 ) — 2-^ 



+ n 3 (-±--±). (3.2.8) 
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We now use the so-called two-level 
approximation, i.e. we assume that Fi g- 3.8 

the active centres practically do 

not accumulate at level 3 (having arrived at level 3, they quickly 
leave it, and go over mainly to level 2). This means that the condi- 
tions 

n 3 <«!; dn 3 /dt&0; x 3a < t 31 (3.2.9) 

are satisfied. In this case, the three-level diagram is reduced to 
a two-level diagram (i.e., dn 2 idt « — dn r ldt). 

Using (3.2.9), the third equation in (3.2.7) may be written in the 
form 

w p n x = n 3 h 32 . (3.2.10) 

Taking into account (3.2.9) and (3.2.10), we can rewrite Eq. (3.2.8) 
in the form 

d (re 2 — n x )ldt = —2w (n 2 — nj + 2w v n v — 2n 2 lx. (3.2.11) 



We assume that 



N = n 2 — «!• 



(3.2.12) 18 



18 For the sake of simplicity, we assume that the laser levels have identical 
degeneracy (g 2 /g, = 1). It follows from this, in particular, that the Einstein 
coefficients (and hence the cross sections) are equal for both induced transitions 
in the generation channel: for induced emission and resonant absorption by active 
centres. 
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Considering that n 3 <C »i, we can put n x + re, = n', and hence 
Wl = ( n ' — N)/2, n 2 = («' + N)I2. As a result, Eq. (3.2.11) assumes 
the form 

dNldt = —2wN + w p («' - N) — («' + JV)/t, 

or, finally, 

dNldt = —(w p + 2w + T" 1 ) N + n' (w 9 — x" 1 ). (3.2.13) 

Let us now consider the four-level diagram, where the optical 
pumping takes place in the channel 0-3, and the generation occurs 
in the channel 2-1. As in the case of a three-level diagram, we shall 
be using the two-level approximation, assuming that the active 
centres after arriving at level 3 quickly move over to the metastable 
level 2. In addition, we shall assume that the lower laser level 1 is 
rapidly depopulated (the rate of 1 -> transition is quite high). 
Under such simplification, we can easily get the following differen- 
tial equation for the inverse population density N (in this case, 
N = n 2 — n x ~ n 2 ) 19 

t dNldt = —(w p '+w+ x- 1 ) N (z, t) + n'w p . (3.2.14) 

Here, w and w p are probabilities of induced transitions in the genera- 
tion and pumping channels respectively, and 1/x is the probability 
of spontaneous transitions in the generation channel. 

Complete System of Partial Differential Balance Equations. It 
should be recalled that the cross section a of a process is the proba- 
bility w of the process per unit time divided by the flux density / 
of the photons responsible for this process: 

a = wll. (3.2.15) 

Since 1 — (S+ + S„)/ha>, where «© is the energy of one photon, 
we get 

a = whu/(S + + S_). (3.2.16) 

Further, taking into account that w = B (S+ -f SJ)/v, where B 
is the Einstein coefficient for induced processes in the generation 
channel, we get the following familiar expression for the cross section 
a (see Sec. 2.1) from Eq. (3.2.16): 

a = Bh&Jv. (3.2.17) 

Combining (3.2.6) and (3.2.13), and taking into account 
Eq. (3.2.16), we arrive at the complete system of balance equations for 



19 The derivation of Eq. (3.2.14) is based on the same principles as were 
used for deriving Eq. (3.2.13). For details, see, for example, [1]. 
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a three-level laser (in the frameworkjof two-level approximation): 



dN 



dt 



d -£r+ir^r=i aN ( z > *)-%]*+(*, ty, 
= -[^+^^+ 5 -)+t]^ v +"'(^-4) 



(3.2.18)- 



For a four-level laser, the last equation in the system (3.2.18) must 
be replaced by the equation 

Let us consider the boundary conditions for the functions S + 
and £_. For this purpose, we turn to Fig. 3.9 where the active ele- 
ment of length L with specially prepared faces has been schematically 

0*1>I I Z H (Ri) 



z=0 S- z=L 



Fig. 3.9 

shown. The reflection coefficients of the faces are equal to i? x (for 
2 = 0) and i? 2 (for z = L). The boundary conditions have the form 

S+ (0, t) = i?^. (0, t); S. (L, t) = B 2 S + (L, t). (3.2.20> 

Averaged Balance Equations (Rate Equations). Yet another sim- 
plification is used when balance equations are applied. This simplifi- 
cation is connected with the averaging of inverse population densities 
and of light flux density over the length of the active medium (more 
precisely, over the length of the resonator). First of all, we assume 
that 

S+ + S. = S; S+ - S, = S'. (3.2.21) 

Adding the first two equations in the system (3.2.18) and taking 
into account (3.2.21), we find that 

dS'idz + v- 1 dSldt = [oN (z, t) — nj S (z, t). 

Integrating this equation over the length of the active medium, we= 
get 



d 



L 



S'(L,t)-S'(0, *) + -£.-£ jS(*, t ) 



dz 



o 

L 



a [ N (z, t) S (z, t)dz — f\As (z, t) dz. (3.2.22> 
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Using angle brackets (...) for denoting the averaged functions 

I {/>= j \ f (z, t,) dz ) , we can rewrite (3.2.22) in the form 
o 
S' (L) - S' (0) + (L/v) d(S)Jdt = oL(NS) - %£(£>. (3.2.23) 

"While averaging, it was assumed that the properties of the active 
medium are uniform in space, so that neither o nor % depend on tho 
coordinate z. 

It can be shown (for example, see [1]) that the following approxi- 
mate relation is quite effective for considering real situations: 

(NS) ~(N)(S). (3.2.24) 

Taking this approximation into account, we can rewrite (3.2.23) 
in the form 

S' (L) - S' (0) + (Lh) d(S)/dt = L (a(N) - n 1 )(S). (3.2.25) 

It can be easily seen that the density of light flux emerging from 
the resonator 5 0Ut is given by 

S out = [S + (L) - S. (L)] + [S. (0) - S + (0)] 

= 5' (L) - S' (0). (3.2.26) 

Using the coefficient of favourable losses n 2 (see Sec. 2.1), iS 0Ut may 
be written in the form 

S 0Ut = L{S)r\ 2 , (3.2.27) 

where, it may be recalled, 

n 2 = (1/2L) In (l/Rj.Rz). (3.2.28) 

•Comparing (3.2.27) and (3.2.26), we find that 
S'(L)-S'(Q) ==L(5)n 2 , 
■using which, Eq. (3.2.25) may be written in the form 
(L/v) d (S )Jdt = La (S > (N ) - L (tu + n 2 ) (S >. (3.2.29) 

Thus, averaging over the length of the active medium leads to a con- 
siderable simplification of the system of balance equations. Instead 
•of a system of three partial differential balance equations, we now 
have a system of two averaged equations: 

Averaged balance equations are also called rate equations. 

Since, as a rule, we shall be using only the averaged balance equa- 
tions, angle brackets will be omitted. While considering time func- 
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tlons appearing in the balance equations, we shall assume that the 
nveraging over space has already been carried out. Taking this into 
consideration and introducing the notation 



K = W V T, 



(3.2.31) 



the system of averaged balance equations (3.2.30) for a three-level 
laser may be rewritten in the following form: 



1 d 



-L^-S = oS(t)N (t) - (U! + n 2 ) S (t); 



V 

_d_ 

dt 



dt 



2a 



N'(t) , 



N = --g-S(W)-™(#+i) + -^(tf-i) 



) 



(3.2.32) 



for a four-level laser, the second equation in the system (3.2.32) 
should be replaced by the equation 



-2-JV = — 

dt hut 



S(t)N(t)- 



N(t) 



(K+l) + —K. (3.2.33) 



Statz-De Mars Equations. While deriving the system of equations 
(3.2.32), certain assumptions were made about the level diagram of 
an active centre. In a more general form (not depending on the choice 
of a particular level diagram), balance equations were formulated 
by Statz and De Mars in 1960 [69]. The Statz-De Mars system of equa- 
tions has the following form: 



jL 

dt 


M = 


-B'M 


(t)N(t) — 


M(t) 
T 


J 


d 
dt 


N = 


-Pfi 


'M (t) N (t) 


, N, 


-N(t) 



(3.2.34) 



The required functions here are the inverse population density 
N (t) (as in (3.2.32)) and the photon density M (t) at the generation 
frequency. The quantity M (t) can be easily expressed in terms of 
the light flux density S (t). As a matter of fact, dividing S (t) by 
the velocity v of propagation of radiation, we get the radiation 
density. Dividing further by the photon energy /ico, we get the photon 
density M (t). Thus 



M (t) = S (t)!vh<a. 



(3.2.35) 



The following parameters appear in the Statz-De Mars equations: 
B' = Bh(ti is the Einstein coefficient for induced transitions in the 
generation channel multiplied by the photon energy, T is the photon 
lifetime in the resonator determined by the sum of favourable and 
unfavourable losses (in accordance with (2.3.10), this time related 
to the ^-factor of the resonator as follows: T = Ql(a); T x is the 
longitudinal relaxation time (relaxation of the difference in the 
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population densities of levels) 20 ; iiT 1 is the variation probability 
for the difference in population densities of levels on account of 
relaxation processes, p is an integer describing the change in the 
difference in the population densities of laser levels upon emission 
of one photon, and N is the equilibrium inverse population density 
in the absence of generation (the physical significance of this param- 
eter is described below). 

Statz-De Mars equations have a clear physical explanation. The 
first equation means that the photon density in a resonator increases 
as a result of induced transitions in the generation channel (on ac- 
count of a predominance of induced emission over resonant absorp- 
tion) and decreases on account of losses in the resonator. The rate of 
increase is equal to the product of inverse population density N and 
the probability of induced emission per unit time, w. Taking into 
account Eq. (3.2.35), we get w = BSIv = BhaM = B'M, and 
hence the rate of increase is equal to wN = B'MN, which is reflected 
by the first of the Statz-De Mars equations. The rate of decrease 
in the photon density is equal to MIT, i.e. is inversely proportional 
to the ^-factor of the resonator. It should be noted that the quantity 
\lT is quite simply expressed through the coefficients of favourable 
and unfavourable losses: 

1/f = v (tu + n 2 ). (3.2.36) 

The second Statz-De Mars equation means that the inverse popula- 
tion density decreases on account of induced emission and increases 
due to the predominant effect of pumping over the effect of depopula- 
tion of the upper laser level as a result of relaxation processes. The 
rate of decrease is equal to $B'MN, and the rate of increase is equal 
to (N - N)/T,. 

It is necessary to discuss in detail the parameter N Q , defined above 
as the equilibrium inverse population density in the absence of 
generation. Suppose that conditions which are known to exclude 
generation are satisfied (for example, the resonator is misaligned). 
Suppose that under these conditions a constant power pumping 
takes place. If there were no relaxation processes (if the spontaneous 
depopulation of levels were absent), the inverse population density N 
in this case should rise until all active centres cross the upper laser 
level (N = n'). However, the relaxation processes always take 
place. Hence the function N (t) increases and tends to a certain 
constant value (less than n') at which the increase in N due to pump- 
ing and the decrease in N due to relaxation processes compensate 
each other. The constant value of inverse population density is N . 
It should be noted that the higher the pumping power, the higher 
the value of N Q , apparently, at which the above mentioned compen- 



20 For a description of longitudinal and transverse relaxation, see, for 
example, Sec. 5.7 in [70], 
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Nation occurs. Hence N is sometimes also called the pumping param- 
eter. 

It should be noted that the second Statz-de Mars equation, as can 
be easily seen, has a solution, N = N , if we assume M = (no 
generation) and dNldt = (the pumping and relaxation processes 
compensate each other). 

It is sometimes preferable (see, for example, [54, 59, 68]) to use 
(he functions F (t) = ha>M (t) and N' (t) = hc»N (t) instead of M (t) 
and N (t). These functions describe the radiation energy density (at 
the generation frequency) stored in the field inside the resonator 
and in the inverted active centres respectively. In this case, the 
Statz-De Mars system of equations (3.2.34) may be written in the 
form 



dFldt = BF{t)N'{t)-\F{t)\ 
dN'/dt = R-XN' (t)-$BF (t) N' (t) 



} (3.2.34a) 



Here | = 1/T; I = l/7y, R = A^/jcd/TV 

Comparison of the Statz-De Mars Equations and the System of 
Averaged Balance Equations. Let us compare the Statz-de Mars 
equations with the system of balance equations (3.2.32). Using 
the relations (3.2.17), (3.2.35), and (3.2.36) and the relation B' = 
= BH(o, the Statz-De Mars equations (3.2.34) can be rewritten in 
the form 



-i, S = vaS (t) N (t) - v (ru + n 2 ) S (t); 

^=-^(0^)-^'"° * (3 ' 2 " 3?) 






The first equation in this system is identical to the first equation 
in the system (3.2.32). The second equations in these systems 
are slightly different due to the fact that a specific (in this 
case, three-level) diagram of laser levels has been considered in 
{3.2.32). Comparing the second equations in the systems (3.2.37) 
and (3.2.32), we conclude that for a three-level laser 

p = 2; 7\ = xl(K + 1); N = n' (K - 1)I{K + 1). (3.2.38) 

Comparing the second equation in (3.2.37) with Eq. (3.2.33), we 
get a similar result for a four-level laser: 

P = 1; T 1 = x/(K + 1); N = n'Kl(K + 1). (3.2.39) 

We shall now explain the results obtained for P and T x . Since 
the lower laser level (level 1) in a three-level diagram is also the 
ground level, the difference in the population densities of laser levels 
upon generation of photons in the channel 2-1 will decrease not only 
due to a decrease in the population density of the upper level, but 
also due to an increase in the population density of the lower levels 
Upon generation of one photon, the difference in population densitie. 



should thus decrease by 2 (hence p = 2). In a four-level diagram tint 
decrease in the difference in laser level population densities is dud 
only to a decrease in the population density of the upper laser level,! 
since the active centres from the lower laser level quickly go over! 
to the ground level. Hence in this case p = 1. 

The equation for longitudinal relaxation time 7\ can be easily 
understood if we rewrite it in the form 

1/7 1 ! = (K + 1)/t = w v + 1/t. 

It is apparent from this that the total relaxation probability 1/?', 
is composed of the pumping probability and the relaxation proba- 
bility in the generation channel. 

The N vs. K dependence defined 
by the relations (3.2.38) and (3.2.39> 
is graphically represented in Fig. 3.10. 
Curves 1 and 2 correspond to a three- 
level and a four-level laser respective- 
ly. The figure demonstrates the increase 
in pumping parameter N with increas- 
ing pumping power (more precisely, 
with increasing value of K = u? p t). 
Threshold Inverse Population Density 
and Generation Condition. The thresh- 
old value of the inverse popula- 
tion density, at which the generation 
process starts (we shall denote it by 



hN (K) 




Fig. 3.10 



iV thr ), is obviously defined by the condition 

dM/dt > 0. 

Using the first of equations (3.2.34), we get 

N>\IB'T, (3.2.40) 

and hence 

N tbr = i/B'T = MBhtoT. (3.2.41) 

Since, as we have already mentioned, T = QIa>, we can write in 
accordance with (3.2.41) 

N tbT = i/BhQ. (3.2.42) 

The threshold value of the inverse population density is inversely 
proportional to the (^-factor of the resonator. 

Taking into account (3.2.17) and (3.2.36), the expression (3.2.41) 
for the threshold value of inverse population density may also be 
written in the following form: 

^thr = (rii + r) 2 )/a. (3.2.43) 

For generation, it is essential that the threshold value of inverse 
population density should not exceed the value N for a given pump- 
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(jig power. This means that the generation condition (self-excitation 
condition) may be written in the form 



N > N thT 



(3.2.44> 



iif, -taking (3.2.43) into account, 

oN > (% + Tj t ). (3.2.45> 

Note that the condition (3.2.45) has been encountered earlier. In 
view of the condition (2.1.10), we get 

*o > CHi + ^2) 

(this is the condition of the initial gain x surpassing the loss level 
determined by the sum of the coefficients of favourable and unfa- 
vourable losses). The inequality (3.2.45) is consistent with (2.1.10)- 
if the initial gain x„ is written, in accordance with (2.1.2), in the 
form 21 

x = oN . (3.2.46> 

For a three-level laser, the generation condition (3.2.45) may be- 
written, with the help of Eqs. (3.2.38), in the form of the inequality 

an' (K - l)/(K + 1) > (n 1 + n 2 ) (3.2.47) 

or, alternatively 

K > [an' + (Th + t|,)]/[oi»' - K + n 2 )]. (3.2.48> 

This leads to the threshold value for the probability w p (characteris- 
ing the threshold pumping power): 

Using (3.2.39), we can write the generation condition (3.2.45) in 
a form applicable to a four-level laser: 

an'Kl(K + 1) > fa + n 2 ) 
or 

K > fa + ti,)/[aii' - fa + n 2 )]. (3.2.50> 

The threshold value for the probability m> p in this case assumes the 
form 

„=*«*.= IU+ZIl (3.2.51) 

Comparing (3.2.49) and (3.2.51), we find that for a four-level dia- 
gram, the pumping threshold is lower than for a three-level diagram 



21 Using (3.2.38) and taking into account the nature of "two-level approxi- 
mation", the expression (2.1.13) for the initial gain can be easily obtained from 
(3.2.46). 
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(subject to the condition that the parameters cr, t, n' , %, ani ' M*- 
have identical values in both cases). 

Dimensionless Form of the Statz-De Mars Equations. The Stat/. I If 
Mars equations are often written in a form employing only dimm 
Monless quantities, namely: 

t ' = til \ — dimensionless time 

m (f) = pB'T t M (t'T t ) — dimensionless field 

intensity 

n(t') = N (t'TJ/Ntfo — ratio of the inverse 

(n = B'TN) 



■ (3.2.52) 



population density to its 
threshold value 

a = B'TN Q = N /N tbT — dimensionless pumping 

parameter 

G — TJT — ratio of the relaxation time for the 
difference in population densities to 
the lifetime of a photon in the 
resonator 

It can be easily seen that upon transition to dimensionless quanti- 
ties, the Statz-De Mars equations (3.2.34) assume the following 
form: 



d m /dt' =Gm(n—i); 
dn/dt' = a — n (m + 1). 



(3.2.53) 



Here, it must be remembered that -r- = T'^dldt' . 

The compactness of dimensionless notation makes it quite con- 
venient for analysis of processes occurring in a laser. In particular, 
the generation condition (3.2.44) may be written as follows in the 
dimensionless form: 



a>l. 



(3.2.54) 



Contribution of Spontaneous Emission to Field Intensity. Using 
the dimensionless form of notation we shall show how to take into 
account the contribution to the field intensity in the balance equa- 
tions from the part of spontaneous emission that falls in the excited 
resonator mode (this corresponds to the inclusion of the term 
q (z, t) Az in (3.2.1)). It should be noted that in spite of its relative- 
ly small quantitative contribution, spontaneous emission may sig- 
nificantly influence the nature of processes occurring in a laser. 

The term Gmn in the first equation in (3.2.53) takes into account 
the contribution of induced processes (induced emission and resonant 
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•ilinrirption). Going over to spontaneous emission, we must, firstly, 
•M'liide the field factor m. Secondly, the dimensionless difference n 
hi I lie laser level population densities should be replaced by the 
illiiumsionless upper laser level population density (we denote it 
by »„). Finally, while considering the change in the Einstein coeffi- 
ili'iit upon a transition from induced to spontaneous emission, 
11 correction factor e should be introduced. Thus, the required contri- 
bution from spontaneous emission may be introduced in the first of 
HI nations (3.2.53) through an additional term Ge,n u . Since 

n„ « (» + n")/2, where n" = n'/N tbT , (3.2.55) 

l tin "spontaneous term" may be written in the form Ge (n + n") 
(l ho factor 1/2 is taken care of in the factor e). Taking into account 
ilm contribution due to spontaneous emission, the balance equations 
in the dimensionless form will appear as follows: 

dmldt' =Gm(n — 1) + Ge (n + n"); \ (3.2.56) 

dn/dt' = a — n (m + 1). / 

Table 3.1 gives characteristic numerical values of parameters 
appearing in (3.2.56), as applied to two solid-state lasers, the ruby 
laser and activated Nd-laser [4]. 









TABLE 3.1 






Parameters 


Type of laser 


a 


G 


e n" 


Ruby laser 
Nd-laser 


30 

2 


105 
10* 


10- 13 100 
10 -15 i 



General Remarks on the Method of Balance Equations. Balance 
equations, like the Statz-De Mars equations, are sometimes called 
point equations. Neglecting spatial variables, these equations es- 
sentially describe the point model of a laser, i.e. one in which the 
entire space occupied by the active medium may be reduced to 
a single point. Changes in space are not taken into account here, 
only the time variations are considered. This considerably restricts 
the potentialities of this method. Thus, for example, the balance 
equations are unsuitable for considering spatially inhomogeneous 
active media; they do not permit a consideration of spatial inhomo- 
geneity of inverse population density and a number of other spatial 
effects. 

It should be emphasised that in the balance equation method, we 
do not consider the amplitude or phase of the field, but just its 
intensity. Hence in the generated radiation we do not consider phase 
relations and interference effects connected with them. Thus the 

16-0436 
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balance equations are not suitable for calculating spectral or anguine 
properties of radiation, nor for analysing coherent nonlinear opticnl 
phenomena. 

In spite of this, the balance equation method is found to be qui In 
useful for studying the dynamics of lasers. It is found that such 
a simplified approach leads to a fairly correct analysis of a number 
of questions connected with the time variation of parameters of a 
single-mode laser and its radiation. In particular, the balance equa- 
tion method reveals the main features of the dynamics of free gen- 
eration and giant pulse generation processes, including processes in 
lasers with a bleachable filter. Balance equations are also used for 
a study of multimode lasers [4, 71, 721. 

Confining ourselves to the above qualitative remarks, we observe 
that a fairly rigorous analysis of the conditions of applicability of 
balance equations is given in [4, 73, 74]. These conditions for a 
single-mode laser include, in particular, the requirement that the 
transverse relaxation time T 2 (relaxation time of polarisation of 
the medium) be small in comparison to the longitudinal relaxation 
time T x , as well as to the life time T of a photon in the resonator: 

T 2 < T t ; 1\ < T. (3.2.57) 

In solid state lasers, the inequalities (3.2.57) are always satisfied. 
The following values of time are characteristic for such lasers: 
Tj ~ 10-M0- 4 sec, T ~ 10" 8 sec, T 2 ~ lO"* 2 sec. 

Laser as a Distributed Self-Oscillating System. A more rigorous 
approach to laser dynamics, taking into account the development of 
processes not only in time but also in space, is based on the use of 
MaxwelVs equations for describing radiation and of quantum mechan- 
ical equations for describing matter (the so-called semiclassical theory; 
see, for example, [1, 4, 751). Within the framework of such an 
approach, it is possible to fill the "gaps" in the method of balance 
equations, i.e. to take into account phase relations and to consider 
interference effects in the resonator of a multimode laser. Semiclas- 
sical approach helps in llie analysis of dynamics of multimode, 
especially two-mode, lasers [17, 75-77]. 

It is advisable to demonstrate, at least roughly, the semiclassical 
approach to the dynamics of a multimode laser. The laser may be 
treated as a self-oscillating system with a distributed negative resist- 
ance (see [75], as well as [78, 79]). Let us restrict the consideration 
to a one-dimensional case, assuming that the radiation propagates 
strictly along the resonator axis (along the z-axis), and that varia- 
tion in the field in a direction perpendicular to the axis may be 
neglected. In this case, the wave equation for the component of the 
electric field vector has the following form for an empty resonator 
without losses: 
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Wo express E (z, t) as a sum of longitudinal modes: 

E(z, t) = % A n (I) sin (k n z), (3.2.59) 

n 

where k n = nnlL, L being the length of the resonator. The relation 
(3.2.59) takes into account the boundary conditions E (0, t) = 
■ ■- E (L, t) = 0. Substituting (3.2.59) in (3.2.58), we get 

(PAjdt 2 + Q*A n = 0, (3.2.60) 

where Q n = nnc/L. 
While considering losses in a resonator, we must include the term 

'—r^- (t) IQ n , (Q n is the (Mactor of the n-th mode) in the left-hand 

mode of Eq. (3.2.60). In the case of an active resonator, yet another 
term appears in Eq. (3.2.60). This term is expressed in terms of 
electric polarisation P (z, t), which supplies the field distributed 
along the z-axis. This term has the form [78] 

L 

4n -££*-, where P n (t) = \ J P (z , t)tdn(k n , z) dz. 

o 
Thus, Eq. (3.2.60) should be replaced by the following equation, 
describing the n-th longitudinal mode in an active resonator with 
losses: 

The functions A n (t) and P n (t) are expressed in the form 

A n (t) = E n (t) cos [a n t + q> n (t)]; (3.2.62a) 

Pn (t) = C n (t) COS [<D n t + <p n (*)] + S n (t) sin l(x> n t + (J) n (t)], 

(3.2.62b) 

where E n (t) and cp n (t) are the amplitude and phase of the n-th 
mode, varying slowly over a period 2jt/(o . The functions C n (t) 
and S n (t) are also assumed to be slowly varying. The relations 
(3.2.62) are substituted in (3.2.61) and terms with second order de- 
rivatives of slowly varying functions are neglected. The coefficients 
of cos [(a n t + <p n (t)] and sin [a> n t + q> n (t)] are then put equal to 

zero separately, and terms containing Bl **s. , **»*&» , E n %L % 

\£Yi at at at x 7i 

are neglected. Considering that a> n + -^2. may be taken as equal 

to Q n , we finally get the following equations for the amplitude and 
phase of the n-th mode: 

,1 i \ ( 3 - 2 - 63 ) 

(^t+^n-^n) E n =-2nCO C n . J 
16* 
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These equations are called reduced equations or self-consistent equa- 
tions. 

In the next step, we express the polarisation (more precisely, the 
functions C n and S n ) in terms of mode amplitudes. For this purpose, 
we employ a quantum mechanical description of the material of 
the active element with the help of density matrix 22 . For relatively 
small field intensities in the resonator (close to self-excitation thresh- 
old), the dependence of C n and S n on the mode amplitude may bo 
written in the form [78] 

-2na> S B = «o n £»-pX- 2 Q nm E n E 2 m , (3.2.64a) 
-2n(o C n =o n E n + p n E 3 n + J\ x nm E n E 2 m , (3.2.64b) 

where oc on , (5 n , o n , p n , nm , and x nm are coefficients depending 
on Q n , the degree of inverse population of levels, relaxation time 
for upper and lower laser levels, and the absorption line width. 
The physical significance of these coefficients, whose numerical 
values have been calculated in [75] for a gas laser, has been discussed 
in [78]. Taking Eqs. (3.2.64) into consideration, the reduced equa- 
tions (3.2.63) assume the form 



dE 
dt 



— — ( a 0n — ~2Q^) E n — f>nEn— 2j ^nm^/i^m! 



m=tn 



d -% L + <»n = nn + °n + PnE 2 n+ 2 T n,X 



(3.2.65) 



m¥=n 

It can be easily seen that the coefficient a on is the amplification 
factor for the ra-th mode. The condition for self-excitation of the 
re-th mode has the form a on > (o /2Q n . The coefficients nm and 
x nm play the role of coupling factors, describing the interaction of 
modes. 

3.3. FREE GENERATION. 

REGULAR DAMPED PULSATIONS 

OF RADIATION POWER 

Pregeneration Stage. For the sake of simplicity, we shall consid- 
er a pumping pulse of rectangular shape, the duration of the pulse 
is t p , the moment t = corresponds to the switching on of the pump- 
ing pulse. We denote by t tbT the time from the moment of pulse 
switching to the moment when generation begins. During the passage 
of this time, an accumulation of active centres takes place at the 
upper laser level, until the inverse population density increases to 
the threshold value iV thr = (% + r) 2 )/o\ 

22 The density matrix is described in [80]. The application of a density 
matrix for describing interaction of radiation with the active medium has been 
described in [75, 79]. 
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At the ^regeneration stage, we should put S = (M = 0) in the 
balance equations. Considering a three-level laser, we get from 
(3.2.32) 

dNIdt = In' (K-l)-N (t) (K + 1)]/t. (3.3.1) 

For a rectangular pumping pulse, the quantity K may be considered 
as a constant (during pumping). Using this, we can easily get a solu- 
tion of Eq. (3.3.1) in the following form: 

N (t)/n' = 2K(K + 1)- X {1 - exp [-(K + 1) th]} - 1. (3.3.2) 

For t = 0, we have N = — n' . As t -» oo, N (t) asymptotically tends 
to the value N = n' (K - 1)/(K + 1) (Fig. 3.11). It follows from 
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Fig. 3.11 



Fig. 3.12 



Eq. (3.3.2) that the time t lDV , when the function JV (t) passes through 
zero (see the figure) is equal to 

t lnv = x (K + l)" 1 In [2K/(K - 1)]. (3.3.3) 

Generation begins as soon as the function N (t) attains the value N^. 
Consequently, 

t ^ = TTY Xa [TTi{ N -N tbI )\ ( 3 - 3 - 4 ) 

From Fig. 3.11 it is obvious that the necessary condition for 
generation is given by jV > iV thr . This condition has been discussed 
in Sec. 3.2, where it was shown that we can write it in the form 
(3.2.48). It follows from this that the pumping power must be higher 
than the threshold value given by the right-hand side of the inequal- 
ity. 

Figure 3.12 shows the curve N vs. t for three different situations 
corresponding to different pumping power: (a) the pumping power is 
lower than the threshold level (K 1 < #thr)> ( D ) the pumping power 
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is just slightly higher than the threshold value (K z :> K thr ), and (c) 
the pumping power is sufficiently high (K s > K thT ). The horizontal 
dashed lines correspond to different values of the pumping param- 
eter N . The solid horizontal line corresponds to the value N thT . 
It can be easily seen that N increases with increasing pumping 
power. Generation becomes possible for N > iV"thr- With increasing 
value of K, the time t {hT decreases. Taking into consideration the 
fact that although generation is possible in case (b), it does not occur 
since t thr 2 > t p (the pumping pulse terminates before the threshold 
value of the inverse population density is attained). 

It should be noted that in the limit K ^$> 1, we may take N « n' . 
In this case, Eq. (3.3.4) gives 

l ihr = — — In , -. ° . — r . (3.3.5) 

Transition Rrocesses Accompanying Generation (Regular Damped 
Pulsations of Radiation Power). Generation is accompanied by 
transition processes leading to regular damped pulsations of generated 
radiation power. An analysis of these pulsations has been carried 
out by several authors [1, 2, 4, 73, 81-86]. 

Let us turn to the system of balance equations (3.2.32). With the 
help of (3.2.43), this system can be written in the form 

-§-=v<,[N{t)-N,„AS(t); 1 

^--£s W * W -£a(*+f)+i(*-i>.} (M ' 6) 

Let us consider the system (3.3.6) in the vicinity of stationary values 
S st and N st . For this purpose, we write 

S (t) = S st + AS (t); N (t) = N st + AN (t) (3.3.7) 

and assume that 

AS(t)<S 8t ; AN(t)<N st . (3.3.8) 

The values S st and N si are obtained bv putting dSldt — and 
dNIdt = in (3.3.6): 

N s ^N tbr ; S« = ^[-±(K-l)-»ZL(K+i)]. (3.3.9) 

Substituting (3.3.7) into (3.3.6) and using (3.3.9), we get 



■§t* s = ya5 stAiV + voASAN; 

JT AAr --^( N s t AS + S sl AN)-M.(K+l) 

2a AS AN. 



hut 



(3.3.10) 
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Taking (3.3.8) into account, we neglect terms with AS AN. Conse- 
quently, the system of equations is linearised, i.e. is converted from 
a nonlinear to linear system (in AS and AN): 

±AS = voS, t AN; ) 

o av \ (3-3.11) 

4rAN=-^(N si AS + S st AN)-^(K + l). J 

Eliminating AN from (3.3.11), we get the following differential 
equation in AS (t): 

■W AS +(^? S «+ ^)l A5 + 2 -£-^stAS = 0. (3.3.12) 

Substituting (3.3.9) in this equation, taking (3.2.38) into considera- 
tion, and using the relation 

va = (7W thr )-\ (3.3.13) 

which follows from (3.2.17) and (3.2.41), we finally get 

The solution of Eq. (3.3.14) is sought in the form 

AS (t) = C exp (pt). (3.3.15) 

Substituting (3.3.15) in (3.3.14), we get the following equation in 
the parameter p (characteristic equation): 



1 2_l_ 



N 



-> + 7Mt&7-'H- < 3 ' 3 - 16 > 



The roots of this equation are 

Pu 2 = - ( AT /2# thr^) ± VD/2, (3.3. 17) 

where 

D=(N /Nt hl T^-A[(N /N tiiI )-l]/T'l\. 

Let us assume that the inequality 

£><0 (3.3.18) 

is satisfied. This is possible if 

4 (TJT) i(N /N thI ) - 1] > (N /N lbr T- (3.3.19) 

or (if we go over to parameters G and a introduced in Sec. 3.2), 

AG (a — 1) > a 2 . (3.3.20) 

The data given in Table 3.1 show that the inequality (3.3.20), and 
hence (3.3.18), must be satisfied conservatively. 

If the inequality (3.3.18) is satisfied, the roots of the characteristic 
equation are found to be complex. In this case the solution of Eq. 
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(3.3.14) may be written in the following form if we take (3.3.17) 
into consideration: 



A5 = exp(-AV/2iV thr 7 , 1 )[Cexp(j V \D\ t/2) 
+ C*exv(-iV\D~\t/2)]. 



(3.3.21) 



It can be easily seen that the expression (3.3.21) describes regular 
damped pulsations with pulse repetition frequency 
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(3.3.22) 



The pulse amplitude decreases exponentially with a time constant 
given by 



'damp 



2T l N tbI /N . 



(3.3.23) 



Figure 3.13 shows the regular damped pulses described by 
Eq. (3.3.21). The moment t = in the figure corresponds to the 
beginning of generation. 23 
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2rt/fl 



^ damp 



Fig. 3.13 

Using the dimensionless parameters G and a, we can rewrite the 
relations (3.3.22) and (3.3.23) in the form (assuming G > 1) 

Q = (a/2T i )V4G (a- l)/a*-l « V G(a- 1)/Z\; (3.3.24) 
(damp = 2T x /a. (3.3.25) 

For a ruby laser, for example, a = 30, G = 10 5 , T t « 10" 3 sec. 
Consequently, Q « 10 6 sec -1 , i damp » 10~ 4 sec. 

The above discussion is based on the relations (3.3.8). However, 
in the initial stages of growth of generation, these inequalities are 



23 

mination 



We assume that *damp<€ f i» hence the pulses are damped before the ter- 
m of pumping pulse. 
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not satisfied, hence pulses corresponding to transition processes 
Ahould be considered, strictly speaking, not on the basis of the linear 
aysteni of equations (3.3.11), but rather on the basis of the nonlinear 
Mystem (3.3.10). Figure 3.14 shows a characteristic curve obtained 
on the basis of a rigorous calculation of damped pulses in a ruby laser 
with the help of a computer. It can be easily seen that the real picture 
of pulses at the initial stage of their growth is considerably differ- 
ent from the picture shown in Fig. 3.13. 




t.fisec 



Taking into consideration the above remarks, we shall carry out 
a more rigorous analysis of regular damped pulsations in a solid- 
state laser. For this purpose, we shall be using the Statz-De Mars 
equations in the dimensionless form (i.e. Eq. (3.2.53)) 24 . 

Phase Portrait of a Free-running Solid-state Laser. In accordance 
with Eqs. (3.2.53), a laser as a dynamic system is described by two 
functions of time n (t') and m (t'). We define the plane of laser states 
(i.e. the phase plane) as the plane in which parameters n and m 
serve as Cartesian coordinates. At any moment of time, the state of 
a laser is "represented" by a certain point on the phase plane (repre- 
sentative point). With the passage of time, a representative point 
describes on the phase plane a certain curve called the phase trajecto- 
ry. The family of possible phase trajectories is called the phase-plane 
portrait of the given dynamic system. 



24 Of course, we could have considered the damped pulsations on the basis 
of the Statz-De Mars equations in dimensionless form from the very beginning. 
However, we thought that the correct procedure would be to start the analysis 
not on the basis of the system of equations (3.2.53), but the system (3.2.32) which 
must appear to an inexperienced reader as more specific and more descriptive 
from a physical point of view. 
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If a laser is described in Eqs. (3.2.53), its phase trajectories may 
be found from the equation 



m (re — 1) 



dm p 

dn a — (m -\- 1) re 



(3.3.2(5) 



m, 



which is obtained by dividing the first of Eqs. (3.2.53) by the second. 

One of such phase trajectories is shown in Fig. 3.15. It gives an idcn 

about the phase portrait of tlio 
laser described by the Statz-Du 
Mars balance equations. 

For the case considered in 
Fig. 3.15, the representative point 
moves along a spiral winding 
up at the point A whose coor- 
dinates are given by 

n A = 1; m A =a — 1. (3.3.27) 

The point A "represents" the 
state of the laser corresponding 
to stationary generation. This can 
be easily confirmed by putting 
dmldt' = and dnfdt' = in 
(3.2.53) 25 . 

The spiral shown in the figure 
starts at the point a with coordi- 
nates 

(3.3.28) 



a-1 




Fig. 3.15 



n a = 1; 



m n = nin 



The point a is the state at which 
the threshold of inverse popula- 
tion density is attained for the first time (after beginning of the pump- 
ing), and hence this point corresponds to the moment when generation 
starts. The intensity of the field m mln at this moment is determined 
by spontaneous transitions. It should be remembered that m mla >C 1. 
At this moment of time, the generation of the first spike begins. 
As the representative point moves from a to c along the phase tra- 
jectory, the spike power increases, attaining its maximum value at 
the point c (coordinates of the point are given by »„ = 1, m t = 
— mmax)' The power of the first spike decreases beyond this point, 
falling to a value slightly higher than m mln (point e in the figure) 
at which stage the generation of the second spike begins. To each 
spike in the laser radiation there corresponds one loop in the spiral. 
The fact that the spiral approaches the point A with each winding 



25 The relations (3.3.27) arethedimensionless form of relations (3.3.9) (sub- 
ject to the condition that iV = re' (K — 1)/ (K + 1)). 
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liit'ims that a gradual damping takes place in the pulses of radiation 
Held intensity as well as of inverse population density. 

The phase portrait of a laser shown in Fig. 3.15 is "unfolded" in 
iriuc in Fig. 3.16 where the functions m and n are plotted against 
lime t' (f = t/T^. The point t' = corresponds to the moment 
when generation begins, the dashed lines indicate the pregeneration 
Mate of these curves. 26 The interval of time t' corresponds to the 
Initial stage of generation of the first spike (linear growth of genera- 
lion), the interval t[ describes the effective duration of the spike, 



m max s>- 




Fig. 3.16 

and t' t is the effective time interval between two successive spikes. 
The figure clearly demonstrates a certain synchronism between the 
pulsations of inverse population density and those of radiation field 
intensity. It also shows that the velocity of the representative point 
along the phase trajectory in Fig. 3.15 is not constant: the lower 
parts of the spiral (for example the section a-b or d-f) are covered 
by the representative point much more slowly than the upper parts 
(for example the sections b-d or f-h). It is apparent from Fig. 3.16 
that (t[ « 2t' ) 3> t' v The farther from the abscissa axis the represen- 
tative point is on the phase plane, the higher its velocity. 

Let us introduce the notation v = re — n A = n — 1. For free 
generation, the magnitude of v is much smaller than unity (v max « 

iS The natura of inverse population density in the pregeneration stage has 
been discussed earlier; see Fig. 3.12. 
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« 0.1). Other numerical data characterising free generation in two 
types of solid-state lasers are given in Table 3.2 [4]. 













TABLE 3.2 








Parameters 






Type of laser 


Ti, sec 


;; 


I' a; 2C 


m max 


m mtn 


Ruby laser 

Nd-laser 


2X10-3 
2X10-* 


7X10-* 
2.5X10-3 


8X10-3 
0.16 


700 

30 


10-" 
3X10-" 



Structure of Phase Portrait of a Laser. Characteristic points in 
the phase portrait structure for a free-running laser may be revealed 
without solving Eq. (3.3.26). For this, it is necessary to first examine 
the behaviour of phase trajectories near a singular point corresponding 
to stationary generation (point A in Fig. 3.15). More specifically, 
the system of balance equations must be linearised in the vicinity 
of the singular point, and the type of the singular point must be reveal- 
ed by considering the roots of the characteristic equation obtained 
as a result of this linearisation [87]. This plan of action is discussed 
in Appendix 5 where six different types of singular points have 
been considered. 

Linearisation of the system of equations (3.2.53) in the vicinity 
of the singular point (3.3.27) leads to the following system of equa- 
tions 

du.!dt'=G(a—l)v; ) 

/, ,„ (3.3.29)" 

dvldt = — av — fA. J 

Here, u. (?) = m (?) — m A = m — (a — 1), v (*') = n (?) — 
— Ha — n — 1) and \i <^m A , v <C«a- The characteristic equation 
corresponding to the system (3.3.29) has the form 

p 2 + ap + G (a - 1) = 0. (3.3.30) 

The roots of this equation are given by (cf. (3.3.17)) 

Pi.*= ^±4v / a 2 -4G(a- 1). (3.3.31) 

Since, as mentioned above, the inequality 

4G (a - 1) > a 2 (3.3.32) 

is valid, we get 

Pi, 2 = — f-±f VG(a-l) . (3.3.33) 



27 This system of equations corresponds to the system (3.3.11) represented in 
the dimensionless form. 
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The characteristic equation in this case has complex roots with 
ii negative real part. This means (see Appendix 5) that we have a sin- 
gular point of stable focus type. The nature of phase trajectories in 
the vicinity of such a singular point is shown in Fig. A. 5. Id in Ap- 
pendix 5 (cf. Fig. 3.15). 

Thus, we have determined the nature of. phase trajectories in the 
vicinity of a singular point with coordinates n A = 1, m A = a — 1. 
Further, a number of additional conclusions may be drawn about 
I lie structure of a phase portrait, starting with the form of 
liq. (3.3.26): 

(a) the straight line m = (i.e. the abscissa axis in the phase 
plane) is one of the possible phase trajectories; 

(b) since G>1, the inclination of phase trajectories must be high 
(dmldn ^> 1) all over the phase plane except regions adjoining the 
Hlraight lines n = 1 and m = 0; 

(c) at all points on the straight line n = 1, the tangent to the 
phase trajectory must be horizontal (dmldn = 0). 

Summing up all these remarks, we can easily arrive at the structure 
of the phase portrait shown in Fig. 3.15. For this, it is necessary 
iimply to use the additional information that the following inequali- 
ses are valid for free generation: 

(n - 1)< 0.1; m max >(a - 1). (3.3.34) 

Analysis of Pulse Diagram on the Basis of Balance Equations. 

Considering the stage of linear growth of generation of the first spike 
(corresponding to the region a-b of the phase trajectory in Fig. 3.15), 
we take into account the fact that m <C (a — 1), and hence neglect 
the quantity m in the right-hand side of the second equation (3.2.53). 
Consequently, we get the following system of balance equations 

dm/dt' = Gm(n — l); 1 

dn/dt' = a-n. J (3>3 - 35) 

Assuming that the moment t' = corresponds to the beginning of 
generation (ra (0) = 1, m (0) = m mla ), we get, after integrating the 
second equation in (3.3.35), 

n it') = a — (a - 1) exp (— t'). (3.3.36) 

The magnitude of t' changes from to t' (t' is the duration of the 
generation stage under consideration; see Fig. 3.16). Since t' = 
= 0.01-0.1 (see Table 3.2), we may put exp (— t' ) = 1 — t', and 
hence rewrite (3.3.36) in the form 

v (f) = n (f) — 1 = (a - 1) t'. (3.3.37) 

Thus, in the region a-b of the phase trajectory the inverse population 
density increases linearly with time. Hence the growth of generation 
corresponding to this part of the phase trajectory is called the linear 
stage. 
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Taking into account Eq. (3.3.37), we can rewrite the first of 
Eqs. (3.3.35) in the form dmldt' = G (a — 1) mt'. Integrating tliix 
equation between to t'. we get 

In (/re (t')lm mn ) = V 2 G (a - 1) (t')\ (3.3.3H) 

Eliminating the time from Eqs. (3.3.37) and (3.3.38), we get 

v (*') = [(2 (a - \)IG) In (m (t')/m miB ) ]»/«. (3.3.39) 

Substituting m = a — 1 in (3.3.39), we get an estimate for v max 

v max = 1(2 (a - 1)IG) In ((a - l)//n mln )]Vs. (3.3.40; 

Substituting v = v max in (3.3.37), we get an estimate for t' : 

K = v max /(a - 1). (3.3.41) 

In order to use these relations, we must know the parameter 
m min in addition to the parameters G and a. For estimating m mln , 
we must use the system of equations (3.2.56), which considers tho 
contribution of spontaneous emission to the field intensity (the quan- 
tity m in the second equation of this system may be neglected). Tho 
approximate expression for m min has the form [4] 



m 



rain 



(l + ^ej/.-JLj-. (3.3.42) 



It should be noted that although the magnitude of m mn is quito 
small (see Table 3.2) it is very important to take this quantity into 
account while considering generation. We suppose that there aro 
no spontaneous transitions (nor any fluctuations), so that m min = 0. 
In this case, the representative point will be moving all the time 
along the phase trajectory coinciding with the abscissa axis, i.e. 
with straight line m = 0. Spontaneous transitions are necessary in 
order to ensure a non-zero m mIn , even though it is very small. Thus 
the representative point is pushed from the trajectory m = to 
one of the phase trajectories which shift upwards in the phase plane 
with increasing n. Hence spontaneous transitions are of great impor- 
tance, since they qualitatively change the manner in which the repre- 
sentative point moves on the phase plane. 

Next, let us consider the generation stage corresponding to the 
region b-c of the phase trajectory in Fig. 3.15. Using the variable 
v = n — 1 and considering that v <1, we can rewrite the initial 
system (3.2.53) of balance equations in the form 

dmldt' = Gmv; | 

dv/dt' = a-(m+l). J (3,3 ' 43) 

From this, it follows that 

dmldv — GmvRa — (/re + 1)1 



n rid hence 



"max 



a — (m+1) 



dm 



J m 

a— 1 v, 



= G \ xdx (3.3.44) 



max 



(integration is carried out over the section b-c of the phase trajectory). 
Considering that m max :» (a — 1), we get from (3.3.44), 

m« s « Gv^ ax /2. (3.3.45) 

This result may be written in the following form if we take into ac- 
count Eq. (3.3.40): 

Wmax « (a — 1) In [(a — l)/m miD ]. (3.3.46) 

Using the second equation in (3.3.43), we can get an estimate for 
time t[ characterising the duration of the generation stage corres- 
ponding to the region b-d of the phase trajectory (in other words, the 
effective duration of the spike): 

t[ » (2/Gv max ) In [2GvL ax /(a - 1)1- (3.3.47) 

Free Generation in a Multimode Laser. Some Remarks. It was 

mentioned in Sec. 3.1 that in addition to regular damped power pulsa- 
tions, irregular and undamped pulsations are also observed. The ir- 
regularity of pulses may be due, in particular, to multimode laser 
radiation 28 . 

It was shown above that the generation of the first spike has a rel- 
atively long initial stage of linear growth. The duration t' of this 
stage is considerably longer than the duration t[ of the spike itself 
(see Table 3.2). Further, it should be noted that the threshold values 
of inverse population density (the value (t)j + r\ 2 )/o), and hence the 
parameters a and /n mln , are different for different modes. This means 
that the first spike generation will start at different iDstants of time 
for different modes, and the durations of the stages of linear growth 
of generation will also be different for different modes. Consequently 
the generation of different modes may start at different instants of 
time, and the spike of one mode may radiate before the termination 
of the linear growth stage of another mode. In the latter case, the 
emission of the spike of the first mode will violate the conditions 
for the growth of the spike of the second mcde, since the emission 
process inevitably affects the inverse population density. All this 
may lead to irregularities in the observed picture of power pulses. 



28 Free generation in a multimode laser has been discussed, for example, 
in [4, 11, 18-20, 88]. 
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3.4. UNSTABLE RESONATOR LASER. 
UNDAMPED PULSATIONS OF RADIATION POWER 

By an unstable resonator we mean a resonator whose (Mactor in 
subjected to a weak modulation either deliberately (for example, 
with the help of acoustooptic or electrooptical cells), or inadvertantly 
(due to various technical factors, which, as a rule, appear under 
actual working conditions of a laser). Significantly, even a sliglil, 
instability in resonator parameters may considerably affect the laser 
action. 

Balance Equations for a Laser with a Periodically Varying Q- fac- 
tor of the Resontator. 29 Let us suppose that the Q-factor of a resonator 
varies periodically with a certain frequency com: 

Q (t) = Q (1 - p cos com*), (3.4.1) 

the depth of ^-switching is assumed to be fairly small (weak Q- 
switching): 

P«l. (3.4.2) 

We can rewrite the first of the Statz-De Mars equations (3.2.34) in 
the following form with the help of (3.4.1): 

dMldt = B'MN — Mw/Q (1 — p cos a> M t) 

or, with the help of (3.4.2), in the form 

dMldt = B'MN — (M/T ) (1 + p cos © M t), (3.4.3) 

where T = QJa>. Going over to the dimensionless form of notation, 
we can transform Eq. (3.4.3), in accordance with (3.2.52), into the 
form 

dm/dt' = GMn — Gm (1 + p cos ©m t'), (3.4.4) 

where ©m = u>mTi, G = T x iT . 

Thus, for a weak periodic ^-switching of the resonator, the system 
of balance equations (written in the dimensionless form) may be 
expressed in the form 



dm/dt' = Gm (n — 1 — p cos cokO; 
dn/dt' =a — n (m -f 1) 



(3.4.5) 



This system of equations does not have stationary solutions, since 
it contains time in an explicit form (term — G/rafi cos cojii' in the 
first equation of the system). The nature of processes described by 
Eqs. (3.4.5) depends to a large extent on the magnitude of the modu- 
lation parameter p, as well as on the ratio ainlQ', where 

Q' = fG(a-l) (3.4.6) 



29 A single-mode laser with periodically varying <?-factor of the resonator 
has been discussed, for example, in [9, 10, 17, 21, 89-91]. 
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, 2rt/a r 



In the frequency of damped pulsations for P = 0, expressed in the 
illmensionless form (see (3.3.24) as well as (3.3.33)). The parameter 
U' is called the eigenfrequency of relaxation oscillations of the laser 
tihout the equilibrium position. 

We assume that the pumping is 
woak (a > 1) and that the laser 
I* above the generation threshold 
for just a part of the modulation 
period (P > (a — 1)). We also as- 
sume that <dm -C Q' (low-frequency 
(^-switching). The dependence m vs. 
/', calculated under these condi- 
tions with the help of Eq. (3.4.5), 
Is shown in Fig. 3.17 [21]. Specifi- 
cally, a = 1.01; p = 0.1, com = 0.45; Q' = 4.5; and G = 2 X 10 3 . 
It can be seen from the figure that radiation appears in the form of 
a train of damped spikes. The repetition frequency of these spike- 
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trains is the modulation frequency. The beginning of generation is 
accompanied every time by the excitation of a train of damped 
spikes. 

Next, we consider the situation when p <C (a — 1). Figure 3.18 
shows the m vs. t dependence, calculated on the basis of Eq. (3.4.5) 
or three different values of the ratio com/Q': (a) (HyilQ.' = 0.1; 

17 -0436 
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(b) com/Q' = 2; (c) com/Q' = 10 (in all these cases, a = 2, p" -« 
= lO" 3 , T x = 2 X 10- 3 sec, and G = 6 X 10 B ). It can be easily semi 
that undamped pulsations of radiation power appear in the chho* 
considered in Fig. 3.18. In Fig. 3.18a and 3.18c, the pulse has two 
main components— the low-frequency one and the high-frequency one 
The low-frequency component in Fig. 3.18a corresponds to the modii 
lation frequency (frequency ©m)* while the high-frequency compo- 
nent corresponds to the natural oscillation frequency (frequency Q'). 
In the case (c), the reverse situation takes place. Case (b) where the 
modulation frequency is close to the natural oscillation frequency 
is most interesting. The pulses in this case have a large amplitude 

In all the cases shown in Fig. 3.18, there is a certain adjustment 
of pulse frequency by the modulation frequency. In particular, 
this adjustment in the case (b), where the spike repetition frequency 
co' is equal to com/8 (i.e. synchronisation of spikes is observed at fre- 
quency (Om/8). The periodic ^-switching of the resonator thus helps 
in an ordering of the laser generation process [92, 93]. 

Small Amplitude Pulsations. We represent the functions n (?) 
and m (f) in the form 

n (f) = 1 + v (*'); m (f) = a - 1 + u. (*'), (3.4.7) 

where v (t') and [i (f) are respective deviations of functions from 
their values corresponding to the solutions of the unperturbed sta- 
tionary system (3.3.27). We assume that the amplitude of pulsations 
of field intensity and the inverse population density are small: 

v<l; |i<(o-l). (3.4.8) 

Substituting (3.4.7) in (3.4.5) and taking into account (3.4.8) as well 
as the inequality (3.4.2), the system of balance equations can be 
linearised in the neighbourhood of point (1, a — 1) of the phase 
plane. This gives 

d\i/dt' = G (a — 1) (v — p cos ©mO ; 

dv/dt'= — \i — av. 

Eliminating v, we get the following differentia] equation in uj 

*+-*+«(— Dm 

= G (a— 1) p [g>m sin ajgt' — a cos com* ']. (3.4.10) 

It can be easily seen that for P=0, Eq. (3.4.10) turns into Eq. (3.3.14) 
written in the dimensionless form. 
The solution of Eq. (3.4.10) is sought in the form 

(x (t') = Hx exp (icoji*') + \i* exp (— icaint'). (3.4.11) 

It should be noted that the right-hand side" of Eq. (3.4.10) may 
be expressed in the form of the sum of terms containing either 



} (3.4.9) 
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The function u. x exp (i(j>utf) will be a solution of Eq. (3.4.10) if 
only the term with exp (i(oiit') is retained in its right-hand side. 
Tnking this into account, we can easily get the following expression 
for |x x : 

H 1= ,lG(a_l)P - " + '"f . , . (3.4.12) 

rl 2 v ' r co^| — G(a — 1) — i«» M a v 7 

This equation has resonance properties. The resonance occurs when 
the ^-modulation frequency cofa satisfies the condition 



©k = l/G(a-l) . (3.4.13) 

In accordance with (3.4.6), this means that the modulation fre- 
quency is equal to the natural vibration frequency of the system. 
If the resonance condition (3.4.13) is satisfied, we get from (3.4.12) 
(considering that G ^> a) 

Himax = G (a - 1) p72a. (3.4.14) 

It should be remembered that the results obtained here are valid 
only under the condition that the pulse amplitude is small (see 
condition (3.4.8)). This means, in particular, that the following 
inequality must be satisfied: 

Umax <(« — 1). 

Taking into account the relation (3.4.14), this inequality may be 
written in the form 

6<2a/G. (3.4.15) 

Possibility of Realising Large Amplitude Undamped Pulses. Using 
the above-mentioned case of small amplitude pulses, we can draw 
certain conclusions about the conditions for realising large amplitude 
undamped pulses. Firstly, the modulation frequency must be close 
to the natural frequency of the system (resonance condition). Secondly, 
the modulation depth should not be too low. In order to get large 
amplitude undamped pulses, it is essential that the following condi- 
tion (cf. (3.4.15)) is satisfied 

6 ^ 2a/G. (3.4.16) 

Since alG « 10 -4 , it follows from (3.4.16) that the modulation 
parameter 6 must be of the order of, or greater than, 10"*. 

These remarks confirm the m vs. t dependence shown in Fig. 3.186. 
The pulse frequency to' has a certain integral ratio to the modulation 

17* 
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frequency com (in the Figure, co' = com/8), indicating the parametric 
nature of the pulse excitation mechanism. 

Thus, while considering a weakly periodic ^-switching of the 
resonator, two qualitatively different situations must be isolated. 
The first situation is realised if the condition (3.4.15) is satisfied 
(low amplitude pulses). In this case, although u increases in the vici- 
nity of the resonance, it remains much below the stationary value 
a — 1, and the generated pulse repetition frequency is equal to the 
(^-modulation frequency. The second situation arises when the con- 
dition (3.4.16) is satisfied (large amplitude pulses). The amplitude li 
in this case has a large value near the resonance ((i mai ^> (a — 1)), 

and the pulse repetition frequency has 
i an integral ratio to the ^-modulation 

j frequency. 

Periodic ^-switching for a Uniform 
Motion of the Reflecting Surface. It 




vwmm- 



■'// >»'////»»>»■/. 



CO 



is noteworthy that the periodic Q- 

! switching of a resonator takes place, 

__ it | in particular, for a uniform motion 

~""~ i along the optical axis of a reflecting 

p. „ .. surface, for example, the output mirror 

g ' plane, or the end face of the active 

element [9, 10]. This effect can be 

easily explained by considering the longitudinal Doppler effect. 

Suppose that the end face of an active element moves with velocity 

v along the resonator axis (see Fig. 3.19 where the dashed line shows 

the cross section of this plane). Let co be the frequency of the light 

wave traversing through the moving plane, and co x be the frequency 

of the wave reflected from this plane. According to the Doppler effect 

©! = co + Aco D = co + 2cotVc. |(3.4.17) 

Thus, the motion of the reflecting plane leads to the appearance in 
the resonator of additional waves with frequencies co ± Aco D besides 
the wave with frequency co (the amplitudes of these additional waves 
depend on the reflection coefficient of the plane). 

The existence of additional (Doppler) components leads to a modu- 
lation of the light flux density. By considering the expression for 
flux density 

5 = [£ e-^' + p£: e- i(<0+A<0 D ) '] [ CO ml. conj.], 

we can easily detect a term of the type S = 2 | E | 2 p cos (Aco D t) 
in it. This may be associated with the periodic modulation of the 
(?-factor of the resonator under the condition that the modulation 
frequency is equal to 

co M — Acod = 2cot-/c. (3.4.18) 
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This situation may be described by balance equations (3.4.5), where 

o)m = 2T 1 (ov/c, (3.4.19) 

and the modulation parameter f> must be expressed through the 
reflection coefficient of the active reflecting planes. 

Using (3.4.19), we can find an expression for the velocity of mo- 
tion of the reflecting plane at which the resonance condition (3.4.13) 
is satisfied (resonance velocity) 

y res = c| / G(a-l)/2(or i . (3.4.20) 

Assuming the values G = 10 5 , a = 30, 7\ = 2 X 10 -3 sec, w = 
= 3 X 10 15 sec -1 for a ruby laser, we get v ies = 4.5 cm/sec from 
(3.4.20). In actual practice the resonance velocity for a ruby laser 
varies between 1 and 10 cm/sec. 

Periodic ^-modulation by Heating the Active Element. Heating 
of the active element by absorption of pumping radiation changes 
the value of its refractive index (see Sec. 2.13). This may also result 
in a periodic modulation of the ^-factor of a resonator. 

Suppose that the temperature of the active element changes with 
time at a rate of dTldt. The optical length Z pt of the active element 
in this case will change at a rate of 

dl opt ldt = Zt] dTldt, (3.4.21) 

where I is the geometrical length of the element, and r\ is the temper- 
ature coefficient of its refractive index (this coefficient was denoted 
by dnldT in Sec. 2.13). 30 Consequently, a periodic modulation of the 
resonator (Mactor will take place, the modulation frequency being 
determined by a formula similar to (3.4.19): 

©j, = 27\ {(ale) dl ovt ldt. (3.4.22) 

Substituting (3.4.21) in (3.4.22), we get 

com = 2Tj (ale) li\ dTldt. (3.4.23) 

The analogy between the formulae (3.4.19) and (3.4.22) means, in 
particular, that the resonance rate of change in the optical length 
of the active element must be defined by a similar expression to the 
one for the resonance velocity of the reflecting surface, i.e. the expres- 
sion (3.4.20) (in other words, both resonance velocities are identical). 
Tt was mentioned above that v Tes for a ruby laser assumes values 
between 1 and 10 cm/sec. It can be easily seen that the dl op t/dt, 
defined by the expression (3.4.21) falls in this interval for a ruby 
laser. Actually for I = 10 cm, r\ = 1.4 X 10" 5 K" 1 , dTldt = 10 4 K/sec, 
we get dl opt ldt = 1.4 cm/sec. 

30 The thermal expansion of the active element is neglected. Besides, we do 
not consider the effects connected with the non-uniform heating of the element. 
It is also assumed that the magnitude of dTldt is identical at all points of its 
cross section. 
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Nature of Undamped Pulses for Free Generation. It was shown 
above that undamped pulses arise upon a weak periodic modulation 
of the resonator ^-factor. Significantly, such a ^-modulation may be 
achieved not only by using special modulating elements in the reso- 
nator, but also by the motion of reflecting planes, or by rapid temper- 
ature variations of the active element. The last point means that 
a periodic (^-modulation, and hence the undamped pulses, may arise 
in the free generation case as a result of motion (vibrations) of reflect- 
ing planes caused by random processes, as well as through a rapid 
heating of the active element by absorption of the pumping radia- 
tion pulse. The fact that the actual velocity of the reflecting sur- 
faces, as well as the rate of heating of the active element are not con- 
stant, is of no practical significance since the build-up of strong pulsa- 
tions upon attainment of resonance takes place very rapidly, over 
a period of about 10 jisec only. For excitation of strong pulsations, 
it is necessary that the velocity of reflecting planes should be close 
to the resonance velocity at least for a comparatively short period. 

Thus, the model of a single-mode laser with an unstable resonator 
may be used to reveal the important role of the instabilities of 
technical nature as one of the reasons behind the emergence of un- 
damped laser radiation intensity pulsations. 
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3.5. ACTIVE MODULATION OF THE RESONATOR <?-F ACTOR 

In the preceding section, we have considered the effect of wean 
modulation of the resonator ^-factor on the dynamics of a laser. 
Let us now turn to the question of deep ^-switching which ensures 

a giant pulse generation in a laser 
(upon pulsed pumping) or a regular 
pulse train generation (upon contin- 
uous pumping). We shall consider 
three types of active ^-switching: 
Mechanooptic [26, 60], electrooptic- 
al [25-27], and acoustooptic [25, 
28, 59]. 

Mechanooptic ^-switching. In 
this method of ^-switching, rotat- 
ing reflecting planes are frequently 
employed. Two diagrams of me- 
chano-optical ^-switching have been 
shown in Fig. 3.20 by way of an 
example. Here, 1 is the active ele- 
ment, 2— a totally reflecting prism, 
rotating around an axis perpendicular to the resonator axis, 
3 — the output resonator mirrors, and 4 — an additional (immovable) 
totally reflecting prism. The rotating prism 2 ensures a high Q of 
the resonator only for a short time. The angle of rotation of the prism 
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Fig. 3.20 
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for which Q falls to half its maximum values is of the order of 1'. 
For an angular velocity of rotation of the prism of the order of 
10 s rev/sec, the ^-switching time is of the order of 100 nsec. Intro- 
duction of additional optical elements may increase the effective 
angular velocity of rotation of the prism (without any change in the 
real rotation rate). Thus in Fig. 3.206, the effective angular velocity 
of rotation is twice the real value. 

Electrooptical ^-switching. This method of (^-switching is based 
on the electro-optical effect, which consists in a change in the refrac- 
tive index of the medium under the action of an external electric 
field. There are two types of electrooptical effect — the quadratic one 
(Kerr effect) and the linear one (Pockels effect). In the first case, the 
change in refractive index is proportional to the square of the electric 
intensity of the external field, while in the second case, it is propor- 
tional to the field intensity 31 . Pockels effect appears only in crystals 
which do not have a centre of symmetry. As an example, we may 
mention the uniaxial crystals KDP (chemical formula KH 2 P0 4 ), 
and DKDP (chemical formula KD 2 P0 4 or, more precisely, 
KH 2 _ 3a; D2 a: P0 4 where x is the degree of deuteration). 

Let us consider the electrooptical (^-switching of a resonator on the 
basis of the Pockels effect. First of all, we shall explain the basic idea 
behind this effect. 

Figure 3.21 shows the optical indicatrix of a uniaxial crystal, hav- 
ing the form of an ellipsoid of revolution around the optical axis 00; 
n and n e are the refractive indices for the ordinary and extraordinary 
waves respectively (these are the principal refractive indices of the 
crystal). For DKDP and KDP crystals, n = ^.49, n e = 1.46 for 
light of wavelength 1 pm approximately and at a temperature of 
20°C S2 . 

Let us apply an external electric field to the crystal along the 00 
axis. Under the action of this field, the optical indicatrix of the 
crystal is converted from an ellipsoid of revolution into a triaxial 
ellipsoid (the crystal turns from uniaxial into biaxial). Figure 3.22 
shows the cross section of the optical indicatrix by a plane perpendic- 
ular to the 00 axis (perpendicular to the direction of the applied 
field): the dashed line shows the cross section before the field is 
switched on while the solid line shows the cross section after 
the field has been switched on. The principal refractive indices of 
the crystal after switching on the field are rc x , n 2 , and n e ; the 
principa 1 dielectric axes are X, Y, and Z (Z-axis is perpendicular 
to the plane of the figure). Pockels effect in this case is described by 
the relations 

«x = n + np-E/2; n 2 = n — np-E/2, (3.5.1) 

31 Pockels effect and Kerr effect have been described, for example, in [25, 
70]. 

32 Optical properties of crystals used in electrooptics and nenlinear optics, 
have been summarised in [94]. 
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where E is the electric field, and r is one of the electro-optical con- 
stants of the crystal. 

We shall examine the longitudinal Pockels effect, when light 
propagates along the direction of the field (i.e. perpendicular to the 
plane of Fig. 3.22). In this case, two linearly polarised waves will 





Fig. 3.21 



Fig. 3.22 



propagate in the crystal, their polarisation being along the X-axis 
(wave velocity cln-^ and the Y-axis (wave velocity c/n 2 ), respectively. 
With the help of the relation (3.5.1), we can find the phase difference 
between these two waves after the light has traversed a distance I 
inside the crystal: 

Aq> = 2nl (n t — ra 2 )A = 2nn 3 ^U/K . (3.5.2) 

Here, X is the wavelength of light in vacuum and U = El is the 
voltage applied to the crystal (I is the length of the crystal along 00 

\b 




Fig. 3.23 

axis). For a DKDP crystal, r = 2.6 X 10" u m/V, while for a KDP 
crystal, r = 1 X 10 _u m/V. 

Figure 3.23a shows a (^-switched laser based on the Pockels effect. 
Here, 1 is the active element, 2— the Pockels cell (K is a DKDP 
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crystal, E— the electrodes), 3— linear polarisers, and 4 — the resona- 
tor mirrors. The direction of polarisation of light passing through the 
polariser (the direction aa in the figure) forms an angle i|) with the 
direction of the principal dielectric axis X of the crystal (direction bb 
in the figure). 

Suppose that a voltage is applied to the crystal (Pockels cell is 
switched on). In this case, the light waves polarised along the X-axis 
and the Y-axis, after passing through the cell, 
appear with a phase difference Aq> with respect 
to each other, as described by the formula 
(3.5.2). Consequently, the linearly polarised 
light beam entering the Pockels cell will be 
converted into an elliptically polarised beam 
upon leaving the cell. Suppose that a voltage 
has been applied to the cell so that Aq> = ji. 
Such a voltage is called half-wave voltage and 
is denoted by Ux/ 2 . It follows from (3.5.2) 
that 

tfx/ 2 = V(2no 3 r). (3.5.3) p . g ^ 

When the half-wave voltage is applied, 
the beam polarisation at the outlet of the 

cell remains linear, although the direction of the polarisation is 
turned by an angle 2\|) with respect to the initial direction. 
This can be clearly seen in Fig. 3.236, where A is the amplitude vec- 
tor of the wave at the entrance of the cell, and A' is the correspond- 
ing vector as the beam leaves the cell. We consider the wave entering 
the cell as a superposition of two linearly polarised waves with 
refractive indices n x (amplitude vector Aj) and n 2 (amplitude vec- 
tor A 2 ). Since for U — Ux/ 2 these waves shift in phase by a half 
wavelength upon passing through the cell, one of the amplitude 
vectors (A x or A 2 ) must reverse its direction. 

As a result of a rotation by 2i|) of the direction of polarisation, the 
light wave leaving a Pockels cell may only partially traverse through 
the second polariser. The intensity of the wave transmitted through 
the second polariser (denoted by Al T ) is related to the intensity of 
the wave passing through the first polariser (intensity A 2 ) through 

A 2 iT /A 2 = cos 2 2i|), (3.5.4) 

which is apparent from Fig. 3.24. 

Thus when the Pockels cell shown in Fig. 3.23a is switched on, 
the losses increase in comparison to the case when the cell is switched 
off. The maximum increase in losses upon switching on the cell is 
attained for tp = it/4. In this case A\ T = 0, and the shutter is com- 
pletely closed. Upon switching off the Pockels cell (upon removing 
the voltage across its electrodes), a rapid and considerable increase 
in the ^-factor of the resonator is observed. The ^-switching time is 
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determined by the rate of change of voltage applied to the Pockels 
cell, and is of the order of several nanoseconds. 

Acoustooptic Q-switching. An acoustooptic shutter works on the 
principle of ultrasonic optical diffraction. Suppose that a plane ultra- 
sonic wave, induced by a piezoelectric transducer, propagates in 
a certain medium (solid or liquid). This leads to a mechanical stress 
in the medium, due to local compressions and rarefactions. These 
stresses influence the refractive index through photoelastic effect. 
Consequently, alternate layers with different refractive indices are 
formed in the medium (the period in space is equal to the length A 

of the acoustic wave), travelling in the 
medium with the velocity of sound. A light 
wave passing through such a medium is 
diffracted by the periodic structure in space, 
due to the periodically varying refractive 
index. 

Assuming that an acoustic wave of fre- 
quency Q propagates along the y-axis, we 
can express the refractive index in the form 

n (y< t) = n + An sin [(2ny/A) — Qt]. 

(3.5.5) 




Piezoelectric 
transducer 



Fig. 3.25 



Here, n is the refractive index of the 
medium in the absence of an ultrasonic 
wave, and Are is the amplitude of variation 
of refractive index. The magnitude of Are is determined by the 
amplitude of elastic deformation with which it is connected through 
the elastooptic constants of the medium. The amplitude of elastic 
deformation, in turn, depends on the power P a of the acoustic 
wave [25]. 

We assume that the following inequality is satisfied 



Vkl A 2 > 1, 



(3.5.6) 



where A, is the wavelength of light in the medium, and I is the length 
of acoustooptic interaction (the path traversed by the light beam in 
the volume of the medium occupied by the sound wave). If the con- 
dition (3.5.6) is satisfied, Bragg's diffraction 33 takes place. 

The principle behind an acoustooptic shutter operating on the 
basis of Bragg's diffraction is illustrated in Fig. 3.25. Here, H is the 
width of the acoustic beam, the numbers 1, 2, 3, and 4 denote the 
direction of propagation of an acoustic beam, incident light beam, 
transmitted light beam, and the diffracted light beam, respectively 
(the refraction of light at the boundary of the shutter has not been 



33 If ZVA 2 <C 1. Raman-Nath diffraction takes place [28]. As a rule, this 
type of diffraction does not take place in acoustooptic shutters. 
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Nhown inj the figure). Bragg's angle 0b is defined by the relation 

sin 6 B = W2A. (3.5.7) 

The shutter is oriented in the resonator of the laser in such a way 
that the direction of the incident light beam inside the shutter con- 
forms to the condition (3.5.7). If the piezoelectric transducer is switch- 
od off, the light beam passes through the shutter without changing 
its direction (open shutter). Upon switching on the piezoelectric 
transducer, the incident light beam (of intensity I ) will be partially 
converted into a diffracted beam (of intensity ij), whose direction 
forms an angle 29 B with the direction of the incident beam. The 
closer the ratio IJIq to unity, the lower the transmission through 
the shutter in the direction of the incident light beam. The ratio 
/ x // is a measure of the efficiency of an acoustooptic shutter. 

In the plane wave approximation, the following relation holds 
(see [28]). 



Here, K is the wavelength of light in vacuum, M 2 is called the 
acoustooptic Q-factor: 

M 2 = «y/py 3 , 

where p is the elastooptic constant for the medium, p is the density 
of thejmedium, and v is the velocity of sound. It follows from (3.5.8) 
that IJI = 1 if the acoustic power P a assumes the value 

^oa = ((K cos 2 9 B )/2M) (Hit) ;3.5.9) 

In this case a 100% conversion of incident light beam into diffracted 
light beam takes place (the shutter is completely closed). 

The results (3.5.8) and (3.5.9) are valid for plane waves. In actual 
practice, however, we have to deal with converging (or diverging) 
waves. Upon diffraction of waves, a complete deviation of the inci- 
dent light beam is not possible in principle, hence in actual practice, 
the ratio IJI does not attain the value equal to unity. 

Let us assume that the light beam is Gaussian and that an acousto- 
optic shutter is placed at the beam constriction, having a radius p . 
The efficiency of such a shutter depends on the magnitude of the 
parameter a, defined by the relation [95]: 

■a = (2Mtp ) (H/A). (3.5.10) 

The factor 2X/np is the angle of divergence of the Gaussian light 
beam with the radius of constriction p (see (2.7.5)), and AIH is the 
angle of divergence of the acoustic beam. Consequently, a is the 
ratio of angles of divergence of the optical and acoustic beams. Fig- 
ure 3.26a shows the dependence of IJI on P a for a few values of the 
parameter a, while Fig. 3.26& shows the dependence of Ijl on a 
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for P a = P oa . For a given acoustic power, the efficiency of a shutter 
is the higher, the lower the parameter a. The curve in Fig. 3.26a, 
drawn for a = corresponds to the formula (3.5.8). Other curves 
have been obtained by considering diffraction of Gaussian light 
beams [28]. 

Let us denote by At the switching time of an acoustooptic shutter, 
i.e. the time during which a diffracted beam appears or, conversely, 
disappears. It may be estimated as the time during which an acoustic 
wave traverses a distance d equal to the diameter of the light beam: 
At « dlv. Assuming that d = 0.2 cm, v = 6 X 10 6 cm/sec (fused 

quartz), we get At « 300 nsec. In 
order to decrease At, we must de- 
crease d; that is why the acoustooptic 
shutter is placed at the constriction 
of the incident light beam. The smaller 
the radius of the constriction, the lower 
the value of At, and hence the faster 
the response of the shutter. However, 
it should be remembered that with 
decreasing radius of the constriction, 
the divergence of the light beam 
increases (the parameter a increases), 
and consequently the efficiency of the 
shutter decreases. In actual practice, 
it is preferable to work at values of 
parameter a that are close to unity. 

Acoustooptic shutters made of fused 
quartz have found wide applications. 
Fused quartz is characterised by a 
high degree of transparency. However, 
it has a low acoustooptic ^-factor; hence it is necessary to employ a 
relatively high acoustic power (i> a «50Wat frequencies 25-50 MHz). 
Comparison between Acoustooptic and Electrooptic ()- Switching. 
Table 3.3. gives a comparison of main properties of acoustooptic 
and electrooptic shutters. It is apparent from the table that the 
minimum losses (losses for the open position of the shutter) in the 
case of acoustooptic shutters are about an order of magnitude lower 
than for electrooptic ones, and are of the order of 0.1%. The electro- 
optical shutters close very well (maximum losses in these are 100%), 
while the acoustooptic shutters close considerably worse. The switch- 
ing time for electrooptic shutters is two or even three orders less 
than for acoustooptic shutters and is about a few nanoseconds. 

Acoustooptic shutters are mainly used in continuously pumped 
lasers while the pulse-pumped lasers employ the electrooptical shut- 
ters. This is connected with the properties of the shutter and with 
the fact that pulse-pumped lasers are characterised by considerably 
higher values of gain in comparison to continuously pumped lasers. 




Fig. 3.26 
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In this connection, it should be noted that the optimal transmission 
coefficient of the output mirror is usually just a few per cent for 
continuously pumped lasers, while for pulse-pumped lasers it ex- 
ceeds 50%. 







TABLE 3.3 




Shutters 


Properties 


Electrooptical 


Acoustooptic 


Minimum losses, % 
Maximum losses, % 
Speed, nsec 


1-3 

«100 

<5 


0.1-0.3 
20-60 
10M0 3 



For low gain values characteristic of continuously pumped lasers, 
a breakdown in generation is possible even for comparatively low 
losses introduced by the shutter in the resonator. Hence for such 
lasers, we can effectively use acoustooptic shutters, which have the 
lowest losses in the open position. The fact that these shutters can- 
not be closed well is of no importance if the light pulse repetition 
frequency is quite high (5-50 kHz for a continuously pumped Nd: YAG 
laser). However, for low pulse repetition frequencies or, more sig- 
nificantly, for single pulses, the loss introduced by the acoustooptic 
shutter in the closed position may be found to be insufficient for 
the breakdown of generation in a continuously pumped laser (and 
hence for ^-switching). A proper closing of the shutter is especially 
important in pulse-pumped lasers. In this case, the fact that a shutter 
in the open position may introduce comparatively high losses (of 
the order of a few per cent) is not important, the only important 
thing is that the shutter should close properly and thus ensure a 
breakdown of generation for large values of the gain factor. Hence 
electrooptic shutters are preferable in pulse-pumped lasers. 

It was mentioned earlier that for a faster operation of acoustooptic 
shutters, we must use light beams with small constriction radius, 
and place the shutter at the constriction of the beam. In pulse lasers 
this requirement leads to a strong heating of the shutter (and even 
to its destruction). 

Modulation of Favourable Losses. The concept of Q-switching 
is usually connected with the modulation of unfavourable losses. 
A special term, cavity-dumping, is used for describing modulation of 
favourable loss (see Sec. 3.1). From a more general point of view, 
according to which the ^-switching of a resonator is determined by 
favourable as well as unfavourable losses, the modulation of favour- 
able losses may be considered as one of the versions for active modu- 
lation of the ^-factor of the resonator. 

A fast-operating acoustooptic fused quartz shutter intended for 
cavity dumping has been described in [53]. The shutter switching 
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time of 5 nsec is attained! by focussing the light beam. The radius of 
the beam at the shutter is 20 urn. Such a shutter (playing the role of 
a modulator of favourable losses in this case) is shown in Fig. 3.27. 
Here, 7 is the active element; 2, 3, and 4 are highly reflecting mir- 
rors; 5 is a shutter placed at the centre of the sphere corresponding 



Fig. 3.27 

to the surface of the mirror 4; and 6 is the beam extracted from the 
resonator when the shutter is switched on. The solid lines show the 
light beam when the shutter is switched off, while the dashed lines 
show the beam obtained after switching on the shutter. 

3.6. GIANT PULSE GENERATION IN THE CASE 
OF ACTIVE MODULATION OF THE RESONATOR <? -FACTOR 

Main Time Stages 84 . The growth of a giant pulse can be conve- 
niently examined by considering the main time stages in the genera- 
tion process. 

In Fig. 3.28 (cf. Fig. 3.2), three time dependences are shown in the 
upper half of the figure: the inverse population density (N vs. t 
curve), the threshold inverse population density (JV t hr vs. t curve), 
the resonator (Mactor (the dashed line, Q vs. t curve). The latter two 
curves are interconnected, since in accordance with (3.2.42), 
■^thr (t) — [BhQ (t)]' 1 . The (?-f actor varies from its minimum value 
QmiD (high losses) to maximum value Q (low losses). The time that 
elapses in the ^-switching process is denoted by t Q . Correspondingly, 
the threshold inverse population density changes from the maximum 
value N thr to its minimum value Nt\, T . The lower curve in the 
figure describes the time dependence of the photon density in the 
generated radiation (M vs. t dependence). Let us consider three 
successive stages: the pumping stage, and the linear and nonlinear 
stages of generation growth. 

The pumping stage precedes the generation (N (t) <C N t ^ (t)). 
The inverse population density N (t) increases as a result of pump- 
ing. At a certain moment of time (indicated as t sv in the figure), 



34 Giant pulse generation for a rapid ^-switching is discussed in [1-4], see 
also [24, 29, 96-98]. 
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the ^-factor of the resonator begins to increase rapidly, and hence 
the generation threshold begins to decrease rapidly. A decrease in 
the threshold results in the intersection of curves N vs. t and iV t hr 




Fig. 3.28 



vs. t. The instant of time corresponding to the point of intersection A 
(see Fig. 3.28) is the moment when generation begins. It is indicated 
as the instant t = in the figure. 

The duration of the linear (slow) growth of generation is denoted 
by t . It is characterised by a practically constant value of the 
inverse population density (we denote this value by N t ; strictly 
speaking, N t = N (0)). Since for the case of rapid ^-switching 
considered in this case, t Q <C< » tne ^-factor already attains its 
maximum value at the initial stage of the linear growth of genera- 
tion, so that the growth of generation takes place under the condi- 
tions of low losses. At the beginning of generation (i.e. at the moment 
t = 0), the photon field density caused by the spontaneous processes 
assumes the value M miIs . At the linear generation stage, the function 
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M (t) increases very slightly and only towards the end of this stage 
a rapid growth indicating the onset of the nonlinear stage begins. 

The nonlinear (rapid) growth of generation has a duration £ x which 
is much smaller than t , the duration of the linear stage (see Fig. 3.28). 
During this stage, the inverse population density falls to its mini- 
mum value N t , which is less than the final threshold value N ibT . 
Practically the whole energy concentrated in the giant pulse is emit- 
ted during this stage. 

The necessary condition for increasing the energy of the giant 
pulse is to increase the difference N x — N ttir (this difference is 
denoted as AN in the figure). For this purpose, it is necessary, firstly, 
to ensure a large value of the difference N thr — N tbT , i.e. a deep 
^-switching. Secondly, a high pumping intensity is essential so that 
the pumping parameter N (and hence the magnitude N (t)) ap- 
proaches the value N thr . Thirdly, and finally, it is essential to 
coincide the moment t svf of (^-switching with the pumping pulse — 
the ^-factor must start increasing after N (t) attains a value fairly 
close to its limiting value N (for the given pumping power) as 
a result of pumping. 

Balance Equations. Instantaneous ^-Switching. Let us consider 
the time dependence of the ^-factor of a resonator: 

Q (t) = Qlf (t) = ©77/ (t). (3.6.1) 

Here, Q is the maximum value of the (^-factor, T is the correspond- 
ing photon lifetime in the resonator, and / (t) is a certain function 
of time, changing from / (0) = Q/Q mn to I. 35 Taking into account 
Eq. (3.6.1), the system of balance equations (3.2.34) may be re- 
written in the following form: 

dM/dt = B'MN — Mf(t)/T; \ 

dN/dt^—frB'MN + iNo-Nj/Ti.) (3-6-2) 

Further, we observe that the growth time for the giant pulse (includ- 
ing the linear stage) is much smaller than 7V 36 Hence the term 
(N — N)/T 1 may be neglected in (3.6.2), i.e. the relaxation and 
pumping processes may not be taken into consideration during the 
giant pulse emission period. Consequently, the system of balance 
equations is considerably simplified: 

dM/dt = B'MN — Mf (t).!T; l 

dN/dt = -fiB'MN.i J (3-6 ' 3) 

It should be emphasized that the relaxation and pumping processes 
are of prime importance at the pregeneration stage. On account of 
the relatively short duration of the giant pulse generation stage, 

35 For the sake of simplicity, it is assumed that the (^-switching instant and 
the start of generation (the instants t sw and t = 0) coincide. 

36 It should be recalled (see Sec. 3.1) that t + t x « 10" 7 sec. 
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these processes are not significant in this stage. The giant pulse 
generation process terminates before any noticeable variation in 
the inverse population density takes place due to relaxation and 
pumping processes. 

Going over to the dimensionless form of notation, we can use 
the relations (3.2.52), where T and N tbT are values of parameters 
corresponding to the state with highest (^-factor. The system of equa- 
tions (3.6.3) then assumes the following form: 

dm/dt' = Gm[n-f(t')]; \ 
dnldt' = — mn. J 

We shall assume that the ^-switching is instantaneous. In this 
case, the function / may be written in the form 

/(f)= i 1; *'>0. (3 - 6 - 5) 

Thus, at the generation stage (t' > 0), we have / = 1. Consequently, 
we arrive at the following system of balance equations: 



dm/dt' = Gm(n—l); 
dnldt' = — mn. 



(3.6.6) 



Suppose that in addition to the (J-switch, the resonator contains a nonlinear 
element providing a negative feedback. This may be done in order to increase the 
duration of the giant pulse. A semiconductor crystal with two-photon absorp- 
tion at the generation frequency may be used as the nonlinear element. In this 
case, the first equation in the system (3.6.6) acquires an additional term which 
takes into account nonlinear losses in the resonator. This term is proportional 
to the square of the field intensity in the resonator. In this case, the system 
of equations (3.6.6) assumes the form 

dm/dt' = Gm(n — i)—gm 2 ; -. 

> (o.d.7) 

dnldt = — mn. ) 

Here g is a certain parameter characterising the two-photon absorption in a 
nonlinear element. 

Phase-field Portrait of a Laser for Instantaneous ^-switching. 

Dividing the first equation in (3.6.6) by the second, we get 

dmldn = —G (n — l)fn. (3.6.8) 

Integrating, we get 

m n 

\ dm=— G \ dn (l - -^-) , (3.6.9) 

where 

n Y = n (0) = NjN thr \ m 1 = m (0) = M^B'T^ (3.6.10) 

18-0436 
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Consequently, we arrive at the following equation for the phase trajec- 
tories of a laser in the case of instantaneous ^-switching: 

m = m x + G K — n — In (njn)\. (3.6.11) 

Putting dmldt' = 0, we find from (3.6.6) that the maximum value 
of field intensity corresponding to the peak power of the giant pulse 
is attained for ra = 1. Substituting n = 1 into (3.6.11), we gel, 
this maximum value 

m max = G (rix — 1 — In n x ) (3.6.12) 

(the term m x on the right-hand side of Eq. (3.6.11) may be neglected 
in this case, since m max ^> ?%). 




Fig. 3.29 




The inequality A^ — N thT > is apparent. It follows hence that 
the quantity n u being the ratio N t /N t hr> must be greater than unity: 

re x >l. (3.6.13) 

We denote by n t the ratio N t lN ibT , where N t is the final inverse 
population density attained at the end of the giant pulse emission. 
In order to find n s , we put m — in (3.6.11). This gives 



n t + In (njnt) = w x + mJG. 



(3.6.14) 



Neglecting the second term on the right-hand side of this equation 
which is much smaller than the first, and introducing the notation 
| = «{/«!, we can rewrite (3.6.14) in the form 

| = 1 + In l/ ni . (3.6.15) 

Figure 3.29 shows the \ vs. 1/% dependence defined by the relation 
(3.6.15). It is apparent from the figure that g < l/w x , i.e. 



n t 



1. 



(3.6.16) 



3.6 Giant Pulse Generation in the Case of Active Modulation 275 

Thus, N t < A thr , which indicates a certain time lag in the pulse 
emission. At the instant when the decaying function N (t) attains 
its threshold value A thr , the generation does not terminate since the 
photons that are still present in the resonator continue to induce 
emission by the excited active centres. 

The higher the ratio N t /N thT , the lower the ratio jV t /A r , hr . For 
example, for ra x = AV-Wthr = 2, we get | = 0.2 and consequently 
n, = N t /Nth r = 0.4. For n x = 3.5, we get \ = 0.04 and hence 
n { = 0.14. 

Summing up the results obtained above, we can easily build up a 
phase diagram for a laser in the case of instantaneous ^-switching. 
This diagram is shown in Fig. 3.30. The three phase trajectories 
shown in the figure correspond to three different values of n t (three 
different ratios AV./V thr ). 

One of the phase trajectories is broken into two parts, correspond- 
ing to the linear stage (a-b) and the nonlinear stage (b-c) of genera- 
tion. This division of the trajectory is approximate 37 , the ordinate 
of the point b is chosen equal to half the maximum value of the 
field intensity for the given phase trajectory. The velocity of the 
representative point along the phase trajectory is not constant: 
the point traverses the relatively short path a-b during a period of 
time tg and a longer path b-c during t' v although t[ -C t' . 

Analysis of the Linear Generation Growth Stage. In this stage of 
generation, we assume that 

n = n x = const. (3.6.17) 

Besides, we take into consideration the contribution of spontaneous 
radiation. For this purpose, the first equation in (3.6.6) is replaced 
by the equation 

dmldf = Gm (n x — 1) + Ge (ra x + n"), (3.6.18) 

which is obtained from (3.2.56) by taking (3.6.17) into considera- 
tion. Equation (3.6.18) can be rewritten in the form 

dm/(m + 6) = G fa — 1) dt', (3.6.19) 

where 6 = e (ra x + re")/(«i — !)• Integration of this equation gives 



dm ^=G( ni -l)\dt'. 



mi 



Consequently, we get 

m (f) = (mj, + 5) exp [G fa — 1) t'\ — 5. (3.6.20) 



37 It is impossible to indicate a clear-cut demarcation between the linear 
and nonlinear generation stages. 
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It can be shown (see, for example, [4]), that 

m 1 = E(n 1 + „»)/(^_-n 1 ) 



(3.6.21) 



Since (Q/Qmm — n i)^> ("i — 1) as a rule, it follows from (3.6.21) 
that m x <C 6. Hence (3.6.20) may be written in the form 

m («') = 8 [exp [G (bj - 1) t'\ - 1]. (3.6.22) 

It may be considered that formula (3.6.22) describes quite well 
ohe part of the curve m (f) which corresponds to the shaded are.i 
tn Fig. 3.31. The duration t' B of this stage is treated as the duration 
if linear growth of generation. 




Fig. 3.31 

Substituting m = w max /2 in (3.6.22), we can evaluate the mag- 
nitude of t' : 

t' Q = [1/G (n x - 1)] In (ra max /28) (3.6.23) 

(we consider that 8 <m max ). Using Eq. (3.6.12), we can transform 
(3.6.23) into 

T ,_ G(«i — 1 — In n x ) 



^o — *o*l — 



n x — 1 



In 



2e (ftj + »*)/(»!— 1) 



(3.6.24) 



Let us consider a specific numerical example: T = 10~ 8 sec, n x = 
= 3.5, n" = 10 2 , G = 10 5 , and e = 10~ 13 . In this case, the expres- 
sion (3.6.24) gives t = 1.5 X 10 -7 sec = 150 nsec. 

Energy Characteristics of a Giant Pulse. Taking Eqs. (3.2.27) 
and (3.2.35) into account, the power P of the generated radiation 
may be expressed in the form 



P = ^out s = h(0VV\ 2 MV 



(3.6.25) 



where s is the illuminating area of the end face of the active ele- 
ment, and V is the volume taking part in the generation. Using 
(3.2.36) and (3.2.52), we can rewrite (3.6.25) in the form 



Gm 

% + T)2 $BT\ 



r\ 2 



V-. 



T) 2 Gm 



(3.6.26) 
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Introducing the dimensionless output power 

we can rewrite (3.6.26) in the form 

p = Gm. (3.6.28) 

Using (3.6.12), we get an expression for the maximum value of 
the output power (in dimensionless form) 

Pmax - Gm max = G 2 («! - 1 - In «,)• (3.6.29) 

Let us examine the possibility of increasing the value of p max - 
In this connection, it should be recalled that w x = -/Vj/./V thr = 
= BhN^Q. From this, two ways of increasing the value of n r can be 
visualised: by increasing N x or by increasing Q. Since the function 
F (nj) = «x — 1 — In »! increases monotonically with increasing 
«! (in the region n x > 1 which is of interest to us), and G 2 does not 
depend on N lt it follows that the output peak power must increase 
with increasing TV, (with increasing pumping power). It should be 
remembered that an increase in N x is restricted by the magnitude of 
n' (N-^ < n'), i.e. the inverse population density cannot apparently 
exceed the limit when all the active centres have been transferred 
to the upper laser level. 

Let us assume, however, that we prefer to fix N t and increase Q. 
Considering that G = T^IQ, we can rewrite (3.6.29) in the form 

Pmax (Q) = (« 2 /<? 2 ) (bQ-i- In bQ), (3.6.30) 

where a = T^ and b = BhN^ 

Equating the derivative dp max /dQ to zero, we can obtain an optimal 
value Q ov t f° r the Q-l actor of the resonator, which results in maximum 
output peak power. It can be easily seen that @ opt is defined by the 
equation 

fttfopt - 1 = 2 In 6<? opt . (3.6.31) 

whence 

Wopt = "opt i = 3.5. (3.6.32) 

It is useful to rewrite the result (3.6.29) in a form which does not 
use dimensionless quantities. Besides, it should be remembered that 

n 2 = (1/2L) In (II R), 

where L is the resonator length, and R is the coefficient of reflection 
of the output mirror (the second mirror is considered to be totally 
reflecting). Using (3.6.27), we get the following relation from (3.6.29): 

P max ,4ncoiV iys ln-L[l-^-(l + l„J^)j. (3.6.33) 
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Putting Ni/Nthr — 3.5, we get an expression for the maximum 
output peak power of the pulse: 

Pmll = O.lhuN&s In (1/7?). (3.6.34) 

Let us now estimate the energy of the emitted giant pulse. If 
during the process of emission, the inverse population density 
decreases from JV t to N t , it means that (1/p) (N x — N t ) photons 
were generated per unit volume of the active medium. Multiplying 
this number by the photon energy hu>, the generating volume V of 
the active medium, and the ratio 'nVC'li + n 2 ) describing the frac- 
tion of the generated light energy emerging from the resonator 
mirror in the form of useful radiation, the giant pulse energy is 
given by 

U = (fcco/p) V (N x - N t ) Tu/(th + us)- (3-6.35) 

Duration and Shape of a Giant Pulse. As has been mentioned 
above, the main part of pulse energy is emitted at the stage of non- 
linear growth of generation, hence by the pulse duration we mean 
the duration t x of this stage. In order to estimate the value of t x , 
we divide the pulse energy U by its peak power P max : 

t t « UlP m8LX . (3.6.36) 

In accordance with (3.6.35), we can write U in the form 

U = (ftco/B) VN thT (n, - n t ) VOli + n 2 ), (3.6.37) 

while P max can be written in accordance with (3.6.26) and (3.6.29), 
as follows 

p,nax = ^THir W[ G ' 2 ("< - i - In n ^- < 3 - 6 - 38 ) 

Dividing (3.6.37) by (3.6.38), we get 

h = n^BN tbT -p- %=p . 

Considering that haB = ov, N thT = II Tin, and G = T y lT, we 
finally get 

t x = T (n x — »,)/(«! — 1 — In nj. (3.6.39) 

Let us consider a numerical example: T = 10 -8 sec, n i = 3.5, 
n t = 0.1. In this case, we get t x — 2.8 X 10 -8 sec = 28 nsec. 

Neglecting n t which is small in comparison with n x , we can re- 
write Eq. (3.6.39) in the form 

1/*! = CUTnJ ( ni — l— In n x ) (3.6.40) 

or, considering that n x = BhN x Q, 

Mh = (constA? 2 ) (bQ - 1 - In bQ), (3.6.41) 
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where b = BhN t . Comparing (3.6.41) and (3.6.30), we find that 
the peak pulse power and the reciprocal of its duration have an 
identical dependence on Q. The pulse duration attains a minimum 
value for the same value of Q-factor, for which the peak pulse power 
has maximum value (i.e. for bQ opt = n°^ = 3.5). It follows from 
this that a decrease in the peak power of a giant pulse with increas- 
ing Q in the region bQ > 3.5 is due to a protraction of the pulse. 




2.8 r.>— 



1/3.5 1 l/n, 

Fig. 3.32 




8 t/T 



Figure 3.32 shows the dependence of the giant pulse duration on 
1/rej, as described by Eq. (3.6.40). In the region A, a protraction of 
pulse with decreasing n x is explained by a slower increase in the 
number of photons in the resonator as the generation threshold ap- 
proaches, thus increasing the pulse growth time. In the region B, 
a protraction of pulse with increasing n x is explained by a protraction 
of the pulse decay with decreasing losses. 

It can be easily seen that the pulse form inevitably changes with 
increasing n x . As a matter of fact, an increase in n x leads to a decrease 
in the pulse growth time, while the decay time must increase for 
sufficiently large values of n x . If for small values of n x a giant pulse 
has a symmetric form approximately, a transition to asymmetric form 
is inevitable with increasing re 1? when the pulse growth time becomes 
considerably less than the pulse decay time. This is clearly seen 
from Fig. 3.33 which shows the giant pulse form obtained for three 
different values of n x with the help of a computer [97]. The instant 
of time corresponding to the peak pulse power is chosen each time 
at the starting moment. 

Giant Pulse Generation for Different ^-switching Times. The 
balance equations averaged over the length of the resonator (Statz- 
De Mars equations) give a correct description of the generation 
process only when the duration of the pulse is greater than the time 
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spent in a round-trip of the radiation through the resonator. In 
order to consider generation of sufficiently short pulses (duration 
less than 10 nsec) it is essential to consider the spatial effects. In 
such a case, balance equations cannot be used. 

A more correct approach is based on the use of partial differential 
balance equations (in other words, the balance equations which 
are not averaged over the length of the resonator). The radiation 
density and the inverse population density appearing in these equa- 
tions depend not only on time but also on the longitudinal spatial 




t, nsec 



coordinate. This kind of approach has been adopted in [24], where 
the following system of partial differential balance equations is 
used: 

dS + _ t 



dS + 1 

dz "r" v 



1 



dt 



dz 
dN 



dt 



-2 



dt 
ON 



-■(oN- 
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I 

-t|i)5_; \ 



(S + + S_). 



(3.6.42) 



This is the familiar system (3.2.18) in which the last equation has 
been modified in accordance with the specific nature of the problem 
(the relaxation and pumping processes during the giant pulse emis- 
sion have not been taken into account). On the basis of numerical 
analysis of balance equations (3.6.42) carried out with the help of 
a computer, the form of the light pulse has been found out for differ- 
ent values of ^-switching time t Q (Fig. 3.34). This figure shows the 
dependence of light pulse power P on time t (the instant t = 
indicates the onset of generation) for values of t Q equal to 1.5 nsec 
(curve 1), 3 nsec (curve 2), 10 nsec (curve 3), 20 nsec (curve 4), 
40 nsec (curve 5), and 60 nsec (curve 6). Let us denote as t the time 
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taken by radiation for a round-trip through the resonator. In this 
case x «2 nsec. It can be easily seen from the figure that for a 
rapid ^-switching (t Q s£ t ), the generated pulse acquires a substruc- 
ture modulated with a period of the order of x . This substructure is 
due to a non-stationary redistribution of the field intensity and 
the inverse population density along the length of the active ele- 
ment. 




Fig. 3.35 

An increase in (^-switching time leads to the disappearance of this 
substructure of the giant pulse, as well as to an increase in the linear 
pulse growth time (t ) and a decrease in the pulse energy. The latter 
is due to the fact that for t Q > t , the generation takes place under 
conditions of high losses. 

For a sufficiently slow ^-switching (when t Q ^$> t ), several light 
pulses may be independently generated [1]. The dynamics of pro- 
cesses 3 taking place in this case is shown in Fig. 3.35. The function 
N (t) is shown in the upper half of the figure and the dashed line 
depicts the function iV thr (t) corresponding to a slow growth of the 
resonator ^-factor. The lower half of the figure shows the function 
M (t) whose shape indicates the emission of the three pulses consid- 



38 In this case (just like in the case of instantaneous ^-switching), we 
can use the averaged balance equations. 
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ered in this case. The instant of time t A indicates the beginning of 
variation in the inverse population density (the (Mactor begins 
to increase at this moment). At the instant t B , the curves N vs. / 
and A thr vs. t intersect, and the generation of the first pulse begins, 
passing successively the stages of linear (duration t ) and nonlinear 
(duration i x ) growth. As a result of the emission of the first pulse. 
the inverse population density falls below the threshold level. The 
continuing decrease in the threshold level results in another intersec- 
tion of the N vs. t and A* th - vs. t curves at the instant t c . This in- 
stant corresponds to the generation of the second pulse. Later, at 

Giant 
pulse 




30 40 50 60 f,nsec 




20 40 



nsec 



Fig. 3.36 



Fig. 3.37 



tlie instant t D , the third pulse begins to form. The process of pulse 
emission is terminated when a constant value of threshold level 
corresponding to the maximum <?-factor is established. 

Pulse Growth in a Direction Perpendicular to the Resonator Axis. 
A nonuniform distribution of the inverse population density along 
the cross section of the active element leads to a certain growth of 
the generation process in a direction perpendicular to the resona- 
tor axis. For a higher initial inversion in the axial region of the 
active element, the generation starts near the axis and propagates 
outwards over a certain period of time, ultimately engulfing the 
entire volume of the active element, which is filled with the modes 
excited in the resonator. A giant pulse may be treated as the sum of 
pulses emitted by various regions in the cross section of the active 
element. These pulses are displaced along the time axis, and each 
of them has a duration lower than the duration of the entire giant 
pulse. Figure 3.36 illustrates this situation [29]. The fine structure 
of the giant pulse in a ruby laser (with an instantaneous ^-switch- 
ing), depicted in the upper half of the figure, consists of three 
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pulses: 1 is the pulse emitted by the central region of the end face of 
the active element (the radius of this region is given by 0.5a, where 
it is the radius of the entire illuminating face), 2 and 3 are pulses 
omitted by circular regions of the end face, formed by rings of radii 
0.5a, 0.75a and 0.75a, a respectively. The lower half of the figure 
shows the p (t)fa vs. t curve, p (t) being the radius of the generation 
region at the moment t. In the linear generation growth stage, genera- 
tion takes place in the axial region of the active element. With the 
onset of nonlinear stage, generation grows in the transverse direc- 
tion. With increasing gain of the active medium and decreasing 
aperture, the duration of the process of "spreading" of generation 
over the cross-section of the active element decreases. 

A considerable decrease in the duration of this process takes place 
in lasers with unstable resonators, whose nature ensures a rapid growth 
of generation from the axis of the active element towards the periph- 
ery. Figure 3.37 shows the fine structure of a giant pulse in a ruby 
laser with an unstable resonator [99]. Here, 1 is the pulse formed in 
the axial region (with a radius of 0.5a), while 2 is the pulse formed 
in the reinaining volume of the active element. For the case con- 
sidered in this figure, we can actually consider that there is a simul- 
taneous generation from the entire transverse cross section of the 
active element (pulse 2 lags behind pulse 1 by just 1 nsec). 

3.7. BLEACHABLE FILTER LASERS 

Bleachable Filter. A bleachable filter is a nonlinear resonance ab- 
sorber capable of a reversible change in the absorption coefficient 
under the action of a sufficiently high intensity light beam of a cer- 
tain frequency. A bleachable filter consists of molecules (atoms) 
which resonantly absorb radiation at the transition frequency for 
a given laser. These molecules (atoms) are called absorbing centres. 
The basic principle behind a bleachable filter is the nonlinear optical 
effect of bleaching of the medium: the initially opaque medium be- 
comes transparent (bleached) as the intensity of the radiation inci- 
dent on it increases. 

Solutions of organic dyes like cyanine (phthalocyanine and kryp- 
tocyanine) dyes and polymethine dyes are frequently used as bleach- 
able media. Cyanine dyes are used in ruby lasers, while polymeth- 
ine dyes are used in activated Nd-lasers (see, for example, [6, 100- 
103]. 

While considering the interaction of radiation with absorbing 
centres, a two-level or three-level model is employed for the bleachable 
medium. We shall consider the two-level model below. 

The energy difference between the absorbing centre levels must 
correspond to the frequency <u of the transition in the active centre 
of the laser. At the initial stage, all the absorbing centres are situ- 
ated at the lower level, and the filter has maximum opaqueness 
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(unbleached state of the filter). In this state 

n la = n' a ; n 2a = 0, 

where n' a is the total number of absorbing centres per unit volume; 
and n la and n 2a denote the population density of the lower ami 
upper levels of the absorbing centre respectively 39 . Irradiation of 
the filter by light of generation frequency leads to resonant absorp- 
tion and induced emission, accompanied by transitions of absorbing 
centres between the two levels considered above. Since n 2a < n l „, 
resonant absorption will be predominant, and thus the difference" 
(n la — n 2a ) will gradually decrease, i.e. the filter starts getting 
bleached. For a sufficiently high intensity of radiation, the difference 
(n la — n 2a ) in population densities may become equal to zero. 
In this case, the coefficient of resonant absorption also becomes zero, 
and we get the maximum bleaching of the filter: 

n la = «2a = «o/2. 

Upon termination of the radiation, the relaxation processes ensure 
a return of the absorbing centres to the lower level. Consequently, 
the filter returns to its initial (unbleachable) state. 

Balance equations for the population density of the absorbing 
centre levels for a two-level case may be written in the form 

— tf a n la - tJ a n 2a - -j— ; 

Ul > (3 7 1) 

dn la r> S jj S . n. 2n I 

— D a n la - tf a n ia - 



ai v a v a l la 

Here, S is the density of the light flux averaged over the length of 
the filter, B a is the Einstein coefficient for induced transitions be- 
tween levels of an absorbing centre, v a is the velocity of light in the 
filter, and T la is the longitudinal relaxation time for the filter (i/T la 
is the probability of spontaneous transitions from the upper level 
to the lower one). 

We introduce the inverse population density for the levels of an 
absorbing centre 

N a = n 2a — n la . 

The quantity N a is negative, since n ia < n la . Substracting the sec- 
ond equation from the first one in (3.7.1) and considering that 
n ia + n 2a = n' a , we get 

dNjdt = -2B a N a Slv a - (N a + n a )/T la . (3.7.2) 

It should be noted that in the initial state (at the moment t = 0) 
N a (0) = -n' a . 



39 The index a in the notation used here indicates that the corresponding 
quantity characterises the bleachable filter. 
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Next, we introduce the linear coefficient x, a of resonant absorption 
of the filter. By analogy with (3.2.5), we can write 

x a = -a a N a , (3.7.3) 

where a u is the cross section of induced transitions between the 
levels of the absorbing centre. By analogy with (3.2.9), we get 

a a = B a ha/v a . (3.7.4) 

The quantity 



= —o a N a (0) = O a *a 



(3.7.5) 



is the initial coefficient of resonant absorption, i.e. the absorption 
coefficient of the filter in the initial (unbleached) state. 




Fig. 3.39 



Taking into account (3.7.3) and (3.7.5), we can rewrite (3.7.2) 
in the form 

dx. a 



dt 



■2B tt x a -?- + -2i 



T la 



For the stationary state (dxjdt = 0), we get 



*„($)< 



where 



1 + (S/Sthr)' 

Sthr = vJ2BJ la = h<s>l2o a T lc 



(3.7.6) 

(3.7.7) 
(3.7.8) 



is conventional threshold density of the light flux, at which the 
coefficient of resonant absorption is reduced to half its value. The 
x a vs. S dependence given by formula (3.7.8) is shown in Fig. 3.38. 
The total absorption coefficient r\ a for the filter is the sum of the 
coefficients of resonant and nonresonant absorption: 

11a (S) = * a (S) + % a . (3-7.9) 

The nonresonance absorption coefficient n la is independent of S. 
It is connected with the absorption of radiation by those molecules 
(atoms) of the filter which are not absorbing centres, and hence 
may be called the coefficient of unfavourable losses in the filter. 

Differential Equation for the Averaged Density of Light Flux. 
Figure 3.39 shows a bleachable filter laser. Here, 7 is the active 
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element, 2 — the pumping system, 3 — the bleachable filter, and 4— thn 
resonator mirrors. We introduce the following notations: I, l a , and /, 
represent the lengths of the active element, the filter, and the reso 
nator, respectively; v = c/n and v a = cin a are the velocity of light. 
in the active element and that in the filter, respectively. 

In order to obtain a differential equation for the averaged light flux 
density over the length of the resonator under consideration, we use 
Eq. (3.2.25) which can be rewritten in the following form with 
the help of (3.2.26): 

S 0Ui + -\ r ^§- = la{N)(S)-ly\ l {S). (3.7. Id) 

In order to generalise Eq. (3.7.10) to the case of a laser with a 
filter (applicable for the case shown in Fig. 3.39), it should be con- 
sidered that while averaging the flux density over the length of 
the resonator, it is necessary to take into consideration different 
properties of the active element and the filter. In the present case, 
we get 

L 

f dS (z, t) dz _ r l l a L—(l + l a ) 1 d(S) 



= r_L + la 

L v ] v a 



J dt v (z) I v v a ' c J dt ' 



L 

j a (2) N (z, t) S (z, t) dz = la (N) (S) + l a o a (N a ) (S); 

o 

j n, (z) S (z, dz = Zt 1i (S) + l a r\ la (S). 
o 

It can be seen from here that the following equation is equivalent 
to Eq. (3.7.10): 

C ,|"l , la , L — (l + lq) 1 d(S) 

A out + [ — + — n - J -^f 

= Za (N) (S) + l a o a (N a ) (S) - Z% (S) - l a r\ la {S). (3.7.11) 

Let us introduce the filling factor for the active medium in the 
resonator: 

In ljv_ C^l \9\ 

•*--- ln + l a n a + \L-(l + l a )\ — U» + lal» a + \L-(l+l a )\lc ' ^''' *> 

Using this factor and omitting the angle brackets (...) in order 
to simplify the notation, we can rewrite Eq. (3.7.11) in the form 

I dS 



oUt+ jti; dt 



■l(oN + h-o a N a )S 



-l(M + T-nia)s. (3.7.13) 
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further, considering that in accordance with (3.2.27), 5 0Ut = 
■■* lSv\ 2 , we get 

1 dS I ..„ , In 






(3.7.14) 



Equation (3.7.14) is a generalisation of the first equation in (3.2.32) 
for the case of a bleachable laser. 

Finally, let us introduce the parameter T which denotes the 
lifetime of a photon in the resonator: 

T = [>„ (ru + (IJl) ti 1o + n^l" 1 - (3-7.15) 

Equation (3.7.14) may now be written in the form 

dSldt = \ivoNS — nv (IJl) o a N a S — (1/T) S, (3.7.16) 

or, if we take (3.7.3) into account, 

dSldt = \ivoNS — \iv (IJl) v. a S — (1/T) S. (3.7.17) 

Complete System of Balance Equations for a Bleachable Filter 
Laser. The complete system of balance equations must include 
Eq. (3.7.17) or (3.7.16) for averaged density of light flux in the 
resonator, the balance equation for the active element, and the 
balance equation for a bleachable filter. As the balance equation 
for the active element, we choose the second equation in (3.2.37), 
while Eq. (3.7.6) is chosen as the balance equation for the filter. 
Thus, the complete system of balance equations for a bleachable 
filter laser has the following form: 



-^-= l ivoNS- i iv-^x a S-±-S; 



dN 
dt 



-P 



hta 



NS- 



Ti 



una o °« ., C 

dt h(0 a 



(3.7.18) 



The required functions in this system are the density of the light 
flux in the resonator, S (t), the inverse population density in the 
active element, N (t), and the resonance absorption coefficient in 
the filter, x a (t). Of course, instead of the last function, we can also 
consider the inverse population density in the filter, i.e. the func- 
tion ,V (*). 

It should be recalled that the time T 1 is determined by the pump- 
ing probability w p and the probability of spontaneous transitions, 
1/t, in the generation channel: 

1/7 7 ! = w p + 1/t (3.7.19) 
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while the pumping parameter N is defined (for a three-level laser) 
by the relation 



N = n' (w p x — \)l(w v x + 1). 



(3.7.20) 



Let us write the system of equations (3.7.18) in the dimensionless 
form, using the dimensionless time ? (? = tlT x ; dfdt = T'^dldt'), 
the dimensionless field intensity 

m (?) = PS7VS (?)!v = froT^ (*')/»©, (3.7.21a) 

the dimensionless inverse population density in the active element, 

n (?) = pvoTN (?), (3.7.21b) 

and the dimensionless inverse population density n a (?) in the 
filter, given by 



n a (?) = -\ivTx a (?) IJl. 



(3.7.21c) 



Taking into account Eq. (3.7.21), the system of balance equations 
(3.7.18) may be written in the following form: 



dm 
dt' 


1 


= 


dn 
dt' 


1 
Ti 


=z 


dn a 


1 





■m 



n„ 1 

— m — — w ; 



-jjt-n+^-iiLvoTNo-n); 



) 
I 

} (3.7.22) 



2a„ 



■n„ 



T la ( 



la 



df t x - - ]jo r y: ■-« • - t^; i ~ ^^"r Tx ° a -"*)• J 



With the help of the dimensionless parameters 40 

G = TJT; 8 = TjT la \ p = 2a a /pa; 

a = \ivoTN ; 
a a = —nvTK 0a l a Jl = —\ivTo a n' a l a ll. 
The system of equations (3.7.22) assumes the form 



dmjd? = Gm (n + n a — 1); 
dn/d? = a — rc (m + 1); 
dnjdf = a a 8 — K a (pm + 6) . 



(3.7.23) 
(3.7.24) 
(3.7.25) 



(3.7.26) 



The system of balance equations (3.7.18) (or its dimensionless 
form (3.7.26)) is essential for considering the development of proc- 
esses in a single-mode bleachable filter laser [2, 4, 7, 17, 104, 105] 41 . 



40 It should be recalled that the dimensionless parameters G and a have 
already been used, for example, in Eq. (3.2.52). 

41 A generalisation of the system of balance equations for the multimode 
case has been carried out in [106]; see also [4J. 
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Steady-state Solutions of the System of Balance Equations. In 

order to consider the stationary case, we get 

dmJdt' = 0; dnldt' = 0; dnjdt' = 0. 
The system of equations (3.7.26) then assumes the form 
m(n + n a — 1) = 0; -» 

» = a/(l + in); I (3.7.27) 

n a = ajli + (p/6)m]. J 
It can be easily seen that this system has three solutions: 

(A) m A = 0; n A =a; ra aA = a a ; (3.7.28) 



(B) m fl = (l/2)[<D + y<D» + 4(6/p)(a + a a -l) ], 
where (D = a — l + (8/p) (a a — 1); 
ra B = a/(l + m B ); 
n aB ^=a a l[i-\-{plb)m B ]\ 



(3.7.29) 



(C) m c = (l/2) [(D-]/(D2 + 4(5/p)(a + a a -l) ] ; 

n c = o/(l + m c ); } (3-7.30) 

«ac = a a /[l + (p/8)m c ]. 

The solution (3.7.28) describes the steady state which is usually 
the initial one. In this state, there is no generation (m A = 0), the 
active element is characterised by a high value of the inverse popu- 
lation density (n A = a), and the filter is in the unbleachable state 
(n 0A = a a ). The generation may be described by either of the solu- 
tions (3.7.29) and (3.7.30), but it is essential that the value of 
m B (or m c ) obtained from (3.7.29) (or (3.7.30)) must have a physical 
meaning, i.e. must be real and nonnegative: 

lm{ro} = 0; m>0. (3.7.31) 

Here, m represents any steady-state solution for the field intensity, 
having a physical sense. 

It is very important to examine the solutions (3.7.28)-(3.7.30) 
from the point of view of stability. It should be recalled that if a 
state is non-stationary even slight fluctuations in the value of m (as 
well as in the values of n and n a ) may irreversibly remove the system 
from a given state, while in the steady state, the system will al- 
ways return to the state under consideration. In order to examine 
the stability of a certain stationary state (to, n, n a ), we put 

to = to + Ato, n = n + An, n a = n a -\-An a , (3.7.32) 

where Ato, An, and An a are small deviations of the respective quanti- 
ties from their stationary values. Substituting (3.7.32) into (3.7.26), 

19-0436 
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we consider that m, n, and n a satisfy the system of equations (3.7.27), 
and neglect products of the type AmAn as quantities having a second 
order of smallness. Consequently, we get the following system of 
linear differential equations for functions Am (£'), Are (t'), and 
An a (O 42 : 

d Am/dt' = G(n + n a — l) Am + Gm An + Gm An a ; 

d An/dt' = — n Am — (m + 1) An; 

d An a /dt' = — n a p Am — (pm + 6) An a . 

Characteristic equation corresponding to this system of linear differ- 
ential equations may be written in the form 



= 0. 



(3.7.33) 

This is a third-order algebraic equation, whose roots can be given 
as p t , p 2 , and p 3 . If the real parts of all these roots are negative, 
the state (m, n, n a ) is stationary. If even one of the roots has a pos- 
itive real part, the state under consideration will be non-station- 
ary [87]. 

It should be emphasized that under certain conditions (for certain 
values of the parameters G, p, 8, a, and a a ), both stationary oscil- 
lation states (3.7.29) and (3.7.30) are unstable. This means that 
even for stationary pumping and stability of parameters of the active 
element, filter, and resonator, the oscillations in a laser with a bleach- 
able filter may be non-stationary. In other words, the presence of 
a bleachable filter inside a resonator may lead to instability of 
stationary oscillations. 

Instability of Initial Stationary State and the Condition for Self- 
excitation of Generation in a Bleachable Filter Laser. The question 
of stability (instability) of an initial stationary state (3.7.28) is of 
utmost importance for exploring the possibility of self-excitation 
of oscillations in a bleachable filter laser. Let us suppose that the 
state (3.7.28) is stable. In this case the fluctuations in the density 
of the field and the inverse population density cannot lead to laser 
action. Irrespective of the increase in the pumping intensity, the 
filter laser invariably remains close to the initial state (3.7.28). 
In other words, the stability of the state (3.7.28) means that the 



42 The procedure followed here is called linearisation of a system of nonlin- 
ear equations in the neighbourhood of a steady-state solution. Such a procedure 
was adopted earlier (in Sec. 3.3) while considering free generation. 
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pumping of the active element by itself (without any additional 
influence on the system) cannot cause generation in a bleachable 
filter laser. In order for generation to occur during pumping of the 
active element, the state (3.7.28) must be unstable. 

The characteristic equation (3.7.33) assumes the following form 
for the state (3.7.28): 



G(a + a a — i) — p 

— a — 1 — p 

— a a p — 8 — p 



= 



or, 



[G (a + a a - 1) - p] (-1 - p) (-8 - p) = 0. (3.7.34) 

The roots of this equation are given by 

p x = G (a + a a — 1); p 2 = — 1; p 3 = — 8. (3.7.35) 

All these roots are real, p 2 and p 3 being negative. It follows from 
this that the question about stability (instability) of the state 
(3.7.28) is connected with the negative (positive) value of the root p x . 
This state will be unstable if the root is positive, i.e. if 



a>( — o + l). 



(3.7.36) 



The condition (3.7.36) is the necessary condition for self-excitation 
of oscillations in a bleachable filter laser. It should be noted that 
in the absence of a filter, the condition (3.7.36) is transformed into 
the generation condition (3.2.54). 

Let us now consider the physical significance of the condition 
(3.7.36). Using (3.7.23), this condition can be rewritten in the form 
oN > [x 0a (Ijl) -f (i/\ivT)], or, if we take (3.7.15) into account, 
in the form 



ON > (x « -y- + 111 + Th« \ + T| 2 ) . 



(3.7.37) 



The product oN is the initial gain x . Consequently, the condition 
(3.7.37) is just the familiar condition (2.1.10) for a bleachable 
filter laser. This condition means that for self-excitation of oscilla- 
tions, it is essential that the initial gain should exceed the loss level, 
which in this case is the sum of the initial coefficient of resonant 
absorption of the filter, the coefficients of unfavourable losses in the 
active element and the filter, and the coefficient of favourable losses 
connected with the extraction of radiation through the resona- 
tors. The coefficients related to the filter are taken per unit length 
of the active element, i.e. are multiplied by Ijl. 

19* 
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Generation by Soft and Hard Excitation. The condition Im {m} = 
(see (3.7.31)) means that the inequality 

{[a - 1 + (8/p) (a a - 1)P + 4 (6/p) (a + a a - 1)}> (3.7.38) 

must be satisfied. Together with the requirement m^O, the inequal- 
ity (3.7.38) defines the conditions under which generation is pos- 
sible in a bleachable filter laser. Significantly, these conditions are 
less rigid than the conditions defined by the inequality (3.7.36). 
In Fig. 3.40, three regions marked as I, II, and III are isolated 
in the (a, a a ) plane (only the negative values of the parameter a a 
and positive values of the parameter a are considered). The straight 
line 1 in the figure satisfies the equation 

a + a a — 1 = 0, (3.7.36a) 

while the broken curve 2 satisfies the equation 

[a + 1 + (6/p) (a a - l)] 2 + 4 (8/p) (a + a a - 1) = 0. (3.7.38a) 

The point C has coordinates 

a' = (1 - 8/p)- 1 ; a' a = - (6/p) (1 - 6/p)" 1 . (3.7.39) 

This is the tangency point for the straight line 1 and the curve 2. 





Fig. 3.40 



Fig. 3.41 



The condition (3.7.36) is satisfied in the region I in Fig. 3.40. 
This is the region of self -excitation of generation in a laser with a filter. 
In region III, the condition (3.7.38) and the additional requirement 

m~^ are not satisfied (i.e., the conditions (3.7.31) are not satisfied 
in the region III). This is the region in which generation is generally 
impossible in a filter laser. In region II, generation is possible but self- 
excitation is impossible. In this case, in order to induce generation, 
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it is necessary to irradiate the filter by radiation from an auxiliary 
source like an additional laser, besides pumping the active element. 
Such a method of inducing generation is called hard excitation, while 
the term soft excitation is used for the self-excitation. Thus, the 
regions I, II, and III shown in Fig. 3.40 are regions of generation 
by soft excitation, generation by hard excitation, and no generation 
respectively. The straight line 1 is called the threshold line while 
the curve 2 is called the boundary curve. 

The necessary condition for the existence of the hard excitation 
generation region is given by 

8/p < 1. (3.7.40) 

The lower the ratio S/p, the larger the region of generation by hard 
excitation. This is illustrated in Fig. 3.41. The point C x in the figure 
corresponds to the case when 8/p<Cl; this region of generation by 
hard excitation is shaded by continuous lines. As 8/p increases (i.e. 
as this ratio approaches unity), the point C x moves downwards 
along the straight line a + a a — 1 = 0, and goes to infinity for 
8/p = 1. The figure shows another point, C 2 , with a somewhat higher 
ratio 8/p than for the point C x . The corresponding region of genera- 
tion by hard excitation is shaded by alternating continuous and 
broken lines. 

Stability (instability) of Stationary States for Generation by Soft 
Excitation. If the condition of generation by soft excitation (con- 
dition (3.7.36)) is satisfied, we get 0> < V O 2 + 4 (6/p) (a+a — 1), 
and hence m B < 0. This means that in the region of generation by 
soft excitation only the stationary solution (3.7.29) is possible (in 
the region of generation by hard excitation, both solutions (3.7.29) 
and (3.7.30) are possible). 

The stability of solutions (3.7.29) and (3.7.30) has been examined 
by a number of authors (see, for example, [7, 104, 105], as well as 
[2, 4]). We shall now give some results of these investigations, 
confining ourselves to the case of generation by soft excitation. 
(This requires a consideration of the solution (3.7.29) 43 only.) 

It can be shown that the straight line 

a + p8a a = (3.7.41) 

isolates the region in the (a, a a ) plane where the solution (3.7.29) 
is stable in all cases. This region is called the absolute stability 
region, and is situated above the straight line (3.7.41). Below this 
straight line, unstable stationary states (3.7.29) are possible. 

If p8 < 1 , the straight lines a + pSa a = and a + a a — 1 =0 
do not intersect (in the region of negative values of the parameter 
a a ) — see Fig. 3.42a. The region shaded by continuous lines marks 

43 It should be noted that the solution (3.7.30) is always unstable. Hence 
an analysis of the stability of stationary oscillations in any case is reduced to 
an analysis of the stability of the solution (3.7.29). 
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the boundary of the region of absolute stability while the dashed 
lines mark the boundary of the region of generation by soft excita- 
tion (self-excitation}. In this case, the region of generation by self- 
excitation is entirely within the region of absolute stability. 
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Fig. 3.42 

A more interesting (and practically more important) situation 
arises when 

P 8 > 1. (3.7.42) 



In this case, the straight lines a + p6a a = and a + a c 







intersect (Fig. 3.426). The point of intersection D has coordinates 
a' = p5/(p5 - 1); a' a = — l/(p5 - 1). (3.7.43) 

In this case an overlapping of the regions of self-excited generation 
and instability is possible. Region I in Fig. 3.426 is the region where 
self-excitation and absolute stability are combined. In region II 
(shown shaded in the figure), self -excitation may exist together with 
the instability of stationary oscillations. In order to specify the con- 
dition of instability it is convenient to consider separately the cases 
p>6, p « 6, and p <C 8. 

If p ^> 8, the stationary solution (3.7.29) may be 



m B = a— 1; n B = 1; n aB = 5a /p (a — 1). 



(3.7.44) 



Substituting these values in the characteristic equation (3.7.33) 
we arrive at the following instability condition: 



-a a > (p/G5) a (a — 1), 



(3.7.45) 



isolating a certain region of instability within the region II in 
Fig. 3.426 (this region of instability is not shown in the figure). 
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If p<c6, the stationary solution (3.7.29) may be written in the 
form 

m B = —. — | ; n B =l-a a ; 

■ . , (3-7.46) 

-..-^(i-t^E 1 -). 

In this case, the instability condition for stationary oscillations has 
the form 

- a a > 8<x/Gp (a - 1). (3.7.47) 

If p » 6, the stationary solution (3.7.29) is given by the relations 

m B = a + a a — 1; n B = a/(a + a a ); n aB = a a /(a + a a ). 

(3.7.48) 
This leads to the following instability condition: 

—a a > a/p8. (3.7.49) 

This inequality may be written in the form 

a + p8a a < 0. 

Hence the instability region of stationary oscillations in this case 
is identical to the region II shaded in Fig. 3.426. 

Generation in a Bleachable Filter Laser. First of all, it must be 
remarked that two types of generation are possible — by soft excita- 
tion, and by hard excitation. In the latter case, an external illu- 
mination source is needed for additional bleaching of the filter. 
Generation by hard excitation is possible only for 6 < p. 

If the condition (3.7.42) is satisfied, i.e. if pfi > 1, it is advisable 
to isolate two regions in the (a, a a ) plane, shown in Fig. 3.426 
as regions I and II. If the parameters a and a a are in region I, the 
generation (by soft excitation) will be attained in the following man- 
ner: oscillations are self-excited as soon as the pumping increases 
the inverse population density n in the active element to its threshold 
value ( — a a + 1). The instant t' of the beginning of generation is 
thus described by the relation 

n (t') = —a a + 1. (3.7.50) 44 

If certain conditions are satisfied (these conditions will be discussed 
in the following section), the generation will be of single pulse type, 
and a giant pulse will be emitted. Periodic generation of giant pulses 
is obtained in this case for stationary pumping. If the conditions 
for giant pulse generation are not satisfied, damped pulses of radia- 
tion may arise, resulting in stationary oscillations. 



44 In the absence of a filter, the expression (3.7.50) is converted into the 
familiar relation n (t') = 1; see, for example, (3.3.28). 
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Suppose that parameters a and a a are inside region II shown in 
Fig. 3.426, being in the instability region of stationary oscillations. 
As in the previous case, oscillations are self-excited as soon as the 
pumping ensures that the condition (3.7.50) is satisfied. The genera- 
tion has a specific nature, which is connected with the instability 
of stationary oscillations. In this case, undamped radiation pulses 
as well as giant pulses may be emitted. 

3.8. GIANT PULSE GENERATION FOR PASSIVE 
<) -MODULATION OF THE RESONATOR 

Among the various methods of passive (^-modulation in a resona- 
tor, let us isolate the methods based on the application of bleachable 
filters. The bleachable filter lasers have been discussed in the pre- 
vious section. We shall now consider the conditions which ensure 
giant pulse generation in such lasers, and discuss the nature of this 
process. 

Conditions for Ensuring Giant Pulse Generation in a Bleachable 
Filter Laser. Giant pulse generation presumes a large value for 
the coefficient of resonant absorption x 0a in the filter (for small val- 
ues of x oa , a bleaching of the filter leads to a small increase in Q). 
Since, in accordance with (3.7.5), x 0o = G a n' a , an increase in the 
coefficient x 0a means an increase in the density of absorbing centres 
n„', and in the cross section a a of induced transitions in the filter. 
In terms of dimensionless parameters, an increase in the initial 
resonant absorption coefficient of the filter means an increase in the 
parameter | a a |. It is obvious, however, that an inordinate increase 
in | a a | cannot be permitted, since this would lead to a breakdown 
of the condition (3.7.36) of self-excitation of oscillations, which 
can be written in the form 

| o„ |< (a - 1). (3.8.1) 

We must set the standards by which the quantity | a a | should 
be large. To begin with, the peak power of a giant pulse is several 
orders of magnitude higher than the peak power of a free genera- 
tion spike. This means that the increase in the initial inverse popu- 
lation density over the threshold value corresponding to the bleached 
filter (i.e. the quantity | a a |) must be several orders of magnit- 
ude higher than the quantity v max encountered first in Sec. 3.3 
during a discussion of free generation. Using (3.3.40), we arrive at 
the following inequality: 

I a a | »V («-!)/(? . (3.8.2) 

Combining (3.8.1) and (3.8.2), we get the necessary condition for 
self-excitation of a giant pulse: 

V(a-l)/G < | a a |< (a - 1). (3.8.3) 

It should be recalled that for a ruby laser, a = 30, G = 10 5 , so that 
the condition (3.8.3) assumes the form 0.01 <C I a | < 30. For 
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an Nd-activated laser, a = 2, G = 10 4 . In this case, the condition 
(3.8.3) can be written as 0.01 <C | cc a | < 1 . Thus, in order that the 
condition (3.8.3) be satisfied for the cases considered here, it is 
necessary that 

|a„| » 1. (3.8.4) 

It is well known that a high speed of ^-switching is necessary for 
giant pulse generation. In the present case, it means that the filter 
should be bleached quite rapidly, i.e. the derivative dnjdt' should 
be high. The sufficient condition for this derivative to be high is 
given, as can be easily seen from (3.7.26), by 

p>l (3.8.5) 

or, 

o- >o-. (3.8.6) 

Thus, the cross section of induced transitions in the filter must be 
considerably higher than the cross section of induced transitions 
in the active element. A value of p » 10 4 is normally attained in 
actual practice. 

The condition (3.8.5) (or (3.8.6)) together with the condition 
(3.8.3) determines the basic requirements imposed on the parameters 
of a "bleachable filter laser", which are necessary for self-excitation 
of a giant pulse. 

It should be noted that an important case from the application 
point of view when the inequality (3.7.42) is satisfied, in conjunc- 
tion with (3.8.5) means that the following inequality holds: 

6 < 1 (3.8.7) 

or, otherwise, 

A < T la , (3.8.8) 

which is the same as 

K + 1/x) > l/f ltt . (3.8.9) 

This means that the relaxation probability in a filter is usually less 
than the sum of the probabilities of pumping and relaxation in the 
active element. In other words, relatively slowly relaxing bleaching 
filters are normally used. Only in such filters can the highest degree 
of bleaching be realised. 

Giant Pulse Growth in a Bleachable Filter Laser. The instant of 
beginning of generation is the instant of time when the relation 
(3.7.50) is satisfied, i.e. the instant when the generation condition 
is satisfied for a resonator with an unbleached filter. As for the 
case of active ^-modulation, the process of giant pulse generation 
may be divided into two stages — the long stage of linear growth of 
oscillations (having a duration t ) and the brief stage of nonlinear 
growth of oscillations (having a duration tj). (In this connection, 
see Fig. 3.4 and the remarks made in Sec. 3.1.) It should be recalled 
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that t « 10 3 — 2 X 10 3 nsec, which is an order of magnitude 
higher than the duration of the linear stage for active modulation, 
and £ x « 10-30 nsec, which is in accordance with the duration of 
the nonlinear stage for active modulation. 

The stage of linear growth of oscillations is marked by the ampli- 
fication of primary luminescence. This process corresponds to the 
growth of a free generation spike at constant losses corresponding 
to an unbleached filter. The resonant absorption coefficient of tbe 
filter and the inverse population density in the active element re- 
main practically unchanged over this stage. The intensity of ra- 
diation increases at this stage according to a nearly exponential 
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Fig. 3.43 

law, increasing from values of the order of 10 " 4 W/cm 2 at the begin- 
ning of this stage to values of the order of 1-10 W/cm 2 at the end of 
the stage. 

The duration of the linear stage depends to a considerable extent 
on the magnitude of the parameter p as well as on x 0o , the absorp- 
tion coefficient of the filter in the unbleached state. A decrease in p 
without any change in the parameters of the active medium is con- 
nected with a decrease in the cross section o Q of induced transitions 
in the filter. In accordance with (3.7.8), a decrease in o a leads to an 
increase in S VhT . Thus, a higher radiation density is required for 
bleaching the filter in the case of a decrease in the value of the param- 
eter p. Consequently, a longer stage of linear growth of oscillations 
is necessary. Figure 3.43 shows the experimental curves [6] indicat- 
ing the growth of a giant pulse in a ruby laser using two different 
filters: 1 is a filter based on a solution of chlorinated gallium phthalo- 
cyanine in chlorobenzene (p = 1.6 X 10 4 ), while 2 is a filter based 
on a solution of chlorinated aluminium phthalocyanine in ethanol 
(p = 0.8 X 10 4 ). In the first case, the duration of the linear stage of 
growth of oscillations is equal to 10 3 nsec, and in the second case, 
it is equal to 1.5 X 10 3 nsec. 

With increasing absorption coefficient x 0a , the magnitude of 
| a a | increases, and in accordance with (3.7.50), the initial inverse 
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population density in the active element, at which the generation 
begins, also increases. The higher this inverse population density, 
the faster the growth of the linear stage of oscillations, and hence 
the shorter the duration of this stage. Figure 3.44 shows an exper- 
imental curve [6] illustrating a decrease 
in time t with increasing x 0a . The initial 



transmission T of the filter, defined in 



terms of x oa and l a through the formula 
T = exp ( — x 0a Z u ), is plotted along the 
abscissa axis. 

Balance Equations; Analogy with the Case 
of Instantaneous ^-switching. 45 Taking into 
account the comparatively short duration 
of the giant pulse growth stage, 46 we can 
neglect, as in the case of active ()-modula- 0.5 0.75 

tion (see Sec. 3.6), the pumping and 
relaxation processes in the active element 
(and the filter) in the balance equations. 

Consequently, the system of balance equations in the dimensionless 
form (3.7.26) may be written as follows: 



fo./tsec 



Fig. 3.44 



dm/dt' — Gm (n + n a - 


-i); 


dn/dt' = —nm; 




dnjdt' = — n a pm. 





(3.8.10) 



Dividing the third equation in (3.8.10) by the second, we get 

dnjdn = pnjn, 
or, 

dnjn a = pdn/n. (3.8.11) 

Let us integrate Eq. (3.8.11) from the moment of beginning of gen- 
eration to a certain arbitrary instant of time. At the moment of be- 
ginning of generation, n a = a a , n = 1 — a a (see (3.7.50)). Hence 
we get 

n a n 

(dn a _ (' dn 

n P i ~tr~ • 



From this, it follows that 

n a = a a ("/"i) p ) where n x 



1 



a n 



(3.8.12) 



45 The giant pulse generation in a single-mode filter laser is considered, for 
example, in [2, 107-109]. 

46 This duration, even if we take into account the stage of linear growth, 
is approximately 10 _<i sec, which is considerably lower than T lt and even more 
so than r, a (it should be recalled that 7\ = 10- 3 -10- 4 sec). 
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Using the result (3.8.12), we eliminate n a from Eqs. (3.8.10). TIiIh 
leads to the following balance equations: 

dm/dt' = Gm[n + a a (n/ni) p — 1]; | (3 8 I'll 

dn/dt' = — bib. I 

From Eqs. (3.8.13), we can easily obtain an equation for pliaw 
trajectories in a giant-pulse laser with a bleachable filter. Dividinu 
the first equation in (3.8.13) by the second, we get 

dm = _q n + a a (n/n 1 ) p — l ,g g ,j ,. 

dn n ' \ • • I 

Integration of this equation leads to 

m n 

mi n\ 

Consequently, we get the following equation for phase trajectories: 



m = 



= IBl + G ( Bl _„_l n ^L + ^Jii^L_). (3.8.15) 

Let us compare Eq. (3.8.15) with Eq. (3.6.11) for the phase trajec- 
tories of a laser upon instantaneous Q-switching. The only difference 
between these two equations is that there is an additional term 
a a («p — n(>)/pnP within the brackets in the right-hand side of tho 
equation in the case of a filter. If the condition (3.8.5) is satisfied, 
this term may be neglected by taking into account Eq. (3.8.4). 
Consequently, we arrive at the phase portrait of a laser, shown in 
Fig. 3.30. We find that the condition (3.8.5) really ensures an "instan- 
taneous" ^-switching in a laser with a bleachable filter. 

Starting with the established analogy with the case of instantaneous 
Q-switching, we use the relation (3.6.12) in order to express the 
peak value m max of the field intensity. Considering that n x = 1 — a a , 
we get from (3.6.12), 

™ ma x = G [-o„ - In (1 - o )]. (3.8.16) 

According to (3.8.4), 1 — a a » 2, which is close to the value n t = 
= 3.5 used in Sec. 3.6 while discussing active ^-modulation. Hence 
it is not surprising that the energy characteristics of giant pulses, 
obtained for active and passive ^-modulation turn out to be quite 
similar. 

Comparison Between Giant Pulse Generation for Active and Pas- 
sive ^-switching; Combined ^-switching. We have mentioned above 
a certain analogy between these two generation processes. In both 
cases, the giant pulse has a relatively long stage of linear growth of 
generation, over which the inverse population density remains 
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practically unchanged, and a short stage of nonlinear growth of gen- 
eration during which the main part of the energy contained in the 
Ifiant pulse is emitted. In both cases, the giant pulses have quite 
Mimilar parameters like the pulse duration (determined by the 
duration of the nonlinear stage), the peak power, and energy. In bal- 
Hiice equations for a bleachable filter laser, a nearly complete analogy 
Js observed with the case of rapid (instantaneous) <?-switching for 

NthrW 





*~t 



(a) 



lb) 



Fig. 3.45 



At the same time, each giant pulse generation has its own specific 
nature. For active Q-switching, generation starts at the instant when 
the threshold inverse population density is reduced to the inverse 
population density caused by pumping at this moment. It should 
be recalled that iV thr (t) = 1/BHQ (t). By controlling the time varia- 
tion of the (Mactor, we can also control the time variation of the 
generation threshold N ib! . and thus fix fairly accurately the moment 
of the beginning of generation with respect to the external signal, 
within 10 nsec for electrooptical shutters and up to 100 nsec for 
mechanooptical shutters with a rotating prism. 

The generation of giant pulse for passive Q-switching starts at 
the moment of time when the inverse population density caused 
by pumping increases gradually up to its threshold value determined 
by the losses in a resonator with an unbleached filter. This threshold 
value is determined by the relation (3.7.50): 



^ thr = - 



■n' a - 



^l+{lq/l)t\la + f\t 



(3.8.17) 



In this case, the moment of beginning of generation can be changed 
by merely controlling the time variation of the pumping intensity. 
The moment of beginning of generation cannot be fixed, however, 
in this case with an arbitrary degree of accuracy. The time of be- 
ginning of generation, measured from the moment of switching on 
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the pumping lamp, strongly varies from flash to flash (from pul.w 
to pulse), the fluctuation may be as high as 10~ 5 -10 -4 sec. 

These remarks are illustrated in Fig. 3.45. Suppose that the ;V 
vs. t curve, rising in the process of pumping, fluctuates from flush 
to flash within the area shown shaded in the figure. Figure 3/jfirt 
shows the intersection of the functions N (t) and N thI (t) for aclivn 
(^-switching (for a rapid (^-switching to a higher value), while 3/ifi/* 
refers to the passive ^-switching. In the first case the time variii 
tion of the generation threshold is controllable, while in the second 
case, the generation threshold does not vary with time. It can \w 
easily seen that the interval over which the moments of beginning 
of generation are spread for passive ^-switching is much wider than 
for active ^-switching: At 2 ^> At x . 

In order to fix more accurately the moment of beginning of gen- 
eration and to improve the reproducibility of the processes in time, 
combined Q-switching is used, i.e. a bleachable filter and an active 
^-switching are simultaneously used. As a rule, the presence of n 
bleachable filter increases the speed of ^-switching, and improves 
the radiation parameters. The active type switch fixes the moment 
of beginning of generation and facilitates an ordering of the appear- 
ance of pulses from flash to flash. By way of a specific example, 
Table 3.4 contains data on parameters of a giant pulse in a ruby 
laser for three different cases [6]. It can be seen that combined ^-switch- 
ing in this case increases the energy and the peak power of the 
pulse and decreases its duration. 

TABLE 3.4 
Type of switching Energy, J Du n a s t e 1 c on ' p ^ r - 



Active (^-switching with rotat- 








ing prism 


0.35 


43 


8 


Passive ^-switching with 








phthalocyanine dye 


0.4 


20 


20 


Combination ^-switching 


0.6 


16 


37 



It has been mentioned above that for passive (^-switching, the dura- 
tion of the stage of linear growth of oscillations is nearly an order 
of magnitude higher than for active ^-switching. This is due to the 
fact that for active Q-switching generation over the linear stage 
grows practically under the conditions of low losses in the resonator 
(in the case of a rapid (^-switching), while for passive Q-switching 
the generation over the linear stage is accompanied by high losses. 
The difference between these two processes of giant pulse generation 
is clearly illustrated in Fig. 3.46 where the M vs. t and A r tnr vs. t 
dependences are compared for each process (a represents the active 
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modulation for a rapid (^-switching to a higher value, while b repre- 
sents the passive modulation). Physically, it is clear that a rapid 
decrease of losses in the case of active (^-switching facilitates (accel- 
erates) the growth of oscillations. This is reflected in a decrease (in 
comparison to the case of passive ^-switching) in the duration of the 
linear stage. 

Figure 3.47 shows the experimental curves for the time dependence 
of the radiation power for active (curve 1) and passive (curve 2) 
^-switching in a ruby laser [6]. The time is measured from the 
moment the generation starts, and a logarithmic scale has been 




M(t) 




Fig. 3.46 



chosen for plotting the power. It is apparent from the figure that 
an increase in the duration of the linear stage for passive ^-switch- 
ing leads to an increase in the level of power from which the giant 
pulse growth starts in the nonlinear stage. This level is about three 
orders of magnitude higher than for the case of active (^-switching. 
Natural Selection of Longitudinal Modes for Passive ^-Switching. 
By considering the model of a multimode laser [106, 110], it can be 
shown that a strong competition between different modes arises as 
a result of the comparatively long stage of linear growth of oscilla- 
tions in a laser with a bleachable filter. Consequently, some modes 
are damped, while some others are amplified and reach the stage 
of nonlinear growth of oscillations. It has been shown [110] that a 
relative difference of just 10~ 3 in the ^-factor for two modes may 
result in the intensity difference between these two modes of about 
an order of magnitude at the beginning of bleaching of the filter, 
for a 2 X 10 s nsec duration of the linear stage. Thus, even an insig- 
nificant random difference in ^-factors may lead to a sharp amplifi- 
cation of individual modes. 47 



47 It has been mentioned more than once that laser radiation has a fluctua- 
tion origin, since the primary radiative processes are spontaneous processes. One 
of the peculiarities of bleachable filter lasers is that the fluctuation nature of 
laser radiation is sharply manifested in them. 
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The competition between different modes, which manifests itself 
at the stage of linear growth leads to a Considerable decrease in the 
number of modes conserved in the radiation field at the beginning 
of bleaching of the filter. The number of modes conserved is found 
to be an order of magnitude lower than the number of modes exist- 
ing at the moment when generation starts 48 . In this connection, 
the effect of natural selection of longitudinal modes for passive 
^-switching is said to take place. 

This effect takes place upon a significant narrowing of the genera- 
tion spectrum of the laser (since the modes situated near the centre 
of the gain curve are predominantly conserved). Figure 3.48 shows 
the dependence of the effective width of the generation spectrum 
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W sec 



on the duration of the stage of linear growth of generation [6]. The 
longer the duration of the linear stage, the stronger the effect of natur- 
al selection of longitudinal modes and, hence, the narrower the 
generation spectrum. That is why the generation spectrum of a laser 
for passive ^-switching is found to be considerably narrower than 
for active ^-switching. 



3.9. LONGITUDINAL MODE LOCKING 
(ULTRASHORT LIGHT PULSE GENERATION) 

Phase locking of longitudinal modes in a laser helps in creating 
pulses of duration 10~ 2 -10 -3 nsec with a peak power up to 10 12 W, 
i.e. the ultrashort light pulses* 9 . 

Following the publication of the fundamental work by De Maria 
et al. [34] in 1966, investigations of longitudinal mode locking have 
been intensified steadily. A detailed analysis of these questions has 
been given in [38, 39, 111-113]. 



48 According to the estimates given in [39], the number of longitudinal 
modes in an Nd-laser decreases from 3 X 10 4 to 6 X 10*. 

49 It should be recalled that general remarks about the generation of ultra- 
short pulses were made in Sec. 3.1; some numerical data have also been given 
there. 
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Basic Ideas Behind Longitudinal Mode Locking. The simplest idea 
concerning the longitudinal mode locking may be explained as fol- 
lows. Let us suppose that m longitudinal modes have been excited 
in a resonator, and the following two conditions are satisfied: firstly, 
the modes are equidistant, i.e. the difference between the frequen- 
cies of two successive modes is constant (we denote this frequency 
difference by Q); secondly, the modes are phase-locked, i.e. the 
phase difference between two successive modes is constant (we 
denote this phase difference by O). We number all modes in order 
of increasing frequency using the integral index k which assumes 
the values — (m — l)/2, — (m — l)/2 + 1, — (m — l)/2 + 2, ... 
. . ., (m — l)/2 (it is assumed that m is odd, although this is not 
essential). The mode with index k = is called the central mode, 
and we denote its frequency and phase by (o and cp respectively 
(this mode lies at the centre of the gain curve). The frequency and 
phase of any arbitrarily chosen k-th mode may then be written in the 
form 

o) t = (o + kQ; (p ft = <p + k®. (3.9.1) 

Using (3.9.1), we get the following simplified expression for the 
resonator field (considering just the time dependence): 

(m-l)/2 

£(*)= 2 E h exv[i{a + kQ)t+i(<p +k<S>)\. (3.9.2) 

fc=-(m-l)/2 

For the sake of simplicity, we shall assume that E h = E for all k. 
(This is not true in actual practice, since the initial gain depends 
on frequency. However, this assumption does not alter the basic as- 
pects of the problem.) In this case, the relation (3.9.2) may be writ- 
ten in the form 

E (t) = E G (t) exp U (w t + q> )], (3.9.3) 

where, as can be easily seen, the function 

(m-l)/2 

G(t)= 2 exv[ik(Qt + (D)} (3.9.4) 

ft=-(m-l)/2 

is the sum of m terms of the geometric progression with a common ra- 
tio q — exp [i (Qt + <P)] and the first term a x = exp [ — i (m — 1) X 
X (Qi + <t>)/2]. Using the formula for the sum of a geometric pro- 
gression, we get 

G{t) = a i ±—, A- 



= exp[-;-^Z±(Q* + 0)] 



1- 

exp[im(Q«+<D)] — 1 



2j v " n W/ J exp [i(Qi +<!>)] — 1 

exp[tm(flt+(D)/21 — exp[— im(Qt + ®)/2] 

~ exp[j(Q( + (D)/2] — exp[ — i(Q< + <D)/2| " 

20-0436 
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Considering that sin f = (e'S — e~'5)/2i, we can write the above 
result in the form 

sin[m(Qi + «t>)/21 



G(t) = - 



(3.9.5) 



sin[(Qi+<D)/2] 
or, changing the moment from which the time is measured, we get 



G(t) 



sin (miit/2) 
sin (Qt/2) 



(3.9.6) 



It follows from (3.9.3) that the function G (t) may be considered 
as an envelope for the field amplitude with a carrier frequency a> . 

In other words, the field in a 
resonator "composed" of m locked 
longitudinal modes is amplitude 
modulated by the function G(t). 
The nature of this modulation is 
defined by the expression (3.9.6). 
Figure 3.49 shows the form of 
the function \G (t)\ obtained from 
the expression (3.9.6) for (a) m = 
= 5 and (b) m = 11. In both 
these cases the amplitude E of 
an individual mode is taken equal 
to unity. The time T is called 
the modulation period (it is also 
called the resonator period}; it 
corresponds to the frequency 
difference Q between adjacent 
modes: 




T = 2jx/Q. 



(3.9.7) 



Fig. 3.49 



It can be seen from the figure 
that with increasing number m 
of locked modes, the envelope 
G (t) assumes a form correspond- 
ing to a train of light pulses 

having an amplitude mE and duration Tim. Each pulse is followed 

by the next one after an interval T (see shaded pulses in the figure). 

The larger the number m, the larger the amplitude and the shorter 

the duration of these light pulses. 

If the modes were not locked, the radiation power would be given by 

^unlocked « mEl. (3.9.8) 

For the case of mode locking, we get a different f result for peak 
power: 

^locked = (mE ) 2 = m/'umocked. (3.9.9) 
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Consequently, the peak power of radiation in the case of locking of m 
modes increases m times over the case when mode locking does not 
occur. 

Thus, the interference of m longitudinal modes, which are equi- 
distant in frequency and are phase-locked, leads (for sufficiently 
large m) to the laser radiation assuming the nature of a train of 
quite short and quite powerful light pulses which follow one an- 
other with a time interval T equal to the resonator period, the dura- 
tion of an individual pulse is equal to about T/m 60 . 

Nonselective Cavity. Apparently, the necessary condition for 
longitudinal mode locking is the simultaneous excitation of a suf- 
ficiently large number of such modes 51 . In this case, the multifrequency 
generation is of basic importance. 

The maximum possible number of longitudinal modes in a cavity 
is determined by the well-known relation 

m = Aco/Q = AaL/nv, (3.9.10) 

where Aco is the gain linewidth, L is the resonator length, and v is 
the velocity of light in the medium filling the resonator. Taking 
(3.9.10) into account, the resonator period T = 2n/Q may be repre- 
sented in the form 

T = 2L/v (3.9.11) 

the duration of the ultrashort pulse may be estimated as 

t » Tim = 1/Aio. (3.9.12) 

Characteristic values of Aw and m for some lasers are given in 
Sec. 3.1. It should be recalled that A© « 10 11 sec -1 , m « 10 3 for 
a ruby laser, and Aw « 10 12 sec -1 , m « 10 4 for an Nd-laser. These 
figures show that for a longitudinal mode locking in the lasers under 
consideration, it is possible in principle to obtain light pulses of 
duration 10~ 2 -10~ 3 nsec. 

In order to put this possibility into practice, it is necessary to 
prevent selection of longitudinal modes in the resonator. We are 
speaking here of the interference selection of modes (see Sec. 2.11), 
which always takes place in ordinary resonators owing to the pres- 
ence of several additional reflecting surfaces in them (for example, 
the end faces of the active element, mirror plates, etc.). In order 
to prevent the interference mode selection, the nonselective cavities 
are used: all reflecting coatings are applied to wedge-shaped surfaces, 
and the ends of the active element are cut at Brewster's angle. 
Such a resonator is shown in Fig. 3.50. Here, 1 is the active element, 



60 This situation corresponds to the ideal case of complete mode locking (see 
Sec. 3.11). 

81 It will be shown in Sec. 3.11 that an inordinate increase in the number 
of longitudinal modes must lead to a worsening of the conditions for their lock- 
ing. 

20* 
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2 — the mirrors on wedge-shaped substrates, and a — Brewster's 
angle. The thick broken line shows the passage of a light ray through 
the resonator. In a nonselective cavity, there are no additional 
reflecting surfaces perpendicular to the light ray, only two reflect- 
ing planes form the resonator (the 
M i cross sections of these planes are de- 

/]) /c\/. ! noted by the straight lines A A in 

/]r<$N>^ ! the figure) 52 . 

2\ ^\\^___J1l Active Mode Locking. In order to 

| ^ Ij*"^ link the phases of longitudinal modes 

A\ \2 we turn to periodic modulation of the 

A\ parameters of a resonator with fre- 

quency equal to, or a multiple of, the 
Fig. 3.50 difference between frequencies of ad- 

jacent modes. Since this modulation 
is carried out under the influence of external signals applied to the 
electrooptical or acoustooptic switch inside the resonator, the 
mode locking is called active. 

Suppose that the amplitude of the central mode is periodically 
modulated with a frequency Q. In this case, the mode under con- 
sideration may be represented in the form 

E (t) = E (1 + p cos Qt) exp [i (a t + q> )], (3.9.13) 

where p" is the modulation thickness (0 < (J^J 1). Since 

cos £lt = [exp (i£lt) + exp ( — iQt)]/2, 

the expression (3.9.13) may be rewritten in the following form: 

E (t) = E exp [i (a t + <pj)] 

+ (pE 72) exp [i (co + Q) t + Up ] + ($E /2) 

x exp [i (<o — Q) t + icp ]. (3.9.14) 

Thus we see that a periodic amplitude modulation with a frequency 
Q leads to a conversion of the carrier mode at frequency <o into three 
phase-locked modes at frequencies co , (o 4- Q, and <o — Q. 

If the modulation frequency Q is chosen equal to the difference in 
frequencies of two adjacent modes excited in the laser, the marginal 
frequencies g> + Q and co — Q will coincide, apparently, with 
frequencies of modes adjacent to the central mode. In this case, 
the second and third terms on the right-hand side of (3.9.14) will play 
the role of driving forces for these adjacent modes. Consequently, 
these adjacent modes will be generated in phase with the central 



52 It ia useful to emphasise that while in Sec. 2.11 we considered special 
measures to be taken for intensifying the frequency selection of modes (thus final- 
ly ensuring a single-mode generation), we now require, on the contrary, meas- 
ures for excluding the selection. 
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mode. In other words, these modes will be locked with the central 
mode. 

In case when the modulation frequency is n times the difference 
between the frequencies of adjacent modes, we get a locking of 
modes with frequencies differing by more than n times the inter- 
mode interval. 

The first experiments on active mode locking were carried out in 
1965 using a He-Ne laser [33]. Similar experiments were later con- 
ducted mainly in solid-state lasers (see, for example, [114]) as 
well as organic dye lasers (see [115]). Active locking of longitudinal 
modes has been analysed in [112, 113] 53 . 

Passive Mode Locking (Self-Mode Locking). The periodic modu- 
lation of resonator parameters may be carried out not only by an 
external signal, but also automatically to a certain extent— by non- 
linear mode beat response. For this purpose, it is necessary to have 
a nonlinear element in the resonator, for example, a bleachable 
filter. In principle, the nonlinear properties of an active element 
may be used. In such cases a passive mode locking or seZ/-mode lock- 
ing takes place. 

Bleachable filters are quite frequently applied 84 . Each pair of 
longitudinal modes excited in a laser with a filter will periodically 
modulate the coefficient of resonant absorption in the filter with 
a frequency equal to the difference between the frequencies of the 
modes under consideration. This, in turn, leads to an amplitude 
modulation of all modes. Consequently, as in the case of active lock- 
ing, a definite link between phases of different modes may be at- 
tained. 

Self-locking of longitudinal modes in a bleachable filter laser 
may also be considered from other points of view, by using the 
concept of fluctuation. For such an approach, the generation of ultra- 
short light pulses may be considered as a result of separation by the 
filter of the highest intensity fluctuations of the radiation field from 
the initial spontaneous noise and the suppression of the other (lower 
intensity) fluctuations. Fluctuation concepts have been developed 
in [13, 14, 39, 116]; see also [111]. An explanation of the self-mode 
locking on the basis of these concepts is now widely accepted; such 
an approach permits a consideration of self-mode locking in a sys- 
tematic and comprehensive way. We shall consider the fluctuation 
concept in detail in Sec. 3.11. 

For self-mode locking, practically the same diagram of a bleach- 
able filter laser is used for the case of giant pulse generation. The 
following three points are specific to this case. Firstly, the / nterfer- 



63 Acoustooptic active locking of longitudinal modes is described ir detail 
in Sec. 3.12. 

54 The effect of natural selection of longitudinal modes in a bleachable 
filter laser, discussed in Sec. 3.8, does not exclude the possibility of a passive 
mode locking; see Sec. 3.11. 
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ence mode selection must be prevented, i.e. a non-selective cavity 
should be used. Secondly, the bleachable filter must have a short relax- 
ation time (in comparison with the resonator period): 

T la < T. (3.9.15) 55 

Thirdly, some specific requirements must be satisfied regarding the 
configuration of the set-up, e.g. the resonator length and the shape 
of individual elements and their mutual arrangement [40, 117]. In 
particular, it is expedient to place the bleachable filter in the vi- 
cinity of the output mirror of the resonator. 

Figure 3.51 shows a typical set-up of a self-mode locking laser. 
Here, 1 is the active element, 2— the bleachable filter (a cuvette 






Fig. 3.51 



0.1 nsec 

Fisf. 3.52 



filled with a solution of a fast relaxing dye), 3 and 4— the reflect- 
ing and output resonator mirrors on wedge-shaped substrates, and 
a x and a 2 — Brewster's angles for the active element and the cuvette, 
respectively. 

Self-locking of longitudinal modes by using bleachable filters has 
been extensively investigated in experiments with Nd- and ruby 
lasers (see, for example, [34-37, 118]). 

Combination Method of Mode Locking. The properties of ultra- 
short light pulses obtained for passive mode locking (self-mode 
locking) differ from the properties of pulses obtained for active 
mode locking. For passive locking, it is possible to attain a pulse 
duration close to the limiting duration determined by the width 
of the gain line. For active mode locking the pulse duration is formed 
to be considerably longer (by an order of magnitude or more). On 
the other hand, for passive mode locking, the time during which 
an ultrashort light pulse train is created may fluctuate between 10 
and 100 (xsec. The pulse parameters are reproduced from one pump- 
ing pulse to another just with a certain degree of probability. For 
active mode locking, however, the pulses are characterised by a 
high degree of stability of parameters. 

66 This condition will be proved in Sec. 3.11. 
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Optimal results are sought by using the method of combination 
mode locking. In this case, a bleachable filter and an active mode 
locker are placed inside the resonator. A combination of a filter 
(which serves as a passive mode locker) and an active ^-switch is 
also used. A combination of an electrooptical mode locker with a bi- 
component medium containing two types of particles, viz. the active 
centres and the resonant absorption centres, has been considered in 
[119]. A self-mode locking laser has been investigated in [120] for 
the case when the resonator contains an electrooptical ^-switch in 
addition to the bleachable filter. The possibility of achieving self- 
mode locking is discussed in [121] under the conditions when the res- 
onator ^-factor can be controlled with the help of a set of photo- 
tropic and mechanooptical shutters. 

In Fig. 3.52, a comparison of light pulses obtained for the case 
of active and combination locking of longitudinal modes [119] has 
been shown. Pulse 1 is obtained in a ruby laser using an electroop- 
tical mode locker based on a lithium niobate crystal. Pulse 2 is ob- 
tained in the same laser under the condition that a bleachable 
filter (a solution of kryptocyanine in ethyl alcohol) is used in addition 
to an electrooptical locker. The duration of the pulses 1 and 2 is 0.1 
nsec and 0.01 nsec respectively (the pulse duration was estimated 
by the width of the spectrum). In both cases, the time from the mo- 
ment of mode-locker switching to the moment when the pulse at- 
tains its maximum power is established with an accuracy up to 
1 nsec. 

Methods of Reducing the Relaxation Time for Rleachable Filters. 
The need for using rapidly relaxing bleachable filters (see condition 
(3.9.15)) predetermines the development of methods for decreasing 
the relaxation time in dyes. For this purpose we use the dependence 
of lifetime of excited states of dye molecules on the properties of the 
surroundings, like the nature of the solvent, its temperature, viscos- 
ity, etc. [122]. The dependence of the relaxation time of polymethine 
dye on the nature of the solvent has been discussed in [123]. It is shown 
that by using different solvents, a five-fold variation in the relaxa- 
tion time can be achieved. 56 

A reduction in the lifetime of an excited state on account of a 
change in the external conditions is called luminescence quenching. 
For this purpose, we can use the effect of concentration quenching 
{self-quenching) arising as a result of increasing the dye concentra- 
tion in the solution [124]. This effect is connected with the forma- 
tion of associates (consisting of several dye molecules) in the con- 
centrated solution. These associates do not luminesce upon excita- 



86 The effect of the nature of a solvent on the relaxation time of a filter 
is connected with the existence of nonradiative processes of deactivation of the 
state S t of the dye molecule as a result of internal conversion, i.e. through a trans- 
fer of vibrational energy to the surroundings (see Sec. 1.3). 
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tion, but rather give away their excitation energy rapidly to the 
inactive complexes as a result of resonant interaction with them. 
The possibility of reducing the relaxation time in a bleachable 
filter by exciting superluminescence [125] or generation [126] in the 
dye solution should be specially mentioned here. In the latter case, 
the cuvette with the dye is placed in a special resonator whose opti- 
cal axis forms a certain angle with the optical axis of the main res- 
onator. The active element radiation serves as a sort of transverse 
optical pumping for the dye. Generation in the dye solution con- 
tained in a special resonator ensures 
*■ a relatively rapid relaxation of the 
* filter. 

*- Effect of the Self-focusing of Light. 

The generation of superpower pulses 
may be accompanied by auxiliary 
nonlinear optical effects, in partic- 
ular, the self-focusing of light. A 
change in the time structure of ul- 
trashort light pulses in an Nd-laser 
has been experimentally observed. 
Fig. 3.53 This may be attributed to self- 

focusing of radiation in the active 
element (see, for example, [127]). Let us consider Fig. 3.53 
in this connection, where curve 1 describes the shape a light pulse 
would have in the absence of self -focusing. The straight line A A fixes 
the level of power corresponding to the threshold of self-focusing effect. 
When the power of a pulse during its generation attains this thresh- 
old value, the self-focusing of radiation takes place, leading to 
higher losses as the light gets scattered through the lateral face of 
the active element (see the right-hand part of the figure). These losses 
are highest for the most intense part of the light pulse. This causes 
a dip in the part of the pulse corresponding to its highest intensity. 
Hence the shape of the light pulse is described not by curve 1 but 
by curve 2 (see the figure). 

It can be seen from the figure that self-focusing not only changes 
the shape of a light pulse, but also restricts its peak power. The 
question of limiting the power of the generated radiation due to self- 
focusing is very important when estimating the limiting energy 
characteristics of lasers [128, 129]. Self-focusing limits the intensity 
of the generated power at a level equal to about 10 9 W/cm 2 (for 
normally used laser diagrams). 

The possibility of using self-focusing for reducing the duration and 
increasing the contrast* 1 of ultrashort light pulses has been discussed 

67 The contrast of an ultrashort light pulse is measured as the ratio of the 
peak pulse power to the level of nonsynchronised background power. Increasing 
the contrast in fact means an increase in the degree of synchronisation of radia- 
tion. 
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in [130], and illustrated in Fig. 3.54. Here, 1 is the medium in which 
the self-focusing of radiation takes place, 2 — the absorbing screen 
of a relatively small diameter, 3 — the input light pulse (in general, 
it may be a group of pulses of different intensities), and 4 — the 
output light pulse. The lower intensity part of the input light pulse S 
does not undergo self-focusing and is mainly absorbed by the screen 2. 
As a result of a broadening of the beam on account of self -focusing, 
the higher intensity part of the light beam escapes the screen 2. 
Hence the output pulse 4 must be shorter and in sharper contrast 
than the input pulse 3. 





1 
Fig. 3.54 

It has been shown in [130] that instead of an absolutely opaque- 
screen of a small diameter it is better to use an inhomogeneous screen, 
whose transparency K increases with distance r from the axis accord- 
ing to the law K (r) = K (0) exp (r 2 /^), where a is the diameter of 
the screen. Such a screen ensures that losses are minimum for the 
highest intensity part of the pulse. This results not only in a decrease 
in the pulse duration, but also in an increase in its peak power. 
In this case, the self-focusing effect plays a positive role, leading 
to a decrease, and not an increase, in the losses (for the highest 
intensity part of the light pulse). 

It should be noted that a spatially inhomogeneous screen does 
not necessarily have to be absorbing. Instead of an absorbing screen, 
we may use an amplifying medium characterised by a spatially 
inhomogeneous gain factor. 



3.10. MEASUREMENT OF DURATION OF ULTRASHORT 
LIGHT PULSES 

Basic Methods for Investigating Pulse Structure. A growing in- 
terest in the investigation of mode-locking in lasers is closely related 
to an analysis of methods of measuring the duration of ultrashort 
light pulses. The well-established oscillographic methods cannot be 
used in this case, since their resolution is limited to 0.1 nsec. There 
are two types of methods for measuring pulses of the order of 10 -2 - 
10 -3 nsec, called direct and indirect methods. 
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Indirect methods were the first to be proposed and developed. In 
this connection, we can mention two articles published in 1967: 
the first one [131] is connected with the second harmonic excitation 
by two light beams, the second one [132] is based on the measure- 
ment of the luminescence track in the case of a two-photon absorp- 
tion. The latter method (called the two-photon method or the collision 
method) has been widely applied because of its simplicity. 

While using indirect methods for measuring the structure of light 
pulses, we measure not the pulse parameters but some integral 




Fig. 3.55 

•quantities, for example, the intensity correlation functions™. These 
methods have a limited scope since they do not permit a unique 
determination of the pulse shape [111]. 

Direct measurement methods based on the application of opto- 
electronic converters were successfully developed in the early sev- 
enties for high-speed processes [111]. Photoelectron recorders hav- 
ing a time resolution of 10 -2 -5 X 10" 3 nsec were created. An opto- 
electronic converter with a cycloidal time base, having a resolu- 
tion up to 5 X 10 -4 nsec was constructed in 1972. 

The problem of recording the high intensity radiation, as well 
as the field itself, is of considerable practical interest. In other words, 
the problem consists in recording information not only about the 
amplitude, but also the phase of a laser radiation. For this purpose, 
the holographic method of nonstationary wave fields was proposed 
in 1971. This method provides maximum information about the 
passage in time of a signal, including information about the ampli- 
tude, phase, as well as the signal spectrum [111]. 

Method Based on Second Harmonic Generation. The principle 
behind this indirect method of measuring the duration of an ultra- 
short pulse is illustrated in Fig. 3.55. Here, 1 is the laser, 2— a beam 



58 Indirect methods of time measurement are also called correlation methods. 
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splitting plate which converts the initial laser pulse into two pulses, 
3 — a fixed mirror, 4 — a movable mirror, 5 — a nonlinear crystal in 
which the second harmonic generation takes place, 6 — a filter trans- 
mitting only the second harmonic, and 7 — a photodetector. Mirrors 3 
and 4 ensure that both light pulses into which the initial pulse splits 
at the plate 2 arrive at the nonlinear crystal. The time delay At 
for one pulse with respect to the other 
may be varied with the help of the 
movable mirror 4. 

For At = 0, the two light pulses 
completely overlap. In this case, the 
light power in the nonlinear crystal is 
maximum, hence the photodetector 
registers a comparatively high inten- 
sity second harmonic pulse. 

Let us denote the effective duration 
of an ultrashort light pulse as t. For 
At > t, light pulses do not overlap, 
and the intensity of the second harmon- 
ic sharply decreases. If E^ (t) is the 
field of one of the light pulses falling 
on the nonlinear crystal, the pulse field 
for the second harmonic emerging 
from the crystal may be given in the form 

E 2a (t) = const [E a (t) + E a> (t+ At)? 

= const [El (t) + El (t + At) + 2E a (t) E a (t + At)]. 

(3.10.1) 59 

For A* > t, the correlation term 2E a (t) E w (t + At) vanishes, and 
the power of the second harmonic decreases. 

Thus, in order to measure t, the time delay At should be gradually 
increased from zero, and the intensity of the second harmonic pulse 
should be observed. Time At at which this intensity sharply decreases 
corresponds to the duration r of the pulse. 

The Two-Photon Method. As mentioned above, this method is 
based on the observation of luminescence for a two-photon absorption 60 . 
The basic principle behind this method is illustrated in Fig. 3.56. 
Here, 1 is the laser, 2— a beam-splitting plate which converts the 
initial pulse into two pulses, 3— the mirrors, 4— a cuvette filled with 
the dye solution (for example, Rhodamine 6G) which luminesces as 



Fig. 3.56 



59 It should be recalled that the field of the second harmonic is proportional 
to the square of the field intensity of the principal wave (in the approximation 
of the given field). 

60 . e term two-photon luminescence method is also sometimes used. Howev- 
er, this is not a correct nomenclature, since luminescence here is the ordinary 
one-photon process. 
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a result of the two-photon absorption of light, and 5— a photographic 
camera for recording the luminescence track in the cuvette with 
dye. The intensity of luminescence for two-photon absorption is 
proportional to the fourth power of the field amplitude. Hence it is 
possible to photograph a fairly sharp track, whose length AZ corre- 
sponds to the time interval over which the two beams propagating 
towards each other upon reflection from mir- 
rors 3 overlap to a considerable extent. This 
time interval is equal to t/2 (t is the dura- 
tion of the light pulse). Obviously, 

t = 2Mb, (3.10.2) 

where v is the velocity of light in the dye 
solution. This method is in fact based on in- 
stantaneous measurement in space of the 
duration of the light pulse. 

This method is widely applied for investiga- 
tion of laser mode locking, hence we shall de- 
scribe it in somewhat greater detail. The lumi- 
nescence output for two-photon absorption 
is proportional to the square of the intensity 
of exciting radiation: 

'mm (z) = const ( P (z, t) dt (3.10.3) 

(the z-axis is chosen as the direction of pro- 
pagation of light in the cuvette filled with 
Fig. 3.57 the dye solution, and z is the distance from 

the centre of the cuvette. Denoting the light 
field of the signal under investigation by E(t) exp (iwt), the quan- 
tity I 2 (z, t) appearing in (3.10.3) may be represented in the form 

P(z, t) = {[E (*-|) exp (m (t — z 7 ) ) 

+ E (*+■-£) exp (ico (* + v))] [ com P L conj.]} 2 . (3.10.4) 

Here, we have considered two light pulses propagating towards 
each other along the z-axis with a velocity v. 

It can be shown [111] that a substitution of Eq. (3.10.4) in (3.10.3) 
leads finally to the result 

meas meas 

^ium (z) = const [2 \ P(t)dt + 4 j 7(*)/(* + 2-J-)d*], 


(3.10.5) 

where £ meas . is the measurement time. Introducing the delay time 
At = 2zlv instead of the variable z, we get the following expression 
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from (3.10.5) for the luminescence track observed in the cuvette: 

meas meas 

W(At) = — — [2 f P(t)dt + A \ I(t)I(t + At)dt]. (3.10.6) 



Using the special notation 



meas 

m (A*) = — - — ( I(t)I(t + At)dt, 

*meas ,' 



(3.10.7) 



for the correlation intensity function, the result (3.10.6) may be re- 
written in its final form as follows: 



¥ (A*) = 2q> (0) + 4<p (At). 



(3.10.8) 
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We assume that the intensity / (t) of the light pulse under inves- 
tigation is of the form shown in Fig. 3.57a. Using (3.10.6) we can 
find the function i|) (At) describing the 
luminescence track. This function has a 
form shown in Fig. 3.576. In accordance 
with (3.10.8), the maximum emission 
intensity is three times the intensity 
of the pulse at those places in the track 
where the light pulses arriving for oppo- 
site direction do not overlap. Measuring 
the width of the emission intensity pulse, 
we can find the required quantity t. 

It should be recalled that in actual 
practice, we measure the length Al of 
the bright part of the luminescence track 
instead of At. The two are connected 
through the relation At = 2 All v. 

Complete and Incomplete Mode Lock- 
ing and Measurements of Time. The 
indirect methods discussed above for 
measuring the duration of ultrashort light 
pulses have a significant drawback which 
cannot be realised at once 61 . These 
methods are applicable only when a single 
pulse is generated during the resonator 

period which is equal to 2Llv . This kind of a situation is characteristic 
of active mode locking. For passive mode locking, instead of a single 
pulse over the resonator period, we may get a group (and an irregular 

61 The potentialities of the two-photon method were not properly exploited 
in literature for a long time. Occasionally, unfounded conclusions were drawn 
about the duration of ultrashort light pulses on the basis of data obtained by 

this method. 
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one, too) of several pulses, on account of fluctuations in the process 
of mode self-locking. Figure 3.58 illustrates certain situations that 
may be encountered in the case of self-mode locking. In this con- 
nection, the terms complete and incomplete (partial) mode locking 
are introduced. Figure 3.58a illustrates the case corresponding to com- 
plete mode locking (a single ultrashort light pulse is generated over 
the resonator period). Figures 3.586 and 3.58c illustrate cases corre- 
sponding to partial mode locking, the extent of locking being higher 
for the case shown in Fig. 3.58&. For partial mode locking, an ultra- 
short light pulse may be obtained 
against a background of unlocked 
radiation, whose power has a weak 
time dependence. The higher the 
power of the unlocked background, 
the lower the extent of mode lock- 
ing and hence the less the contrast 
between ultrashort pulses. 

Significantly, the indirect methods 
(including the two-photon method) 
for the measurement of ultrashort 
pulse duration cannot distinguish 
between complete and partial mode 
locking 62 . This is a serious drawback 
in the application of these methods 
for mode locking studies. In order 
to illustrate this aspect, let us com- 
pare the results of computations of 
the function ¥ (At), with the help of 
formula (3.10.6), for the cases shown 
in Figs. 3.58a and 3.58c. These 
results are shown in Fig. 3.59 (curves 1 and 2 respectively) [111]. Ob- 
viously, the difference between the luminescence tracks shown in 
Fig. 3.59 lies in that additional weak maxima appear in the second 
case (for partial locking), but it is hard to distinguish these from the 
noise in the recording instruments. 

It should be emphasised that indirect methods of measurement 
provide information only about the characteristic time interval 
during which the intensity of radiation changes. It is not possible 
to establish whether the radiation over the resonator period consists 
of one or several short pulses, nor can the ratio of the peak power of 
an ultrashort pulse to the power of the unlocked background (in case 
the latter is present), be established with the help of these methods. 
Hence it is important to develop the direct methods of time meas- 
urements, using superfast photo recorders with opto-electronic con- 
verters. 

62 A detailed critical analysis of the potentialities of the indirect methods 
of time measurements in mode locking investigations is given in [111]. 
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Method Based on Measurement of Signal Spectrum Structure. 

In order to distinguish between the generation of a single short pulse 
and multi-pulse generation during the resonator period, we can use 
the method based on the measurement of the structure of correspond- 
ing frequency spectra [124]. Suppose that several pulses are generated 
during the resonator period. In this case, the Fourier transform of 
the radiation field (spectrum) will contain oscillations which are 
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Fig. 3.60 

defined by the time intervals between pulses. The smaller these 
intervals, the higher the frequency of spectral oscillations. If a single 
pulse is formed over the resonator period, the spectrum will be 
described by a smooth function (without oscillations). 

Figure 3.60 shows a comparison between the spectral structure 
for complete (Fig. 3.60a) and partial (Fig. 3.606, c) mode locking 
[124]. It can be easily seen that the structure of the signal spec- 
trum in Fig. 3.606 and c is considerably different from the spectral 
structure in Fig. 3.60a. 



3.11. ANALYSIS OF SELF-LOCKING OF LONGITUDINAL 

MODES IN A BLEACHABLE FILTER LASER BASED 

ON FLUCTUATION CONCEPTS 

Fluctuation concepts for investigating self-locking longitudinal 
modes have been discussed in [13, 14, 39, 111, 115]. 

Qualitative Description of the Physical Picture. Two main points 
must be considered while investigating the physical picture of self- 
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mode locking when the resonator contains a bleachable filter. The 
first point concerns the appearance of a radiation field profile at the 
stage preceding the bleaching of the filter 63 . This profile contains a 
large number of fluctuations in intensity with different amplitude, 
and is characterised by the presence of a periodic correlation at the 
instants t and t + T, where T is the resonator period. This field 
profile is called initial. The process of its formation from the noiso 
will be explained at a later stage. The second point concerns the 
narrowing and accentuation (selection) of individual, most powerful 
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Fig. 3.61 



fluctuations during the process of bleaching (at the stage of nonlinear 
growth of generation), and a simultaneous suppression of the other, 
weaker fluctuations. Consequently, the field profile is considerably 
altered. Finally, only a few (or even a single) short intense spikes 
are retained over the resonator period. Figure 3.61 shows a compa- 
rison between a certain initial profile L x (t) and the characteristic 
final profile I t (t) over one resonator period T. The variation in the 
profile as a result of interaction of radiation with the filter during 
bleaching can be clearly seen in the figure. 

We shall now examine the selective action of a bleachable filter 
on the initial field profile. The condition (3.7.37) for self-excitation 
of oscillation in a laser with a filter can be rewritten in the follow- 
ing form: 

(«0 — llnonlin — *lltn) > Ma- (3.11.1) 



63 This stage consists, in turn, of the pumping stage and the stage of linear 
growth of generation. 
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Here, x is the initial gain; n nonlln = (IJl) ^oo i g tne product of 
resonant absorption coefficient of the unbleached filter and the ratio 
IJl or, in other words, the nonlinear loss factor; r| lln = % + (l a Il)r\ la 
is the unfavourable loss factor in the active element and the filter 
or, in other words, the linear loss factor, and n 2 is the favourable 
loss factor. 

We assume that the condition (3.11.1) is not satisfied for a given 
pumping power, and that a high intensity pulse from the initial 
profile is travelling towards the filter. If this pulse bleaches the 
filter, the inequality (3.11.1) can be replaced by the inequality 

K — Inn) > 1I2 (3.11.2) 

which can be easily satisfied for the given pumping power. This means 
that the condition of self-excitation of oscillations will be satisfied 
for this high intensity pulse. 

It is extremely important that the condition of self-excitation 
should be satisfied for the high intensity pulse only. For this purpose, 
it is necessary that the filter should relax quite rapidly, or, in other 
words, it should be quickly slammed after the passage of the high 
intensity pulse through it. In this case, the weaker pulse following 
the high intensity pulse can no longer pass through the filter (and 
hence cannot be amplified). 64 

The significance of the condition (3.9.15) now becomes clear. In 
order to perform selective operation (accentuation of high intensity 
pulses and suppression of weak initial pulses) a filter must have a 
high speed, i.e. it should quickly return to the unbleached state 
from the bleached state. If the filter remains in the bleached state 
for some time, then in addition to the high intensity pulse, weaker 
pulses will also pass through the filter and will be amplified upon 
passing through the active element. 

In the presence of a high speed filter, we get a picture of a single 
light pulse "flitting" from one mirror to another (in the resonator). 
The amplitude of this pulse initially increases, and then gradually 
decreases (as the pumping pulse energy transferred to the active 
element gets consumed). Each time after an interval of 2Llv, equal 
to the time required for a round-trip through the resonator, this 
pulse will approach the output mirror and will partially emit radia- 
tion. Consequently, the laser output radiation will be a train of 
light pulses separated by an interval of time T = 2L/v (Fig. 3.62a). 

This ideal situation does not take place under real conditions. 
Firstly, a real filter has a time lag, and may not be able to slam just 
in front of the weaker pulse immediately following the high intensity 
pulse. In this case, a light pulse train shown in Fig. 3.626 will be 
observed. Secondly, fluctuations in the initial field profile may re- 



64 It is assumed that the power of this weak pulse is not sufficient to bleach 
the filter. 
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suit in two or more initial pulses having nearly identical intensities, 
which will then be equally accentuated by the filter. Consequently, 
two or more short pulses of high intensity may be formed over the 
resonator period (Fig. 3.62c). It should be noted that Fig. 3.62a 
corresponds to a complete mode locking, while Figs. 3.626 and c 
correspond to a partial mode locking. 

Spectral and Time Description of Mode-locking. The above de- 
scription of the generation of ultrashort light pulses in a laser with 

a bleachable filter may be consid- 
ered as a time-based description. 
In this case, the generation of a 
i , train of ultrashort pulses may be 

I ! i considered as the process of regular 

. I | i . emission (with period of repeti- 

I I j tion equal to T = 2Llv) of a part 

-" — — — [-^ — r — '* — ■ — of the energy of a powerful fluctua- 
(a) j ! tion spike in the field profile, iso- 

lated and accentuated by the bleach- 
able filter. The concept of a pow- 
I | i I erful pulse flitting in a resonator 

i | ! i ' | I ma y De use d f° r tne case °f active 

-_ m Iw JliLLJ IAJJ vA__JL^__Aa__ mode locking. It should be recalled 

that the losses in the resonator 
due to the locker are modulated 
by the control signal, and vary 
periodically with a frequency llT. 
The pulse "flitting" in the resonator 
will obviously pass through the 
locker each time at the instant 
corresponding to minimum losses. 65 
Besides the above description, 
a spectral description of ultrashort 
light pulse generation is also used, when the pulse train formation 
is considered as the result of interference of a large number phase- 
locked modes, equidistant in frequency (see Sec. 3.9 as well as 
Sec. 3.1). The first experimental results jfor ultrashort pulse genera- 
tion were explained by using the spectral approach, and it was in 
this context that the term mode locking was first employed. This 
term means a phasing of spectral components. The time-based ap- 
proach, using the concept of a powerful pulse "flitting" in a resonator 
and separated from the noise either randomly (passive locking) 
or by a locker (active locking), was developed somewhat later. 
The periodic correlation at the instants t and t + T characteris- 
ing the initial field profile corresponds in the spectral language to 




Fig. 3.62 



65 The time-based description of active locking of longitudinal modes is 
given in Sec. 3.12. 



3.11 Analysis of Self-locking of Longifudinal Modes 323 

formation of set of discrete modes with equidistant frequencies 
®k = w o ± 2nklT. We assume that the frequency interval between 
the phases of the modes is Aco, corresponding to the width of the 
gain line. It can be easily seen that if the phases of modes depend 
linearly on the mode number (cp ft = cp ± 2nkt/T), i.e. if the modes 
are phase-locked, a single light pulse with period 

t « 1/Aco (3.11.3a) 

is formed over the resonator period. This means that the spectral 
approach is equivalent to the time-based approach if a single pulse 
is formed during the resonator period, i.e. if there is a complete 
mode locking. 

In the case of partial mode locking, the spectral approach is not so 
suitable. As a matter of fact, only a part of the spectrum (and not 
the entire spectrum, as in the case of complete locking) is respon- 
sible for the formation of ultrashort pulses in the case of partial 
locking. This leads to the following relation instead of (3.11.3a): 

x > 1/Aco or, otherwise, t « l/Aco locI<ecl , 

where Aco loC ked < A to. (3.11.3b) 

The spectral approach does not provide an answer for the question 
whether a single high-intensity pulse is isolated (over the resona- 
tor period) from the initial fluctuation picture. Thus, the time- 
based approach must be considered as more comprehensive and system- 
atic. It permits an analysis of the physical picture of phenomena 
at various stages of interaction of radiation with the filter (both 
before and during bleaching). Moreover, we can also consider the 
conditions for complete locking, i.e. conditions under which the prob- 
ability of generation of a single high-intensity light pulse over 
the resonator period is quite high. 

Initial Profile of Radiation Field. The initial field profile is formed 
as a result of spontaneous processes. Owing to fluctuations in pro- 
cesses, the radiation intensity will fluctuate, and the minimum period 
of fluctuations at the beginning of oscillations will be given by 
Tfluct » l/A(o, where Aco is the width of the gain line of the active 
element. 

Significantly, no definite ordering takes place in this fluctuation 
picture. As a matter of fact, a certain fraction of spontaneously 
emitted photons will be returned by the mirrors to the active medium, 
thus causing a partial regenerative noise amplification. As the 
inverse population density approaches its threshold value, the 
fraction of photons returning in this manner will increase. Con- 
sequently, the contribution of the amplified noise will exceed the 
contribution of direct spontaneous emission, and so a periodic corre- 
lation of the field takes place at instants of time separated by inter- 
vals equal to the time required for a round-trip of radiation through 
the resonator (i.e. equal to the resonator period T). Thus, even 

?i* 
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before the threshold value is attained in a laser, discrete longitudinal 
modes appear in the frequency interval Au> corresponding to the 
width of the gain line. Adjacent modes are separated by the fre- 
quency Q = 2n/T. During the linear growth of oscillations, a natu- 
ral selection of longitudinal modes takes place, leading to a narrow- 
ing down of the spectrum (see Sec. 3.8). At the moment of bleach- 
ing of the filter, the spectral width Aco is much smaller than the 
initial width Aco. 

Suppose that the initial field profile is formed by m equidistant 
longitudinal modes (m = Aw i'Q). Significantly, the phases of modes 
at this stage are independent and are randomly distributed. Hence 
the field in the resonator is a Gaussian noise, whose intensity J fluctu- 
ates around a certain mean value (/>. The probability that the 
intensity attains the value / is given by the formula 

co (/) = exp (_//(/»/</> (3.11.4) 

which follows from the Gaussian distribution of the field ampli- 
tude, if we consider that the intensity is proportional to the square 
of the amplitude. 66 

Let us denote by w v the probability of fluctuation spike having 
an intensity higher than v times the average intensity. The proba- 
bility may be found by using the relation 

oo 

w v = \ w{l)dl. (3.11.5) 

Substituting (3.11.4) in (3.11.5), we get 

w v = exp (— v). (3.11.6) 

Since the frequency of fluctuations with any intensity is equal 
to Aco /2ji in the order of magnitude, the fluctuation spike of inten- 
sity I^v {I) must appear on the average over an interval of time 
r v , determined by the relation 

t v « 2jt/A(d u\,- (3.11.7) 

Substituting (3.11.6) into (3.11.7) we get 

x v « (2n/A© ) exp (v) (3.11.8) 

or, if we take (3.9.12) into account, 

t v « {Tim) exp (v). (3.11.9) 

Taking into consideration the periodicity of initial field profile, 
we find that in order to get a spike of intensity / ^ v (/ ), it is 
necessary that the time interval t v should not exceed the resonator 



M Application of Gaussian distribution for describing fluctuation processes 
is discussed in detail in [133]. 
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period T: 

t v ^ T. (3.11.10) 

The maximum value of v may be estimated from the condition t v « 
« T, or from the condition m « exp (v) by taking into considera- 
tion (3.11.9). Thus 

v«lnm. (3.11.11) 

If the initial field profile includes m « 10 3 longitudinal modes, 
it is possible, in accordance with (3.11.11), to get fluctuation spikes 
whose intensity is nearly an order of magnitude higher than the 
mean radiation intensity. 

It should be noted that in accordance with (3.11.9), the time 
interval x v decreases with increasing mode number m, and hence the 
probability of the appearance of such spikes increases. Significantly, 
this means an increased probability of the appearance of two or more 
spikes during the resonator period. Thus an increase in the number 
of longitudinal modes has its advantages as well as disadvantages, 
the latter being a decreased probability of complete self-mode lock- 
ing. 

Naturally, the occurrence of high-intonsity short pulses in the 
initial radiation profile cannot be interpreted as a self-mode lock- 
ing effect. This is because the mean part of the radiation energy is 
concentrated in the background of average spikes and not in the 
spikes of maximum intensity. In the process of self-mode locking 
(occurring at the stage of bleaching of the filter), the field profile 
significantly changes due to a redistribution of the radiation energy: 
the weaker spikes are suppressed while the high-intensity pulses 
are additionally augmented (and also become narrower); see 
Fig. 3.61. 

Non linearity Index. The extent of variation of the field profile 
during the process of interaction of radiation with the filter during 
the bleaching stage depends on the magnitude of the nonlinearity 
index p defined by the following relation: 



P — 1 = TJnonlln/ [* — (llnonlln + 11lln)] • 



(3.11.12) 



It follows from (3.11.12) that the effect of field profile variation may 
be enhanced by increasing the nonlinear loss factor n, nonlln or by 
reducing the difference between the gain and the total loss factor 
[x — (ilnoniin + T liin)]- Both these cases have a simple physical 
explanation. In the first case, the action of the filter is augmented 
for a single passage of radiation through the resonator. This may be 
achieved by increasing the density of the absorbing centres in the 
filter as well as the cross section of resonant absorption. In the sec- 
ond case, the number of passes accompanied by the field profile 
variation increases (in other words, the number of passes accompa- 
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nied by a bleaching of the filter increases; we call such passes favour- 
able). It is quite obvious that the number of such passes will bo 
the lower, the higher the increase in the gain factor % over the sum 
of the loss factors n nonlln + Thin- K this difference is quite large, 
the filter may be bleached over just a single passage. Consequently, 
in order that the number of favourable passes be quite large, tho 
following condition must be satisfied: 

* > (unonlin + *)lin)- (3.11.13) 

This condition means that the laser must operate in the near- 
threshold conditions. 

The values of the parameter p lie between 20 and 100 for ruby 
and Nd-lasers [111]. 

Transformation of Field Profile Upon Interaction of Radiation 
with the Filter at the Bleaching Stage. It can be shown [111] that 
the final field profile I t (t), established after a complete bleaching 
of the filter, is connected with the initial profile 7 t (t) through the 
relation 

I t = const (J,)". (3.11.14) 

If p = 1, the field profile does not change. In order to change the 
field profile, it is necessary that p > 1. As mentioned before, the 
increase in the difference (p — 1) enhances the effect of variation of 
radiation field profile. 

In accordance with (3.11.14), the change in the initial field profile 
upon interaction between radiation and the filter at the bleaching 
stage takes place in two directions. Firstly, each spike of the initial 
intensity has a shorter duration (is contracted) by about Yp times. 
This can be demonstrated by considering a Gaussian spike: 

I { (t) = const exp [— (t — t )Vxl\ (3.11.15) 

(ti is the initial spike duration). Substituting (3.11.15) into (3.11.14), 
we get 

7f (t) -— const exp [— p (t — t ) 2 h\] = 

= const exp [— (t — t flx\\. (3.11.16) 

It is obvious from this that the final spike duration t { is ]/ p times 
less than the initial duration: 

fa = T,/V'p. (3.11.17) 

It should be observed that in the spectral language, the effect of 
spike concentration means the appearance of new spectral compo- 
nents 67 . In other words, the above-mentioned decrease in the dura- 

67 This observation is valid only when the relation (3.11.3a) is satisfied, 
i.e. if a complete mode locking takes place. If the duration of a pulse is consid- 
erably longer than the reciprocal of the width of frequency spectrum, the con- 
traction of the pulse does not lead to the appearance of any new spectral com- 
ponents. 
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tion of radiation intensity spikes means a certain increase in the 
width of frequency spectrum. This broadening of the spectrum com- 
pensates the contraction of spectrum at the stage of linear growth 
of oscillations caused by natural selection of longitudinal modes. 
Secondly, if any two intensity spikes in the initial profile are 
characterised by the ratio I[ll\, this ratio assumes the form (/(//i)" 
in the final profile. Hence, 

nir t = i![iry. (3.H.18) 

The result (3.11.18) follows from (3.11.14). It means that the differ 
ence in spike intensities in the initial field profile is considerably 
■amplified (if p > 1) during the bleaching of the filter. In other words, 
the filter really augments the highest-intensity initial spikes. 

It should be noted that of the two effects mentioned above (the 
effect of spike contraction and the effect of augmentation of high- 
intensity spikes), only the second effect may be clearly linked to 
the phasing of longitudinal modes. It is possible to build a model 
of a laser in which self-mode locking is not accompanied by a spec- 
tral broadening [111]. In this connection, it should be recalled 
that a pulse contraction may not lead to new spectral components 
in the case of a partial mode locking. 

On the Possibility of Mode Locking in the Case of the Second Har- 
monic Generation. Self-mode locking may be observed in principle 
in any system where a nonlinear transformation of the radiation 
field is attained. In particular, it is possible to use the transforma- 
tion of the fundamental harmonic of the radiation into the second 
harmonic. In this case, Eq. (3.11.14) assumes the form 

I t , w => const (A,*) 2 . (3.11.19) 

In the present case p = 2. It has been proved experimentally that 
the second harmonic radiation from unlocked pumping radiation 
is actually partially locked. 

For locking of natural frequency radiation, we may use the intra- 
cavity generation of the second harmonic [134]. This method of lock- 
ing is based on the existence of two processes which take place si- 
multaneously in the resonator. These processes are the doubling 
of the fundamental harmonic frequency and the generation of the 
difference frequency (i.e. the frequency equal to the difference 
between the frequencies of the second and fundamental harmonics). 
In this case, we get 

7 t = const (/j) 8 . (3.11.20) 

Unlike (3.11.19), the nonlinearity index in this case is higher: 
p = 3. It should also be observed that I v as well as I t correspond 
to the fundamental harmonic radiation in this case. 

The highest values of the parameter p (of the order of 10-100) 
are obtained only with the help of bleachable filters. Hence the 
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most efficient method of self-mode locking is based on the bleach- 
ing of medium in lasers with bleachable filters. 

Conditions for Complete Mode Locking. Let us formulate the con- 
ditions under which there is a high probability of generation, in 
the final field profile, of only one high-intensity spike over the resona- 
tor period. Qualitatively, these conditions result from the above 
discussion. 

The first condition is that the filter must have a high speed, i.e. it 
must be "slammed" quickly after the passage of the high-intensity 

spike through it. 

The second condition requires a suf- 

/ ficiently large value of the nonlinear 

index p. It should be recalled that for 

this purpose it is necessary to increase 

the nonlinear loss factor to ensure a 

" l near-threshold laser generation. The higher 
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'0 ,0 '0 the parameter p, the more selective the 

filter (the greater the augmentation of 
Fig. 3.63 high-intensity spikes and the suppres- 

sion of weaker spikes), and hence the 
more probable the generation of only one high-intensity spike 
in the final profile over the resonator period. 

The third condition is that the number of modes in the radiation 
interacting with the filter should not be very high. Otherwise, the 
probability of several spikes of comparable intensities appearing 
over the resonator period will considerably increase. 

Besides these fundamental conditions, there are several auxiliary 
conditions, for example, the exclusion of the frequency-pulling 
effect and the self-focusing of radiation. 

A quantitative analysis of the conditions for a complete self- 
locking of longitudinal modes is given in [14]. The results of this 
analysis are shown in Fig. 3.63. The theoretical curve drawn in the 
(m, p) plane, where p is the nonlinearity index and m is the number 
of longitudinal modes subjected to locking, is the boundary be- 
tween the regions of complete (region 1) and partial (region 2) lock- 
ing. It is obvious from the figure that the condition of an increased 
value of the parameter p is more critical than the condition of a 
comparatively low value of m. 

3.12. TIME-BASED DESCRIPTION OF ACTIVE 

LONGITUDINAL MODE LOCKING IN A LASER WITH 

A UNIFORMLY BROADENED GAIN LINE* 8 

Statement of the Problem; Basic Assumptions. Active locking of 
longitudinal modes in continuously pumped lasers is usually ac- 

68 This section has been written in collaboration with V. K. Novokresh- 
chenov. 
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complished with the help of an acoustooptic modulator 69 . Assum- 
ing that the gain line of the active element is uniformly broadened, 
let us analyse this problem from a time-based approach [112, 113, 
135, 136]. 

We shall be considering the motion of a Gaussian ultrashort light 
pulse in a resonator containing an acoustooptic modulator, see- 
Fig. 3.64. (Here, 1 is the active 
element, 2 — the acoustooptic 
modulator, and 3 — the resonator 
mirrors.) The motion of a light 
pulse from the initial reference 
plane P is indicated by arrows 
in the figure. Making use of cer- 
tain assumptions (see below), we 
can calculate the parameters of 
the pulse after its passage through 
the active element and the modu- 
lator (taking into account the 

losses). By the parameters of a pulse we mean its period, average power, 
and the time shift with respect to the moment corresponding to- 
zero losses in the modulator. By finding the difference in the values 
of any parameter between the final (after a round-trip through the 
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resonator) and the initial pulses, and by dividing this difference 
by the time required for a round-trip, we can get the derivative of 
this parameter with respect to time [135]. Consequently, we get a 
system of differential equations describing the mode-locking process. 
An analysis of this system leads to the determination of the region 
of instability for the said regime [136]. 

Figure 3.65 shows the time variation of losses caused by an acous- 
tooptic modulator in a resonator (curve a (t)) and the unfolding 
in time of the generated ultrashort light pulse train (curve E (<))• 



69 By modulator -we mean a mode locker. It will be shown below^that it 
differs from the (^-switch (acoustooptic shutter) considered in Sec. 3.5. 
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It should be recalled that the output laser radiation is generated 
in the form of a pulse train due to partial emission of the energy of 
a "flitting:" high-intensity light pulse in the resonator every time 
the pulse is reflected from the output mirror. The notation used in 
the figure is as follows: T is the pulse repetition period or the reso- 
nator period (time required for a round-trip through the resonator), 
2/ m is the loss modulation frequency, / m is the frequency of the vol- 
tage applied to the modulator (frequency of the controlling signal), 
and At is the time shift for the pulse with respect to the zero-loss 
instant. In the case of mode locking, l/2/ m = T and optimum condi- 
tions of generation are attained for At = 0. 

Basic assumptions: (A) the spectral width of the pulse is much 
smaller than the width of the gain line (see Fig. 3.66, where g (co) 
is the contour of the gain line, E± (co) is the envelope of the pulse 
spectrum at the entrance to the active element, and E 2 (co) corresponds 
to the pulse after passing through the active element); (B) the pulse 
duration is much less than the pulse repetition period, and (C) the 
pulse parameters change little over a round-trip through the resona- 
tor. The assumption (A) is important for considering the transforma- 
tion of a pulse in the active element, while assumption (B) is impor- 
tant for considering the pulse transformation in the modulator. 
But for these conditions, the Gaussian shape of the pulse "flitting" 
in the resonator would not be retained 70 . Assumption (G) is necessary 
in order that the ratio of difference in the values of parameters of 
final and initial pulses to the time required for a round-trip through 
the resonator be exactly equal to the derivative of the parameter 
with respect to time. 

Variation in a Light Pulse upon Its Passage Through the Active 
Element and the Modulator. As proposed in [112], we represent the 
initial light pulse in the form 

E 1 (t) = {EJ2) exp (—at 2 ) exp (ia> p t), (3.12.1) 

where co p is the central frequency of the pulse spectrum, and the 
parameter a determines the pulse period x p and its spectral width 

T p = j/21n2/a ; A/ p = /2a In 2/jt. (3.12.2) 

In order to consider the transformation of the pulse upon its 
passage through the active element in the frequency space, it is 
•conveniently to change over from the function E t (t) to its Fourier 
transform: 

Ei (co) = F [E i {t)) = (E /2) V^Ja exp [ — (to — co p ) 2 /4a] (3.12.3) 



70 These assumptions permit a retention of terms up to the second order 
only in the series expansion of the functions g(a>) and a (t), thus ensuring that 
the Gaussian shape of the pulse is conserved. 
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(the operator F accomplishes the Fourier transformation). After 
a round-trip through the active element the light pulse (we denote 
this pulse by E 2 (*)) is described by the relation 

E,(t) = F-*{g(<o)FlE t (mh (3.12.4) 

where g (o>) is the gain factor for the amplitude upon a round-trip 
through the active element 71 ; it has the following form: 

g(u) = exj>[g J (1 + 2* -2^)] (3.12.5) 

(o) is the central frequency of the gain contour and Aw is the width 
of the gain contour at half its height). 

After a round-trip through the modulator, the light pulse E 3 (t) 
may be written in the form 

E 3 (t) = E 2 (t) a(t — B), (3.12.6) 

where B = 2g/Aco is the lag in the active element, and the func- 
tion a (t) describing the time dependence of losses imparted by the 
modulator has a Gaussian form according to the assumption (B): 

a (t) = exp [— (28 + 28 1 co rn * + 26 a a&f*)]. (3.12.7) 

Here co m = 2nf m , and parameters 6 3 , 5 X , and 8 2 are expressed in 
terms of 6, the diffractional efficiency of the modulator for a single 
passage (also called the loss modulation depth) as 

6 = 6 sin 2 <p; ^ = B sin 2q>; S 2 = B cos 2<p, (3.12.8) 

where <p = nAx/T. It should be noted that the relations (3.12.8) 
are valid under the condition that fi is small (B <C 1). 

Next, we consider the pulse delay during its propagation in free 
space, as well as the favourable and unfavourable energy losses 
during a round-trip through the resonator. The losses may be taken 
into account by a suitable choice of the effective reflection coeffi- 
cient R of the output mirror. Consequently, we get 

£ 4 (t) = (1/2) In (i/R) E 3 (t - 2Llc), (3.12.9) 

where L is the optical length of the resonator. 

Substituting (3.12.1) into (3.12.4), then (3.12.4) into (3.12.6) 
and finally (3.12.6) into (3.12.9), we can determine the pulse shape 
and its position in time after a full-round through the resonator. 
Dividing the difference between the values of a parameter corres- 
ponding to the final pulse (3.12.9) and the initial pulse (3.12.1) by 
the time of passage through the resonator, we can find the derivative 
of this parameter with respect to time. 



71 The difference between the gain g (co) and the amplification factor x (co) 
used in the preceding sections must be clearly undarstood. The latter describes 
the amplification of intensity, and not amplitude. Besides, it corresponds to 
a unit length of the active element. 
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System of Differential Equations Describing the Establishment 
of Mode Locking. Carrying out the procedure described above and 
using the balance equation for the gain factor, we get the following 

system of differential equations 

dl/dx = / (4* — 2 In ( 1/R) - 88 ) ; 
dg/di = Zg Q -tg(I+l). 

(3.12.10) 




Here. 

(TVt,) 2 ; 

initial 



Fig. 3.67 



t = t/m! K = (2 In 2/n 2 ) 
g and g represent the 
and saturation gain; / = 
= P/P S ,P and P g being the average 
mode locking power and the satu- 
ration parameter for the active 
medium (the latter is the power for 
which the gain is halved); jx = 
= 4/ m /A/, A/ = Ag)/2jt; | = 
= l/T\i/nn 1/t u is the probability of 
relaxation of the upper laser 
level; A = 2n [(4L/ ra /c) — 1] is the 
relative detuning of the frequency 
of the modulating signal. The 
balance equation mentioned above 
is the fourth equation in the 
system (3.12.10) (cf. the second equation in the system (3.2.53)). 
Putting the derivatives in (3.12.10) equal to zero, we get a system 
of equations for stationary mode locking. As an illustration, Fig. 3.67 
shows the stationary parameters of a typical mode-locked Nd:YAG 
laser. The parameters have been plotted as functions of the degree 
of detuning of the frequency of modulation signal, %, defined by the 
relation 

% = (fm~ fmoPtV(c/AL — f m opt ), 
where 

/m opt = I(4Z7c) + In (l/itynA/]" 1 . 

The subscript "opt" corresponds to optimal mode locking for which 
a pulse crosses the modulator under zero loss conditions. 



72 An attempt has been made in [1351 to obtain such a system of equations. 
However, the assumptions used in [135] regarding the time invariance of the 
gain in the active element is incorrect. Hence, unlike the system (3.12.10), the 
system of equations in [135] does not provide an adequate description of the 
instability region. 
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The system (3.12.10) permits a determination of the instability 
region mode locking with respect to small perturbations by examin- 
ing the stability of the stationary solution of the system 73 . The 
characteristic equation for the system (3.12.10) has the form 



= 0.(3.12.11) 



In order to identify the instability regions in this case, it is neces- 
sary to define the regions where the real part of at least one of the 
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roots may be given by p x 2 = x x ± iy u p 3A — x 2 ± iy 2 . The de- 
pendences #! vs. %, x 2 vs. x, y t vs. %, and y 2 vs. % for an Nd:YAG 
laser are shown in Fig. 3.68. The regions of values of % correspond- 
ing to the shaded areas under the x vs. % curve are the instability 
regions for mode locking. It is obvious from the figure that the 
allowed values of % for detuning (for which mode locking is stable 
to perturbations) are quite small. Hence in actual practice a fairly 
rigid stabilisation of the frequency of the modulating signal and 
the optical length of the resonator are necessary, failing which an 
automatic frequency control should be applied. 

We shall now discuss a qualitative picture explaining the origin 
of instability in mode locking. Suppose that / m > f m oP t- In this 



Sec 



73 It should be recalled that a similar investigation was carried out in 
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case, an increase in f m will lead to increased losses because the pulses 
will be passing through the modulator at instants of time which 
are far removed from the zero-loss stage (in other words, cp will 
increase). This will lead to a decrease in the value of f m op t and to 
a further increase in detuning and a phase shift q>. Consequently, 
with increasing / m , the value of / m opt decreases (the frequency 
/m opt' instead of remaining stabilised, "runs" downwards) and 
thus the detuning increases. This effect corresponds to an internal 
positive feedback which results in the loss of stabilisation in mode 
locking. In this case, the generation occurs in the form of chaotic 
spikes. 

For / m <C f m opt , this mechanism corresponds to a negative feed- 
back. It should appear that this should stabilize the laser action. 

However, it is well known [68] that there 
is a phase shift between small oscillations 
of losses and gain near the resonance 
frequency by nearly 180°. Consequently, 
at frequencies close to resonance frequen- 
cies, the negative feedback becomes 
positive and causes instability in mode 
locking. 

Remarks About Phase (Electrooptical) 
and Amplitude (Acoustooptic) Mode Lock- 
ing. Historically, the phase lockers based 
on electrooptical crystals were the first 
to be fabricated. In these lockers, an 
alternating high-frequency field (with a 
frequency close to the intermode beat frequency) leads to a modula- 
tion of the delay of an ultrashort light pulse upon its passage 
through the synchronizer, which corresponds to the phase 
locking of phase trains. At the present time, phase lockers have 
been practically replaced by acoustooptic mode lockers which 
bring about an amplitude modulation of resonator losses at a 
frequency close to the intermode beat frequency [137]. 

Amplitude mode lockers have the following advantages over phase 
lockers: lower losses owing to the application of optically transpar- 
ent materials, a supply voltage having a frequency twice as low 
(owing to the use of a standing ultrasonic wave), the convenience of 
matching in the RF section and a low supply voltage (the control 
voltage in amplitude mode lockers is about 10 V and about 100 V 
in phase lockers), insignificant heating, and the absence of phase 
uncertainty in the pulse train. In connection with the last advantage, 
it should be mentioned that in phase locking of modes, even slight 
perturbations may lead to a phase change of 180° in the pulse 
train with respect to the modulating signal [112]. 

It is well known that upon diffraction of light by a travelling 
ultrasonic wave for a constant ultrasonic power input, an amplitude 




Fig- 3.69 
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modulation of the transmitted light flux does not take place. Hence,, 
unlike acoustooptic (^-switches, the acoustooptic mode lockers em- 
ploy a standing ultrasonic wave and not a travelling one. Upon 
diffraction of light by such a wave, an amplitude modulation of the 
light flux takes place in such a wave at a frequency equal to twice 
the frequency of the modulating signal. 

As in the case of acoustooptic (^-switches, Bragg's diffraction 
is employed in acoustooptic mode lockers. The ratio of intensity 
I x of the light passing through the locker to the intensity I of the 
incident light is given by 



4j-=cos* [-2L l/2P a ±-M 2 sm(2nf m t) ]. (3.12.12) 

This relation is similar to Eq. (3.5.8). The difference between the 
two is because of the fact that a standing ultrasonic wave is used 
in this case instead of a travelling one. 

Figure 3.69 illustrates the working of an acoustooptic mode locker. 
Here, 1 is a piezoelectric transducer, 2— a prism made of fused 
quartz, and 3 — the direction of propagation of light pulses. The 
faces a and b of the quartz prism are parallel to each other (to ensure 
the creation of a standing wave), while faces c and d are inclined 
at a small angle with respect to each other (to prevent the selection 
of longitudinal modes). The acoustooptic mode locker is an optical 
element placed inside the resonator of a continuously pumped 
Nd:YAG laser. In view of the small gain in such lasers, the limit- 
ing allowed optical losses in the lockers should not exceed 0.5-1%,. 
taking into account the antireflection coating. 
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Hermite Polynomials 

Hermite Polynomials in Differential Form. We expand the function 
// (x, t) = exp (2rt — f 2 ) into a power series in the neighbourhood of the point 
t =0: 



exp(2xi-i 2 ) =2 ff»Wj. 



(A.1.1) 



r>=0 



The coefficients H n (x) of this expansion are essentially Hermite polynomials: 

H ^)=-i%T H ^ 4=o- (AA - 2) 

The function H (x, t) is callei the generating function for Hermite polynomials, 
and can be written in the form 

H (x, <) = exp(2x<— t 2 ) = exp(x 2 )exp[ — (x-~ «) 2 ] 

= exp(x«)exp[ — (x+u) 2 ]. 

Substituting this function into (A. 1.2), we get 

-£*H w =<-i>*-£-*(*.«>L, 

= exp (x 2 ) ( - 1)" —j. exp [ - (x + u) 2 J ^ 



= exp(x 2 )(-l)«-^ r exp[— (* + u)l 



u=0 



Thus, 



#„ (x) = exp(x 2 ) (_l)n Jl_exp(-*«) 



The first few polynomials can be written in the following form: 
ff (s) = l; # 1 (x) = 2x; H 2 (x) =4x 2 — 2; 
H 3 (x) =8x3 — 12a;; ff 4 (x)= 16x*— 48x a + 12. 

It should be observed that H n (— x) = (— l) n ff n (x). 
Recurrence Formulas. It follows from (A.1.1) that 



(A.1.3) 



n=0 



ffn(«) 



rai 71 " 1 . 



On the other hand, 
d 



sr H = -r- exp (2xf — < 2 ) = 2 (x— t) H (x, «). 
at at 
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This gives 



JnW 



#n(*) 



n=0 n=0 

Equating the coefficients of i", we get from (A. 1.4) 

2 J£n o n ~ 1 ■" n+i 



rel 



(n— 1)! nl 



or 



2x.ff n — 2nif n -i = -ffn+i 



Next, differentiating .ff (x, t) with respect to x, we get 



On the other hand, 
Consequently, 



— h( X , o=2j -dr-TT 

n=0 



-£- #=^-exp(2x<— t2) = 2f#(x, <)• 

ox ox 



^■J nl ^J dx n\ 



n=0 n=0 

Equating the coefficients of * n , we get 

2g w -i = 1 dH n 
(n — 1)! nl dx 

or 



2nH n _j = dHn/dx. 



(A.1.4) 



(A.1.5) 



Differential Equation for Hermite Polynomials. Differentiating Eq. 
we get 

IdHn+i _qit i o- ^-^n o_ dH n -i 
—j— = 2H n + 2x— 2n— J ^. 

Differentiating Eq. (A. 1.6), we get 



2n 



dHn—i d 2 H n 

dx dx 2 

In accordance with (A.1.6), we have 

dH n+l , 



dx 



-2(n + l)H n . 



Substituting (A. 1.8) and (A. 1.9) in (A. 1.7), we get 

dHn d*Hn 



2(n + i)H n = 2H n + 2x- 



dx 



dx* * 



(A.1.6) 
(A.1.5), 

(A. 1.7) 

(A.1.8) 

(A.1.9) 

(A.1.10) 
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Thus, the differential equation for y = H n (x) can be written in the following 
form: 



*V . 2 x^-+2ny = 



dx* dx 



(A.l.ll) 



Degree of Orthonormal Completeness of Hermite Polynomials. Hermite 
polynomials are orthonormalised over the interval — oo < x < oo. We shall 
prove that 



\ H n (x) H m {x) exp ( — x*) dx = Yn 2nn!8„ m 



fA.1.12) 



where 8 is the Kronecker delta. For this purpose, we consider 

oo 

# = (-!)" j H m (x)-^ex V (-x*)dx = (-l)nH m (x)^ T ox V (-x^ 

— OO 



iH - ■<"-'..— a, 






Ar da:"" 1 



Integrating m times by parts, we get 

d m H m d n ~ m 



f d m FT~. d n ~ m 



(A.1.13) 



The derivative d m H m ldx m can be easily found: 



d*H m 9m 



dx 



dx 

dH, 
dx 



2mH m _ 1 ; 
■=2m-2(m—l)H m _ 2 ; 



d *f x ™ =2m ■ 2 (m - 1) a "2' 2 = 2 * m < w - 1) (m - 2) tf m _ s ; 



d m #» 



-=2 m m(m— l)(m— 2) . . . 2-i-H = 2 m m\. 



dx m 
Substituting (A.1.14) into (A.1.13), we get 



JV = (— l)n+n»2m TO | 



J dx"~ 



exp ( — a;*) dx. 



(A.1.14) 



[(A.1.15) 
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The integral on the right-hand side of this equation vanishes for n > m. For 1 

oo 

n =m, this integral turns into Poisson's integral \ exp (— x l ) dx = ~\fn. The 

— oo 

equality (A.1.12) is thus proved. 

Modified Hermite Polynomials (Hermite-Gauss Polynomials). These poly- 
nomials are denned as follows: 



H>„ (x)= (2»n! V n)V« H n (x) exp (— *»/2) 



It can be easily shown by using (A. 1.12) that 



J V» tin (*)«**= 6* 



Differentiating the relation (A. 1.16) twice, we get 
-^-=(2»n! VH)-i/i exp (~x*/2) 



dx 2 



x[^~ 2 ^+^- 1 ^"]' 



Using (A. 1.10), we get 
d^ n 



dx 2 



or 



=(2»n! "|/n)-V 2 exp ( — ^-) (x*—l—2n)H n 



<2x 2 



-=(x 2 -l-2n) i|>„. 



Thus the differential equation for y = ty n (x) is of the form 



-g-+(2 ra + l_x 2 )y=0 



(A.1.16) 



(A.1.17) 



(A.1.18) 
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Gaussian Beams in Free Space 

Assuming that the aperture effects are absent, we can write (see (2.7.7)) 

u (x, y, z) = v (x, z) t> (y, z), where 

oo 

v(x,z) = VB~& j exp[-(g/p ) 2 -H(jiAz)(x-g)»]d6, 

— oo 

£(z) = — i (4/}u) exp (i2jtz/X). (A.2.1) 

22» 
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Equation (A. 2.1) can be written in the form 

CO 

v(x, z)=VWJd \ exp[ — («g + 6)*+c]d£, (A.2.2) 

— 1» 

where it can be easily seen that 



0(2) = 1/1 — i (Jipjj/fcz)/p ; 
. np x r l+jJjipjjAz) |'/2. 

, , , "* 2 Az _, ("PoAz) 2 
el *'* ,_, l + (np8/X*)* l + (itpgAz)V 

Introducing the integration variable t = a£ + b, we get 

v (x, z) = [VTO/a ( z )l exp [c (*, 2)] j e _Tli (ft 

—00 

= exp [c (*, z)] Y n B <z)/a (z). 
Thus, 

« (x, y, z) = exp [c (2, z) + c (y, z)] ji fi (z)/a 2 (z). 

Substituting the above expressions for B (z), a (z), c (x, z) into this equation 
(the expression for e (y, z) is obtained from the expression for c (x, z) by replac- 
ing x by y), we get the result (2.7.8). 

APPENDIX 3 

Stable and Unstable Spherical Waves 
in an Unstable Resonator 

Let R be the solution of Eq. (2.10.20a). This equation has the form 

R = (AR + B)I(CR + D). CA.3.1) 

Let us add a small perturbation AR to R. As a result of a round- trip of the, radia- 
tion through the resonator, the initial perturbation AR is converted into the 
perturbation 6\R, which is defined by the relation 

A(R+AR) + B . n , , n ,.,» 

C(R+AR) + D- R + 6R - (A - 3 " 2) 

If I 6\fl I < I AR I, the perturbation is damped as the radiation propagates 
along the resonator. Hence the solution R of Eq. (A. 3.1) is stable. For | OR | > 
> I AR I, on the contrary, the perturbation increases, thus indicating the instabil- 
ity of the solution. Equation (A.3.2) can be transformed as follows: 

R + 6R = ( -CR + D' +CR + D ) / ( i + pR + D ) ' 
Using (A.3.1) and considering that CA.ft< (CR + D), we get 
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Thus 

6 * A ~ CR (A.3.3) 



AR CR + D • 
Equation (A. 3.1) is known to have two solutions: 

R = -^-[A-D± Y(A + D)*-l\. (A.3.4) 

The plus sign corresponds to the solution (2.10.22a), while the minus sign cor- 
responds to the solution (2.10.22b). Using (A.3.4), we can transform the right- 
hand side of the relation (A.3.3) as follows: 

A—CR _ (A + D) + YW + D) 2 — 4 
CR + D ~ ( A + D ) ± Y{A+D)^— 4' 
If (A + D) > 2, we get 

(A + D)-Y(A + D)*—i < ^ i 
(A+D)+Y(A + D)*-t 

(A+D) + Y(A + D)*-4 ^ 1 

(A+D) — Y(A + DY — 4 

Hence for (A + D) > 2, the solution (2.10.22a) is stable, while the solution 
(2.10.22b) is unstable. 

The reverse situation arises if {A + D) < — 2. 



APPENDIX 4 
Jones' Matrices 



For a 'polarised light wave, the two-component Jones vector ( * ) defines 

the state of polarisation, E x and E y being the components of the electric wave 
vector. Introducing the amplitude and phase of the wave, we can express the 

(A e i<p * \ 
x . J . For linearly polarised light, <f x = <f y . 

Suppose that an optical element (polariser, birefringent plate, etc.) alters 
the polarisation of the light wave. Suppose that the new Jones vector has the 

(E' \ 
„f 1 .In terms of the original Jones vector, the new vector may be writ- 
ten in the form ( E j)=( ° xx 0a * ) { » * ) » where ( a ** a *» ') is the Jones matrix 

\ Ey ) \ Oy x dyy ) \ Ey J \ 0.y x a y y J 

describing the optical element under consideration. 

If a light wave passes successively through several optical elements, the 
resulting Jones matrix is the product of the corresponding matrices written in 
the inverse order to that of the passage of the optical ray through the optical 
elements. 

For a linear polariser, whose transmission plane passes through the z-axis 
and the z-axis (the z-axis is the direction of the wave propagation), the Jones 

matrix can be written in the form M t =\ n n ) . while for a polariser having 
yz-plane of transmission, Af 2 =( n ) . 
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la order to get the Jones matrix for a polariser whose plane of polarisation 
forms an angle a with the xz plane, let us consider the transformation of the 
Jones vector upon a transition from the system of coordinate axes x, , y to the sys- 
tem x' , y', inclined at an angle a to the former. For the sake of simplicity, we 





Fig. A.4.1 



consider the linearly polarised light. Figure AA.la shows the projections of the 
vector E on the axes x, y as well as on the axes x' , y' . It can be seen from the 
figure that 



Thus 



E X , = E X cos a + E y sin a; E y , = — E x s\na + E y cos a. 

( E *'\_l cos a sina\ (E x \ 
\ E v'.J \— sin a cosa'^Eyl' 



The matrix 



M(a)=[ Cosa sina ) 
\ — sin a cos a/ 



is the matrix reducing the Jones vector to the system of axes inclined at an angle 
a to the initial system. 

If the transmission plane of a polariser forms an angle a with the xz-plane, 
its Jones matrix has the form 



M x 



t =M(-a)( J) Af(cy 



/cosa — sina\ /l 0\ / cosa sina\_/cos 2 a cosasina\ 

cosa/\0 0/ \ — sina cosa/ \cosasina sin 2 a / 



" \ sin a 



The Jones vector is first reduced to the polariser axes, after which the action of 
the polariser is taken into consideration. Finally, we return to the initial system 
of axes. 

Suppose that a light wave passes through a birefringent plate of thickness d, 
the optical axis of the plate coinciding with the a>axis (see Fig. A. 4.16). We 
denote the refractive index for the ordinary and the extraordinary wave by re 
and n e respectively. The extraordinary wave is polarised along the i-axis while 
the ordinary wave is polarised along the {/-axis. Upon passing through the plate, 
the phase of the x-component of the Jones vector (i.e. the phase of the extraor- 
dinary wave) acquires an increment tp e = an^lc, while the phase of the y-com- 
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ponent (i.e. the phase of the ordinary wave) acquires an increment q> = anodic. 
Consequently, 



\E' y ) \ exp(i<p )/ \E y 



(ftp.) \(Ex\ 

Hw,)' \E„I 



The matrix 



"*-rr* „pL) 



is the Jones matrix for a birefringent plate, oriented in such a way that its optical 
axis coincides with the z-axis. 

If the optical axis of the plate forms an angle a with the x-axis, the Jones 
vector must be reduced to a system of axes inclined at an angle a to the initial 
system. After passing through the plate, the vector must be brought back to the 
initial system of axes. The Jones matrix in this case is the product of the mat- 
rices: M (—a) M ((p) M (a). 



APPENDIX 5 

Singular Points of a Two-dimensional 
Dynamic System 

Suppose that a dynamic system is described by a certain nonlinear system 
of equations: 

dmldx= F (m, n); "I 

dn/dx=®(m, n), } (a.o.i; 

where m (t) and n (t) are functions of time t, being the dynamic parameters of 
the system. 

Let m = m A and n — n^ be the coordinates of one of the singular points 
ofjthe system. Considering the neighbourhood of this singular point, we can write 

m (t) = m^ + (i (t); n (t) = n A -\- v (t), (A. 5. 2) 

where (i and v are first-order infinitesimals. Substituting (A.5.2) in (A. 5.1), 
and neglecting the terms containing the second and higher order infinitesimals, 
we get the following system of linear equations instead of (A. 5.1): 

<jv/<iT = c|x+iv. > 
The solution \n (t) (and similarly v (t)) of this system is sought in the form 

,u (t) = C x exp (p x r) + C 2 exp (p 2 T )> 
where p t and p 2 are the roots of the characteristic equation 

p 2 + p (a + d) -!- (ad — be) = 0. (A.5.4) 

Six qualitatively different situations are possible, corresponding to six 
different types of singular points. Figure A. 5.1 shows the phase portraits in the 
neighbourhood of these points: 

Fig. A. 5. la corresponds to a singular point of stable node type (in this case, 
the roots p l and p 2 are real and negative); 
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Fig. A. 5. lb corresponds to a singular point of unstable node type (the roots 
Pj and p 2 are real and positive); 

Fig. A.5.1c corresponds to a singular point of the saddle type (the roots j>j 
and p 2 are real and opposite in sign); 

Fig. A. 5. Id corresponds to a singular point of stable focus type (the roots 
p t and p 2 are complex and their real parts are negative); 

Fig. A.5.1e corresponds to a singular point of unstable focus type (the roots 
/>! and p 2 are complex and their real parts are positive); 

Fig. A. 5.1/ corresponds to a singular point of the centre type (the roots jjj 
and p 2 are imaginary). 




Fig. A.5.1 



The state of a system represented by a singular point in Figs. A. 5.1a and d 
is stable. Any arbitrary ejection of the system from this state brings it to a phase 
trajectory which returns the system to the initial state without any change. 
On the contrary, the state of the system represented by the singular point in 
Figs. A. 5. 16, c, and e is unstable. Any arbitrarily small perturbation brings the 
system to a trajectory which takes it away from the initial state. In Fig. A.5.1/, 
we can speak about the stability of the state represented by the singular point 
in the sense that for sufficiently small perturbations, the system is found to be 
on a phase trajectory in the vicinity of the initial state. 
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Hermite polynomials, 336 
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creation of inversion, 47 
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Ar + N 2 , 53 

CO, 53 

C0 2 , 52f 
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electron beam, 66 
four-level, 330 
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gasdynamic, 54ft 

C0 2 , 55f 

efficiency, 58 
geometrical optics, 165 
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organic dye, 30ff 

optical pumping, 32 
photochemical, 38 
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plasma, 16, 64 

based on electronic transitions, 72 
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plasmadynamic, 66, 70 
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plasma, 69 
Q-switched, 264 
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Matrix, 24 
method, 
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ration, 314 
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direct, 313f 

holographic, 314 

indirect, 313f 

two-photon, 314 
luminescence, 313 
mode(s), 
longitudinal, 223 
phase-locked, 308 
transverse, 

electrical, 202 

magnetic, 201 
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parasitic, 197 
mode locking, 223 
acoustooptic, 334 
active, 308f 

combination method, 310f 
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electro-optical, 334 
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organic dyes, 301' 
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Period, modulation (resonator), 306 

phase advance, 78 

phase corrector, 143 

phase locking, 304 

phase shift, 80, 118 

pinch effect, 71 

plasma, degree of ionisation, 41 

ionised, 65 

recombination, 64f 
polariser, 342 
population inversion, 9ff 
pumping, 

chemical, 13, 15 

continuous coherent, 32 

electro-ionisation, 13 
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coherent, 20 
efficiency, 24 
incoherent, 20, 33 
quantum efficiency, 24 
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pumping, 
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quantum yield, 10 
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Reflecting diffraction grating, 35 
resonator(s) 
active, 189 
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asymmetric, 133, 154 
resonator(s) 
concentric, 98 
condition for stability, 103 
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coupled, 178 
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equivalent, 128, 161 
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non-confocal, 122 
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unstable, 92, 101, 103 
passive, 189 
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(Mactor, 256 

active modulation, 270ff 
(^-modulation, 215 
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passive, 220 
ring, 98 

selective, 34, 117 
semiconcentric, 98 
semiconfocal, 98 
stability diagram, 104 
resonator(s) , 
unstable, 153f, 163, 165, 340 

ABCD law, 168 

geometrical optics losses, 165 

telescopic, 170 
waveguide, 195 

cavity, 197 

plane, 197 
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relaxation time, 310f 
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selection rules, 13 

self-focusing of light, 312 
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singular points, 343 
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spectrum, 
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unstable, 346 
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Temperature, 
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electron, 40 
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Waveguide, thin-film, 200ff 
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